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PEEFACE 



Of the various Treatises on Elementary Geometry 
which have . appeared during the present century, that 
of M. LfiOENDRE stands preeminent. Its peculiar merita 
have won for it not only a European reputation, but 
have also caused it to be selected as the basis of many 
of the best works on the subject that have been pub- 
lished in this conntry. 

In the original Treatise of Legendre, the propositions 
are not enunciated in general terms, but by means of 
the diagrams employed in their demonstration. This 
departure from the method of Euclid is much to be 
regretted. The propositions of Geometry are general 
truths, and ought to be stated in general terms, without 
reference to particular diagrams. In the following work, 
each proposition is first enunciated in general terms, and 
afterwards, with reference to a particular figure, that 
figure being taken to represent any one of the class to 
which it belongs. By this arrangement, the difficulty 
experienced by beginners in comprehending abstract truths, 
is lessened, without in any manner impairing the gener- 
ality of the truths evolved. 

The term solidy used not only by Legendre, but by 
many other authors, to denote a limited fOT^oiv o^ «^^^^^ 
%eemB calculated to introduce the foreign ide^^ o^ xwaXXet 
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into a science, which deals only with the abstract pro- 
perties and relations of figured space. The term volume^ 
has been introduced in its place, under the belief that 
it corresponds more exactly to tlie idea intended. Wan) 
other departures have been made from the original text, 
the value and utility of which have been made manifest 
in the practicaf tests to which the work has been sub- 
jected. 

In the present Edition, numerous changes have been 
made, both in the Geometry and in the Trigonometry. The 
definitions have been carefully revised — the demonstrations 
have been harmonised, and, in many instances, abbreviated — 
the principal object being to simplify the subject as much as 
possible, without departing from the general plan. These 
changes are due to Professor Peck, of the Department of 
Pure Mathematics and Astronomy in Columbia College. For 
his aid, in giving to the work its present permanent form, I 
tender him my grateful acknowledgements. 

CHARLES DATIES. 

OOUrHBIA COLLMI, 

Hbw You» April, 1862. 
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INTRODUCTION. 

V 

DBPIKITIOKS OF TBBMS. 

1. QcTANTiTT is anything which can be increased, dimin- 
ished, and measured. 

To measure a thing, is to iBnd out how many times it 
contains some other thing of the same kind, taken as a stand- 
ard. The assumed standard is called the unit of measure. 

2. In Geometry, there are four species of quantity, viz.: 
Lines, Surfaces, Volumes, and Angles. These are called, 
Geometrical Magnitudes. 

Since the unit of measure of a quantity is of the same 
kind as the quantity measured, there are four kinds ot units 
of meapure, viz.: Units of ' Length, Units of Surface, Units 
of Volume, and Units of Angular Measure. 

3. Geometry is that branch of Mathematics which* treats 
of the properties, relations, and measurement of the Geo- 
metrical Magnitudes. 

4. In Geometry, the quantities considered are generally 
represented by means of the straight line and curve. The 
operations to be performed upon the quantities and the rela- 
tions between ^thcm^ are indicated by sigus^ aa m k\iV)\^^sss^ 
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The following are the principal signs employed : 

The Sign of Addition^ + 9 called plus : 

Thiis, A + B^ indicates that B is to be added to A. 

The Sign of Subtraction^ — , called minus : 
Thus, A — By indicates that ^ is to be subtracted 
from A. 

The Sign of Multiplication^ X : 

Thus, A X By indicates that ^' is to be multiplied 
by B. 

The Sign of Division^ -i- : 

A ^ 

Thus, A^B^ or, •=, indicates that ^ is to be 

divided by B. ^ 

• The JEbponential Sign : 
Thus, A^ J indicates that ^ is to be taken three times 
as a factor, or raised to the third power. 

The Badical Sign^ ^ : 

Thus, yGT, \fBy indicate that the square root of A^ 
and the cube root of 2?, are to be taken. 

When a compound quantity is to be operated upon as a 
single quantity, its parts are connected by a vinculum or 
by a parenthesis : 

Thus, A ■\- B X C, indicates that the sum of A and 
B is to be multiplied by C ; and {A-V B) -^ (7, indi- 
cates that the sum of A and B is to be divided by C. 

A number written before a quantity, shows how many 
times it is to be taken. 

Thus, 3(^ + J?), indicates that the sum of A and 1 
is to be taken three times. . 

The Sign of Equality^ = : 

Thus, A = B + Gj indicates that A is equal to the 
sum of B and Q* 
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The expression, A =z B + C^ is called an equation. The 
part on the lef^ of the sign of equality, is called the firai 
member ; that on the right, the second member. 

The Siffn of Inequality^ < : 

Thus, y/^ < ^/IS, indicates that the square root of A 
is less than the cube root of B. The opening of the sign 
is toward the greater quantity. 

The sign, .*• is used as an abbreyiation of the word 
hencCy or consequently. 

The symbols, 1**, 2% etc., mean, 1st, 2d, etc 

5. The general truths of Geometry are deduced by a 
course of logical* reasoning, the premises being definitions and 
principles previously established. The course of reasoning 
employed in establishing any truth or principle, is called a 
demonstration. 

6. A Theoreh is a truth requiring demonstration. 

7. An AxiOK is a self-evident truth. 

8. A Peoblem is a question requiring a solution. 

9. A Postulate is a self-evident Problem. 

Theorems, Axioms, Problems, and Postulates, are all called 
Propositions. 

10. A LTCTinfA is an auxiliary proposition. 

11. A CoROLLABT is an obvious consequence of one or 
more propositions. 

12. A ScHOLiuH is a remark made upon one or more 
propositions, with reference to their oonnection, their use, 
their extent, or their limitation. 
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13. An Htpothebis is a sappontion made, either in the 
statement of a proposition, or in the oonrse of a demonstra- 
tion. 

14. Magnitudes are equal to each other, when each oon- 
tjuns the same unit an equal number of times. 

f 

15. Magnitudes are equal in all their parts^ when they 

may be so placed as to coincide throughout their whole 
extent. 
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BOOK I. 

BLBMBNTABT PBIK0IPLB6. 

■i 

DEFINITIONS. 

1. Geometry is that branch of Mathematics which treats 
of the properties, relations, and measurements of the Geo- 
metrical Magnitudes. ^ 

2. A PoiKT is that which has position, but not magni- 
tude. 

3. A Line is- that which has length, bu^ neither breadth 
nor thickness. 

Lines are divided into two classes, straigM and curved. 

4. A Straight Like is one which does not change its 
direction at any point. 

6. A Curved Likb is one which changes its direction at 
eyery point. 

When the sense is obvious, to avoid repetition, the word 
liney alone, is sometimes used for straigM line; and the 
word curve, alone, for curved line. 

6. A line made up of straight lines, not lying in the same 
direction, is called a IroTcen line. 

7. A Surface is that which has lengtla. «iiQL Vc^^&Scl 
without thicknesA 
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Sar&ces are divided into two dosses, plane and curved 
eur/aces, 

8. A Planb is a soifacc, such, that if any two of its 
points bo joined hj a straight line, that line will lie wholly 
in the surface. 

9. A CuBVBp Surface is a surface which is neither a 
plane nor composed of planes. 

10. A Plane Angle is the amount of divergence of two 
straight lines lying in the same plane. 

Thus, the amount of divergence of Jthe 
lines AJ3 and AC^ is an angle. The 
lines AB and AQ, are called sides^ and 
their common point Aj is called the ver- 
tex. An angle is designated by naming its sides, or some- 
times by simply naming its vertex ; thus, the above is called 
the angle BAG^ or simply, the angle A, 

11. When one straight line meets 
another the two angles which they fqrm 
are called adjacent angles. Thus, t^e ^ |f 
angles ABD and DBC are adjacent. 

12. A RiOHT Angle is formed by one 
straight line meeting another so as to 
make the adjacent angles equal. The fii*st 
line is then said to be perpendicular to the second. 

13. An Oblique Angle is formed by 
one straight line meeting another so as 
to make the adjacent angles unequaL 
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Oblique angles are subdivided into two classes, acute 
angles^ and obtuse angles. 

14. An Acute Angle is less than a 
'^At nngle 
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15. An Obtuse Angle is greater than 
a right angle. 

16. Two straight lines are paraUel^ 
when they lie in the same plane and can- 
not meet, how fer soever, either way, both 

may be produced. They then have the same direction. 

17. A PuLNB FiGUBE is a portion of a plane bounded 
by lines, either straight or curved. 

18. A Polygon is a plane figure bounded by straight 
lines. 

The bounding lines are called sides of the polygon. The 
broken line, made up of all the sides of the polygon, is called 
the perimeter of the polygon. The angles formed by the 
sides, are called angles of the polygon. 

19. Polygons are classified according to the number of 
their sides or angles. 

A Polygon of three sides is called a triangle ; one of 
four sides, a quadrilateral / one of five sides, a pentagon ; 
one of six sides, a hexagon ; one of seven sides, a heptor 
gen ; one of eight sides, an octagon ; one of ten sides, a 
decagon y one of twelve sides; a dodecagon^ <&c. 

, 20. An Equtlateral Polygon, is one whose sides are 
all equal. 

An Eqitulngulab Polygon, is one whose angles are all 
equal. 

A Regulab Polygon, is one which is both equilateral 
and equiangular. 

. 21. Two polygons are mutually equilateral^ when their 
fides, taken in the same order^ are equal, each to each: that 
isy following their perimeters in the same AiKicWoTi, \*>;\^ fe:?^ 
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side of the one is equal to the first side of the other, the 
second side of the one, to the second side of the otheii 
and so on. 

22. Two polygons are mutually equiangular^ when 
their angles, taken in the same order, are equal, each to 
each. 

23. A Diagonal of a polygon is a straight line joinmg 
the vertices of two angles, not consecutive. 

24. A Base of a polygon is any one of its sides OD 
which the polygon is supposed to stand. 

25. Triangles may be classified with reference either to 
their sides, or their angles. 

When classified with reference to their sides, there are 
two classes : scalene and isosceles. 

1st. A Scalene Triangle is one which 
has no two of its sides equal. 

2d. An Isosceles Triangle is one which 
has two of its sides equal. 

When all of the elides are equal, the 
triangle is equilatebal. 

When classified with reference to their angles, there are 
are two classes : Hghtrangled and oblique-angled. 

1st. A Right-angled Triangle is one 
that has one right angle. 

The side opposite the right angle, is called the hypoihe- 
nuse. 

2d. An Oblique-angled Triangle is 
one whose angles are all obUque. 
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If one angle of an oblique-angled triangle is obtuse, the 
triangle is said to be obtuss-angled. If all of the angles 
are acute, the triangle is said to be acutb-anglbd. 

26. Quadrilaterals are classified with reference to the rd- 
at:Ve directions of their sides. There are then two classes 
the first class embraces thofte which have no two sides par 
allel; tlie second class embraces those whicff have at least 
two sides paralleL 

Quadiilaterals of the first class, are called trapeziums. 

Quadrilaterals of the second class, are divided into two 
species : trapezoids and^ paraUelograms. 



27. A Trapezoid is a quadrilateral 
which has only two of its sides paralleL 



28. A Parallelogram is a quadrilateral which has its 
opposite sides parallel, two and two. 

There are two varieties of parallelograms : rectangles 
and rhomboids. 

1st. A Rectakgle is a parallelogram 
whose angles are all right angles. 




A Squarb is an equilateral rectangle. 



2d. A Rhomboid is a parallelogram 
whose angles are all oblique. 




A Bhombits is an equilateral rhomboid. 
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29. Space is indefinite extension. 

30. A Volume is a limited portion of space, combining 
the three dimensions of length, breadth, and thickness. 

AXIOMS. 

1 . Thmgs -^hich are equal to the same thing, are equa 
to each other. 

2. K equals be added to equals, the sums will be eqnaL# 

3 If equals be subtracted from equals, the remainders 
will be equal. ^ 

4. If equals be added to unequalB, the sums will be 
anequal. < 

5. If equals be subtracted from unequaL^ the remaindeiB 

will be unequal. 

6. If equals be multiplied by equals, the products will be 
equal. 

7. If equals be divided by equals, the quotients will be 
equal. 

8. The whole is greater than any of its parts. 

9. The whole is equal to the sum of all its parts. 
10. All right angles are equal. 

11. Only one straight line can be drawn joining two 
given points. i 

12. The shortest distance from one point to another i0 
measured on the straight line which joins them. > 

13. Through the same point, only ene straight line cao 
be drawn parallel to a given straight line. 
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1. A straight line can be drawn joining any two point*. 

2. A straight line may be prolonged to any length. . 

3. If two straight lines are nnequal, the length of the' 
less may be laid off on thfe greater. 

4. A straight line may be bisected; that is, divided into 
two equal parts. 

5. An angle may be bisected* 

6. A perpendiculai; may be drawn to a given straight lin^,, 
either from a point without, or from a point on the line, 

7. A straight line may be drawn, making with a given 
straight line an angle equal to a given angle, 

I 

8. A straight line may be drawn through a given point, 
T>arallel to a given line. y r 



NOTE. 

In making references, the following abbreviations are employed, vis. \ 
A. for Axiom ; B. for Boole ; 0. for Corollary ; D. for Definition ; L 
fbr Introduction ; P. for Proposition ; Prob. for Problem ; Post, for 
Postulate ; and S. for Scholium. In referring to the same Book, the 
nomber of the Book i$ not giyen ; in referring to any other Book, the 
number of the Book is giyen. 
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PROPOSITION I. TITEOEEM. 

If d straight line meet another straight line^ the sum of the 
adjacent angles will he equal to two right angles^ 

Let DC meet AB at (7: 

4 

then will the f^im of the angles 
DC A and DCB be equal to 
two right angles. 

A\ (7, let CJE be dra^^-n per- 
pendicular to AB (Post. C) ; then, 
by definition (D. 12), the angles * 

ECA and ECB will both be right angles, and conse- 
quently, their sum' will be equal to two right angles. 

The angle DC A is equal to the sum of the angles 
ECA and ECD (A. 0) ; hence, 

DCA + BfiB = ECA + ECD + DCB ; 
But, ECD + DCB is equal to ECB (A. 0) ; hence, 

DCA + DCB = ECA + ECB. 

The sum of the angles ECA and ECB^ is equal to 
two right angles ; consequently, its equal, that is, the sum 
of the angles DCA and DCB^ must also bo equal to two 
right angles ; which was to be proved. 

Cor. 1. If one of the angles DCA^ DCB^ is a right 
angle, the other must also be a right angle. 

Cor. 2. The sum of the an- 
gles BACy CAD, DAE, EAF, 
formed about a given point on 
the same side of a straight line 
BF^ is equal to two right an- 
gles. For, their sum is equal to 
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the sum, ot the angles JEAB and EAF\ which, jfrom the 
proposition just demonstrated, is equal to two right angles. 

DEFINTnONS. 

If two straight lines intersect each other, they form four 
angles about the point of intersection, which have received 
different names, with respect to each other, "^ 

1**. Adjacent Angles are 
those which lie on the same side 
of one line, and on opposite sides 
of the other ; thus, A CJE and 
ECB, or AGE and A CD, are 
adjacent angles. 

2®. Opposite, or Vektical Angles, are those which lie 
on opposite sides of both lines ; thus, A CE and D CB^ 
or ACD and ECBy are opposite angles. From the pro- 
position just demonstrated, the sum of any two adjacent 
angles is equal to two right angles. 




PEOPOSITION n. THEOREM. 

If two straight lines intersect each other^ the opposite or 

vertical angles will be equal. 

Let AB and BE intersect 
at O : then will the opposite 
or vertical angles be equal. 

The sum of the adjacent angles 
ACE and ACBy is equal to 
two right angles (P. I.) : the sum 

of the adjacent angles ACE and ECB^ is also equal to 
two right angles.. But things which are equal to the same 
tiling, are equal to each other (A. 1) ; IdeTvoe^^ 
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ACE-\-ACD = ACJE+ ECB\ 

Taking from both the common 
angle ACE (A. 8), there re- 
mains, 

ACD = ECB. 

In like maniMr, we find, 

ACD + ACE = ACD + DCB ; 
and, taking away the conmion angle ACD^ we have, 

ACE z^ DCB. 

* 

Hence, the proposition is proved. 

4 

Cor. 1. If one of the angles about C7 is a right angle, 
all of the others will be right angles also. For, (P. L, C. 1), 
each of its adjacent angles will 
be a right angle; and ^ from the 
proposition jast demonstrated, its 

opposite angle will also be a right A \p^ B 

angle. 

. I 

Cor. 2. If one line DE^ is ^ 

perpendicular to another AB^ then will the second line AB 
be perpendicular to the first JDE. For, the angles DC A 
and DCB are right angles, by definition (D. 12) ; and 
fi*om what has just been proved, the angles ACE and 
BCE are also right angles. Hence, the two lines are 
mutually perpendicular to each other. 



D 



5br. 3. The sum of all the 

angles ACB, BCD, DCE, ECF, 

FCA, that can be formed about 

a point, is equal to four right 

angles. 




\. 
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For, if two lines be drawn through the point, mutually 
peq>endicular to each other, the sum of the angles which 
thej form will be equal to four right angles, and it will 
also be equal to the sum of the given angles (A. 9). Hence, 
the sum of the given angles is equal to four right iangles. 

PBOPOSmON in. THEOBiafc 

y ttoo straight lines have two points in common^ they vnH 
coincide throughout their whole extent^ and form one and 
the same line. 

Let A and B be two points 
common to tvo lines : then will Ar 




the lines coincide throughout. 

Between A and B they must 
coincide (A. 11). Suppose, now, that they begin to separate 
at some point (7, beyond AB^ the one becoming AGE^ - 
and the other A CD. If the lines do separate at (7, one 
or the other must change direction at this point ; but this 
is contradictory to the definition of a straight line (D. 4): 
hence, the supposition that they separate , at any point is 
absurd. They must, therefore, coincide throughout; which 
was to be proved. 

Cor. Two straight lines can intersect in only one point. 
Note. — ^The method of demonstration employed above, 

« 

calbd the redicctio ad absurdum. It consists in assuming an 
hypothesis which is the contradictory of the proposition to 
be proved, and then continuing the reasoning until the 
assumed hypothesis is shown to be false. Its contradictory is 
thus proved to be true. This method of demonstration is 
often used in Geometry. 
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PROPOSmON' IV. THEOKEM. 

If a straight line meet two other straight lines at a eom 
mon povit^ making tJie sum of the contiguous angles 
equal to two right angles^ the two lines met toiU form 
one and the same straight lifif. 

Let DC meet AC and DC 

. at (7, makinc^ the sum of the . 

' A — ■ 

angles DC A and DCD equal 

to two right angles : then will 

CD "be the ] prolongation oi AC, ^ 

For, if not, suppose CE to be the prolongation of AC\ 

then will the sum^ of the angles DC A and DCE be 

equal to two right angles (P. I.) : We shall, consequently, 

have (A. 1), 

DCA + DCD = DCA + DCE ; 

Taking from both the conmion angle DCA^ there re- 
mains, 

DCD = DCE, 

which is imposdble, i^ce a part cannot be equal to the 
whole (A. 8). Hence, CD must be the prolongation of 
A C ; tohich was to be proved. 



PBOPosrnoN v. theorem. 

J(f two triangles have two sides and the included angle of 
the one equal to two sides and the included angle of 
the other^ each to eachy the triangles wiU he equal in aU 
their parts. 

In the triangles ADC and DEE, let AD be equal 



..••^' 
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to DJS, AC to DFj and the angle A to the angle 2>: 
then will the triangles be equal in all their parts. 

For, let ABC be 
applied to DEF^ in A D 

such a manner that the 
angle A shaU coincide 
with the angle D^ 
the side AB taking 
the direction DJEI^ and 

the side AC the direction J)F. Then, because AB is 
equal to DE^ the vertex B will coincide with the vertex 
E\ and because AC ^\a equal to DF^ the vertex C will 
coincide with the vertex F ; consequently, the side B C 
will coincide with the side FF (A. 11). *The two triangles, 
therefore, coincide throughout, and are consequently equal in 
all their parts (I., D. 14) ; which noaa to he proved. 



PROPOSITION VI. THEOREM. 

J^ two triangles have two angles and the included aide of the 
one equal to two angles and the included side of the other, 
each to each, the triangles wiU be equal in aU their parts. 

In the triangles 
ABC and DEF, let 
the angle B be equal 
to the angle E, the 
angle C to the angle 
F, and the side BC 
to the side EFi then 
will the triangles be equal in all their parts. 

For, let ABC be applied to DEF in such a manner 
that the angle B shall coincide with, tlie tta|^<& E^ ^i!t^^ ^sk^^ 
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JBU taking the direction JSF^ and the side BA the direcv 
tion ED. Then, becaose BC is eqnal to JSF^ the vertex 
C will coincide with the vertex F\ and because the angle 
C is equal to the angle F^ the side CA will take the 
direction FD, Now, the vertex A being at the same time 
on the lines ED and jF!Z>, it must be at their intersection 
2> (P. in., C.) : hence, the triangles coincide throughout^ 
and are therefore equal in all their parts (L, D. 14) ; 
which toas to be proved. 




PROPOSITION Vn. TIIj:OBEM. 

27ie sum of any two sides of a triangle is grecUer than the 

third side, i 

• 

Let ABG be a triangle: then wiU 

the sum of any two sides, as AB^ BC, 

be greater than the third side AC. 

For, the distance from A to (7, 

measured on any broken line AB^ BC^ 

is greater than the distance measured on the straight fine 

AC (A. 12) : hence, the sum of AB and BC i& greater 

than AC ; which was to be proved. 

Cor, If from both members of the inequality, 

AC <AB + BC, 

we take away either of the sides AB^ BC, as BO^ for 

example, there will remain (A. 6), 

AC^BC<AB; 

tliat is, the difference between any two sides of a triangh is 
less than the third side. 

jSchoUum, In order that any three given lines may re- 
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present the sides of a triangle, the sum of any two must be 
greater than the third, and the difference of any two must 
be less than the third. 




PROPOSITION Vin. THEOBBM. 

Jf from any point within a triangle two straight lines 6€ 
drawn to the extremities of any side^ their sum wiU be 
less than that of the two remaining sides of the triangle. 

Let O ^ be any point within the triangle jBA (7, and let 
the lines 0-S, 0(7, be drawn to the 
extremities of any side, sis J^C : ^ 

then will the sum of JBO and OG 
be less than the sum of the sides 
BA and AC. 

Prolong one of the lines, as ^0, 

till it meets the side AG in 2> ; then, from Prop. VlL, we 

shall have, 

0G< OD + J)G; 

adding i?0 to both members of this inequality, recollecting 

that the sum o£ BO and OD is equal to i?2>, we have 
(A. 4), 

BO +0G <BD + BG. 

From the triangle BAD^ we have (P. VH), 

BD < BA + AD ; 

adding JDO to both members of this inequality, recollecting 
that the sum of AD and DG is equal to AG^ we have, 

BD + DG<BA + AG. 

But it was shown that B0+ OG is less than BD-i-DG; 
still more, then, is BO + OG less than BA + AG \ M^hikfih 
VMM to le proved. 
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PROPOSITION IX THEOREM. 



If two triangles have two sides of the one equal to two sides qf 
the other J each to each^ and the included ajigles unequal^ the 
third sides will he unequid; and the greater side will belo7ig 
to the triangles which lias the greater i?icluded angle. 

In the triangles BAC and DEF^ let AJR be equal to 
J9JEJ AC to DF^ and the angle A greater than the an- 
gle D\ then will BG he greater than EF, 

Let the line AG be drawn, mating the angle CAO 
eqnal to the angle D (Post. 7) ; make AG equal to 2>JEJ 
and draw GC, Tiien will the triangles AGO and DEP 
have two sides and the included angle of the one equal to 
two sides and the included angle of the other, each to each; 
consequently, GG is equal to EF (P. V.). 

Now, the point G may be without the triangle ABC^ 

m 

it may be on the side BG^ or it may be within the tri* ' 
angle ABC, Each case will be considered separately. 

A 
1^ When G is 

without the triangle 

ABC. 

In the triangles GIO 

and AIBj we have, 

(P. vn.), 



GI+IC > GC, 




BI+IA>AB; 



■I. 



whence, by addition, recollecting that the sum of BT and 
IG is equal to BCj and the sum of GI and Z4, to GA^^ 
\re have, 

A& + £C > AB 4r GG. 



y 
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Or, smce AO = AB^ and GG = EF^ we have, 

AB + BG > ^^ + EF. 
TakiDg away the common part AB^ there remains (A. 5), 

BG > EF. 



^. When e is on BG. 

In this case, it is obvious 
that QG S& less than BG\ or, 
siiiee OG =: EF^ we have, 

BG > jEK- 



8®. When O is within the triangle ^BG. 
From Proposition Vlll., we have, 

BA + BG > OA+ OG\ 



or, rince GA = BAy and GG = EF, 

wo have, 

BA + J7(7 > i?^ + JEK 




Taking away 
there remwis, 



the common part AB^ 
BG > EF. 




Hence, in each case, BG is greater than EF\ which wets 
to be proved. 

Cfmversdy : If in two triangles ABG and DEF^ the 
dde AB is equal to the side DE^ the side AG to 2>JFJ 
and BG greater than EF^ then will the angle BAG bo 
greater than the angle EDF. 

For, if not, BAG must either be equal to, or less Ihan, 
EDF. In the former case, BG would be equal to EF 
(P. v.), and in the latter case, BG would be less than 
EF\ either of which would be contrary to the lLyjjotX!kRsaA\ 
henoev J^AO must he ^eater than EDF. 
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PROPOSITION X. THEOllEM. 

If two triangles have the three sides of the one equal to the 
three sides of the other^ each to each^ the triangles will he 
equal in all their parts. 

In tlie triangles A2^C and jDJSF^ let AB be equal to 
DJS!, AG to DI\ and J^G to BF : then will the tri- 
angles be equal in all their parts. 

For, since the sides 
A2^^ AG^ are equal to A 

DJS!, DFl each to each, 
if the angle A were 
greater than 2>, it ^ould 
follow, by the last Pro- 
position, that the side 

JBO would be greater than FF; and if the angle A were 
less than i>, the side J3G would be less than JEJFl But 
BG is equal to jEIf\ by hypothesis; therefore, the angle A 
can neither be greater nor less than D : hence, it must be 
equal to it. The two triangles have, therefore, two sides and 
the included angle of the one equal to two sides and the indu- 
ded angle of the other, each to each ; and, consequently, they 
are equal in all their parts (P. V.) ; which was to be proved* 

Scholium, In triangles, equal in all their parts, the equal 
sides lie opposite the equal angles; and conversely. 

PBOPOSmON XI. THEOREM. 

In an isosceles triangle the angles opposite the equal side$ afi$ 

equal. 

Let BAG be an isosceles triangle, havhig the dde AS 
equal to the ASlq AG x then will the angle C be equal to 
the angle JB. 
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Join the vertex A and the middle point D of the base 
BO. Then, AB is equal to AC^ by hypothesis, AD 
common, and BD equal to 2>(7, by 
construction : hence, the triangles BAD^ 
ai\d BAGy have the three sides of the 
one equal to those of the other, each to 
each ; therefore, by the last Proposition, 
the angle B is equal to the angle (7; 
fohich was to be proved. 

Cor. 1. An equilateral triangle is equiangular. 

Cor. 2. The anglfe BAB is equal to BACy and BBA 
to CBA : hence, the last two are right angles. Conse- 
quently, a straight line drawn from tJie 'Vertex of an isosceles 
triangle to the middle of the iase, Usects the angle at the vertex^ 
and is perpendicular to the iase. 



PBOPOSrriON Xn. THEOEEli. 

J^ two angles of a triangle are equql^ the sides opposite to 
them are also equals and conseqitently^ the triangle is iaos* 
celes. 

In the triangle ABC^ let the angle 
ABC be equal to the angle ACB : 
then will AC be equal to ABy and 
consequently, the triangle will be isosceles. 

For, if AB and -4(7 are not equal, 
■appose one of them, as AB^ to be the 
greater. On this, take BB equal to AC (Post. 3), and 
draw BC. Then, in the triangles ABCy BBCy we have 
the aide BB equal to AC, by construction, the aide BG 
oomnion, and the included angle A CB ec^ual to \h& VslO^Ql^^^ 
auigle J>J9Ci bjr bypotbem : henoe, the two tn»ii^<^ vt^ ^o;^ 
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in all their parts (P. Y.). But this is impossible, beoaose a 
part cannot be equal to the whole (A. 8) : hence, the 
hypothesis that AB and AG are unequal, is fidse. They 
must, therefore, be equal ; uhich tocu to be proved. 

Cor. An equiangular triangle is equilateraL 




PBoposmoN xin. theorem. 

fn any triangle^ the greater side is opposite the ^eater angle j 
andj converaelyy the greater angle is * opposite the greater 
side. « 

In the triangle ABCy let the angle 
ACB be greater than the angle ABCi 
then will the side AB be greater than 
the side AC. 

For, draw (72>, making the angle 
BCD equal to the angle B (Post. 7): 
then, in the triangle BCB^ we have the angles BGB and 
BBC equal: hence, the opposite sides BB and DC are 
equal (P, XII.). In the triangle ACDy we have (P. VIL), 

AD + DC>AC\ 

or, since DC = DBy and AD + DB = AB^ we have^ 

AB >AC \ 
which was to be proved. 

Conversely : Let AB be greater than A C : then ynU, tiiO 
angle ACB be greater than the angle ABC. 

For, if ACB were less than ABCy the side AB would 
be less than the side A C, from what has just been proved ; 
if ACB were equal to ABCj the side AB would be 
egaaJ to AO^ hj Prop. XH; but both conclusions are oontnury 
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to the hypothesis : hence, A OB can neither be less than, 
nor equal to, ABC \ it must, therefore, be greater; whiiA 
toae to be proved. 




PBOPOsinoN xrv. theoeem. 

J^09n a given point only one perpendicular tan be drawn U, 

a given straight line. 

Let ^ be a given point, and AB 
a perpendicular to DE : then can no 
other perpendicular td DE be drawn 
from A. 

For, suppose a s^ond perpendicular 
AO to be drawn. Prolong AB till 
BF is equal to AB^ and draw CF. 
Then, the triangles A^Q and FBC will have AB equal 
Vi BFj by construction, CB common, and the included 
angles ABC and FBO equal, because both are right an- 
gles : hence, the angles A GB and FOB are equal (P. V.) 
But ACB is, by a hypothesis, a right angle : hence, 
FCB must also be a right angle, and consequently, the line 
ACF must bo a straight line (P. IV.). But this is impos- 
sible (A. 11). The hypothesis that two perpendiculars can 
be drawn is, therefore, absurd ; consequently, only one such 
perpendicular can be drawn ; which was to be proved. 

If the given point is on the given line, the proposition 
is equally true. For, if from A two perpendiculars A3 
and A G could be drawn to DF^ 
we should have BAF and GAF 
each equal to a right angle ; and 
consequently, eqnal to each other ; 
wfaidi 18 absurd (A, 8). 

3 




34 GEOMETRY. 



PROPOSITION XV. THEOREM. 

If from a point without ja straight line a perpendicuUxr he 
f let faU on ths line^ and oblique lines be dravm to differ- 

ent points of it : 
1°. The perpe7idicular mU be ff^orter than any oblique line. 

2°. Ani/ two "TJhlique lines that meet the given line at points 
equally/ distant from the foot of the perpendicular^ toiU 
be equal: 

8**. Of two oblique lines that mset the given line at points 
unequaUy distant from the foot of the perpendicylary the one 
/ihhich meets it at the greater distance wiU be the longer. 

Let -4 be i given point, DE a 
given straight line, AJ3 a perpendicular 
to JDE^ and AD^ AG^ AE oblique 
lines, JBC being equal to JSE^ and BD 
greater than JBC. Then will AB be 
less than any of the oblique lines, AC 
will be equal to AEy and AD greater 
than A G, 

Prolong AB until BF is equal to ABy and draw 
FG, FD. 

1®. In the triangles ABC^ FBC^ we have the ride 
AB equal to BF^ by construction, the side BC common, 
and the included angles ABC and FBG< equal, because both 
are right angles : hence, FG is equal to AC . (P. V.). 
But, AF is shorter than AGF (A. 12) : hence, AB^ the 
half of AFy is shorter than AG^ the half of AGF\ which 
was to be proved. 

2°. In the triangles ABC and ABEy we have thi 
side BC equal to BEj by hypothesis, the side AB com 
men, and the included angles ABC and ABE equal, 

\ 
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because both are right angles: hence, AG is equal to AE\ 
fohidk uj<M to be proved, 

S^. It may be shown, as in the first case, that AD is 
eqnal to DF. Then, because the point C lies within the 
triangle ADF^ the sum of the lines AD and DF will be 
greater than the sum of the lines AG and GF (P. Vill.): 
hence, AD^ the half of ADF^ is greater than -4(7, the 
half of AGF \ which was to he proved. 

Gor, 1. The perpendicular is the shortest distance from a 
point to a line. 

Gor. 2. Fr«m a given point to a given straight line, only 
two equal straight lines can be drawn ; for, if there could 
be more, there would be at least two e(}ual oblique lines on 
the same side of the perpendicular ; which is impossible. 

PROPOSITION XVI. THEOREM. 

If a perpendicular he drawn to a given straight line at its 

middle point : 
1°. Any point of the perpendicular wiU he equally distant 

from the eostremities of th^ line: 

2®. Any pointy without the perpendicular^ will he unequaUy 
distant from the extremities. • 

Let AB be a given straight line, C 
its middle point, and EF the perpendicular. 
Then will any point of FF be equally dis- 
tant from A and D ; and any point without 
EFy will be unequally distant from A and D. 

1°. From any point of EF^ as -Z>, draw 
the Imes DA and ,DB. Then will DA 
and D2^ be equal (P. XV.) : hence, D is 
equaUy distant from A and B \ to/iich iixw to be ■jg/fO'^M^ 
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2*. From any point without JEFj as 7, draw lA and 
IJ^, One of these lines, as lA^ vnil cut £JF in flomo 
point D ; draw 2>A Then, from what 
has just been shown, DA and DB will 
be equal ; but TB is less than the sum 
of ID and DD (P. VII.) ; and because 
the sum of ZZ>^ and DB is equal to the 
sum of ID and DA^ or lA, we have 
ZS less than lA : hence, I is unequallj 
distant from A and i? ; which toas to be 
proved. 

Cor. If a straight line JSI* have two of its points JE 
and F equally disj;ant from A and By it will be perpen- 
dicular to the line AB at its middle point. 




PROPOSITION XVn. THEOREBC 




jy two right-singled triangles have the hypothenuse and a 
of the one equal to the hypothenuse and a aide of the 
other^ each to eachy the triangles wiU be equal in aU their 
parts. 

Let the right-angled tri- 
angles AB C and DEF have 
the hypothenuse AC equal 
to DFy and the side AB 
equal to DE: then will the 
triangles be equal in all their parts. 

If the side BC is equal to EFy the triangles will be 
ei^ual, in accordance with Proposition X. Let us suppose theo^ 
that BC and EF are unequal, and that BC \& the 
longer. On BC lay off BQ equal to EFy and draw 
AO. The triangles ABG and DEF have AB equal to 
Zli^ by hypothemy BQ equal to EF, Vi^ coustruotion, and' 



\ 
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the angles B and E equal, because both are right angles; 
consequently, AG is equal to DF (P. V.) But, AC is 
equal to DF^ by hypothesis : hence, AG and AC are equal, 
which is impossible (P. XV.). The hypothesis that JBC and 
JSF are unequal, is, therefore, absurd : hence, the triangles 
have all their sides equal, each to each, and are^ consequently, 
equal in all of their parts ; which was to be- proved. 



PROPOSITION XVni. THEOREM. 

J^ two straight lines are perpendicular to a third straight line, 

they will he parallel. 

Let the two lines -4(7, BD^ be perpendicular to ABi 
then will they be parallel. 

For, if they could meet in a 
point 0, there would be two 
perpendiculars OA^ OB^ drawn 
from the same point to the same 

strmght line; which is impossible (P. XIV.) : hence, the 
lin^ are parallel ; which was to be proved. 



B 



D 



=-0 



DEFINITIONS. 

If a straight line FF inter- 
sect two other straight lines AB 
and (7Z>, it is called a secant^ 
with respect to them. The eight 
angles formed about the points of 
intersection have different names, 
with respect to each other. 

1^. Intebiob angles on the same side, are those that 
lie on the same side of the secant and within the other two 
lines. Thus, BGH and GHD are interior «xi^<^% OTi \!si<^ 
same mBLe» 
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2"*. ExTESiOB ANGLES ON THB 8AHB SIDE, are thoBO that Hc 
on the same side of the secant and toithoiU the other two 
lines. Thus, JSGB and DJIF 
are exterior angles on the same 
side. 

3°. Alternate angles, are * 
^ose that lie on opposite sides 
i)f the secant and within the 
other two lines, but not adja- 
cent. Thus, AGJI and GUD 
ore alternate angles. % 

4°, Alternate exterior angles, are those that lie on 
opposite sides of th^ secant and without the other two Ones. 
Thus, AGE and FHD are alternate exterior angles. 

6**. OPPOSriB EXTERIOR AND INTERIOR ANGLES, are thoJSO 

that lie on the same side of the secant, the one within and 
the other without the other two lines, but not adjacent. Thug, 
EGB and GHD are opposite exterior and interior angles. 




PROPOSITION XIX. THEOREM. 

If two straight lilies meet a third straight line, making the 
sum of the interior a^igles on the same side equal to two 
right angles, the two lines loill he parallel. 

Let the lines KC and IID meet the line BA^ making 
the sum of the angles BAG and ABB equal to two right 
angles : then will KC and HB be parallel. 

Through G^ the middle point 
of AB, draw GF perpendi<^ular 
to -ff'C, and prolong it to JK 

The sum of the angles GBE 
^d {?J^J? ia equal to two right 



H- 
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angles (P. I.) ; the sum of the angles FAG and GJ^D is 
equal to two right angles, by hypothesis : hence (A. 1), 

GBJEI+ GBD = FAG + GBD. 

Taking from both the common part GBD^ we have the 
angle GBJE equal to the angle FAG. Again, the anglesr 
BGE and AGF 2s^ equal, because they^ are vertical an- 
gles (P. n.) : hence, the triangles GEB and GFA have 
two of their angles and the included side equal, each to each; 
they are, therefore, equal in all their parts (P. VI.) : hence, 
the angle GEB is equal to the angle GFA. But, GFA 
is a right angle, by construction ; GEB must, therefore, be 
a right 'angle : hence, the lines KO and HD are both per- 
pendicular to EF^ and are, therefore, parallel (P. XVUl.) ; • 
which was to be proved. ' 

Cor. 1. If two straight lines are cut by a third straight 
line, making the alternate angles equal to each other, the 
two straight lines will be parallel. 

Let the angle JETGA be equal 
to GILD. Adding to both, the 
angle JETQBj we have, 

HGA + HGB = GHD-\-HGB. 

But the first sum is equal to 

two right angles (P. I.) : hence, 

the second sum is also equal to two right angles ; therefore, 

from what has just been shown, AB and CD are parallel. 

Cor. 2. If two straight lines are cut by a third, making 
the opposite exterior and interior angles equal, the two straight 
lines Will be parallel. Let the angles EGB and OHD be 
equal : Now EQB and A OH are equal, because they are verti- 
cal angles (P. 11.); and consequently, AOH and OHD are 
equal: Jience, from Car. 1, AB and CD are ]^aT«JXeV» 
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PROPOSITION XX. THEOREM. 

If a straight line intersect two parallel straight lines^ the 9um 
of the interior angles Ofi the same side toill be equal to 
two rigtht angles 

Let the parallels AJ3^ CD^ be cut by the secant line 
PE : then will the sum of HGB and 6IED be equal to 
two right angles. 

For, if the sum of JIGJS 
and GJID is not equal to 
two right angles, let IGZt be 
drawn, making the sum of JJGZf 
and GHD equal to two right 
angles ; then IL and CD will 
be parallel (P. XIX.) ; and consequently, we shall have two 
lines GB^ GL^ drawn through the same point G and par- 
allel to (72>, which is impossible (A. 13) : hence, the sum 
of HGB and GHD^ is equal to two right angles ; vohick 
was to he proved. • 

In like manner, it may be proved that the sum of SQA 
and GUC^ is equal to two right angles. 

Cor. 1. If HGB is a right angle, GHD will be a right 
angle also : hence, if a line is perpendicular to one of tfioo 
2>arallelSy it is perpendicular to the other also. 

Cor. 'I. If a straight line meet two parallels^ the aUemate 
angles wiU be equal. 

For, if AB and CD are 
parallel, the sum of BGH and 
GHD is equal to two right 
angles ; the sum of BGH and 
HGA is also equal to two right 
oDglca (P. L) : bencOj these suidb 




BOOK I. 41 

are eqaaL Taking away the common part BGS^ there re- 
mains the angle OHD equal to HGA, In like manner, 
It may be shown that BGH and GHG are equal. 

Cor. Z. If a straight line meet two parallelsy the opposite 
exterior and interior angles wiU he equal. The angles DHG 
aiid HGA are equal, from' what has just been shown. The 
angles HGA and BGE are equal, because they are verti- 
cal : hence, DHG and BGE are equal. In like manner, 
it may be shown that CSG and AGE are equal. 

Scholium. Of the ^ eight angles formed by a line cutting 
two parallel lines obliquely, the four acute angles are equal, 
and so, also, are the four obtuse angles. 



PROPOSITION XXL THEOREM. 

If two straight lines intersect a third straight line, niahing the 
sum of the interior angles on the same side less than ttoo 
right angles, the two lines will meet if sufficiently produced. 

Let the two lines (7i>, ZE, meet the line EF^ making 
the sum of the interior angles jBTiffi, QJID^ less than two 
right angles : then will IL and CD meet if sufficiently pro- 
duced. 

For, if they do not meet, 
they mnst be parallel (D. 16). 
Bat, if they were parallel, the 
sum of the interior angles HGLy 
GJbLDj would be equal to two 
right angles (P. XX.), which is 
contrary to the hypothesis : hence, 
11^ CDy will meet if sufficiently produced •, iioKicK vscw \o >>t 
ptovmL 
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Cor, It is cyidcnt that IL and CD, will meet on that 
side of JSJ^l on which the sum of the two angles is less 
than two right angles. 



PROPOSITION XXn. THEOREM. 

4 

Tf two straight lines are paraUd to a third line^ they are 

parallel to each other. 

Let AJ3 and CD be respectively 

parallel to jEF: then will they be par- 

allel to each other. 



K 



Q D 
P B 



For, draw JPH perpendicular to C 

JEJJF; then will it te perpendicular to "j 

AD, and also to CD (P. XX., C. 1) : 
hence, AD and CD are perpendicu- 
lar to the same straight line, and consequently, they are par- 
allel to each other (P. XVIII.) ; which was to be proved. 



PROPOSITION XXnL THEOREM. 

Two parallels one everywhere equally distant. 

Let AD and CD be parallel : then will they be every- 
where equally distant. 

From any two points of AD, as 
F and E, draw FH and FO 
perpendicular to CD ; they will also be 
perpendicular to AD (P. XX., C. 1), 
and will measure the distance between 

AD and CD, at the points F and E, Draw also VQ 

The lines FIT and FO are parallel (P. XVm.) : hence, 

the alternate atigles HFG and FOB are equal (P. XX., C. 2). 

21ie lines AJS and CD are parallel, "by \vy^\Si«eaa\ Ikencet 
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the alternate angles EFG and FQH are equal. The tri- 
angles FGE and FQII have, therefore, the angle HQF 
equal to GFE^ GFH equal to FGE. and the side FG 
common ; they are, therefore, equal in all their parts (P. VI.) 
hence, FH is equal to EG ; and consequently, AB and 
CIj are everywhere equally ^distant ; which was to he proved. 



PBOPOSmON XXIV. THEOREM. 

If two angles have their sides paraUd, and lying either in 
the samey or in opposite directions^ they wiU be equal. 

1°. Let the angles AJBC and DEF have their sides 
paraUel, and lying in the same direction : 'then wiU they be 
equaL 

Prolong FE to i. Then, because ^/ jj. 

DE i'vnd AL are parallel, the exterior / / 

angle JDEF is equal to its opposite in- LA- — -Li j« 

terior augle ALE (P. XX., C. 3) ; and / 
because BC and LF are parallel, the ^ 
exterior angle ALE is equal to its op- 
posite interior angle ABG : hence, DEF is equal to 
ABO ; whieh was to be proved, 

2\ Let the angles ABC and GTTTT 
have their sides parallel, and lying in op- 
posite dlirectiona : then will they be equal 

Prolong GH to M. Then, because 
JCJf and BM are paraUel, the exterior 
angle GSK is equal to its opposite interior angle HMB ^ 
and because HM and BG are parallel, the angle IIMB 
is equal to iw alternate angle MBG (P. XX., C. 2) : hence, 
QMM is equal to ABC\ which was to be proved. 

Ocn The cjipcdtu angles of a paraHelogram. ac^ ^<\\3ai!u 
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PROPOSITION 3;:XV. TIIEOREM. 

In any triangle^ the sum of the three angles is equal to two 

rig/U angles. 

Let CJBA be any triangle : * then will the sum of the 
angles (7, -4, and -B, be equal to 
two right angles. 

For, prolong CA to 2>, and draw 
A£! parallel to J^C. 

Then, since AJS and (7-S are ^ 
parallel, and CD cuts them, the ex 
terior angle DAIS is equal to its 

opposite interior angle G (P. XX., C. 3). la like maimer, 
since AE and CD are parallel, and AlB cuts them, the 
alternate angles ABC and BAE are equal : hence, the 
sum of the three angles of the triangle BAG^ is equal to 
the sum of the angles GAB^ BAE^ EAD ; but this sum 
is equal to two right angles (P. I., C. 2); consequently, the. 
sum of the three angles of the triangle, is equal tOr tiro 
right angles (A. 1); which was to be proved. " /^ 

Cor. 1. Two angles of a triangle being giVen, the tUrd 
will bQ found by subtracting their, sum from two right angl< 



Cor. 2. If two angles of one triangle are respeotivBly 
equal to two angles of another, the two triangles are mutually ' 
equiangular. 

Cor. 3, In any triangle, there can be but one right sn^e; 
for if there were two, the third angle would Ife zero. Nor 
can a triangle have more than one obtuse angle.* 

Cor. 4. In any right-angled triangle, the sum of the acute 
angloB is equal to a right angle. 
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Cor. 5. Since every equilateral triangle is also equiangular 
(P. XI., C. 1), each of its angles will be equal to the third part 
of two right angles; so that, if the right angle is expressed 
by 1, each angle, of an equilateral triangle, will be expressed 
by |. 

Cor. 6. In any triangle ^BC^ the extenor angle BAD 
b equal to the sum of the interior opposite' angles B and 
C. For, AE being parallel to BCy the part BAE is 
equal to the angle J?, and the othei part JDAE^ is equal 
to the angle C 



PBOPOSmON XXVX THEOREM. 

The turn of the interior angles of a polygon is eqiuxl to 
two right angles taken as many tim^ as the polygon has 
sides, less two. 

Let ABCDE be any polygon : then will the sum of its 
interior angles A^ By C^ 2>, and Ey be equal to two right 
angles taken as many times as the polygon has sides, less 
two. 

'. From the vertex of any angle -4, draw 
diiagonals A C, AD. The polygon will be 
divided into as many triangles, less two, as 
it has sides, having the point A for a 
oommon vertex, and for bases, the sides of 
the polygon, except the two which fbrm'the 
angle A. It is evident, also, that the smh of the angles of 
these triangles does not differ from the sum of the angles of 
the polygon : hence, the sum of the angles of the polygon is 
equal to two right angles, taken as niany times as there are 
'trian^fis ; that is, as many times as the polygon haa dda&i 
less two; which was to be proved. 

' ■ i I ■ • • 

.1* -^ 
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Cor. 1. The sum of the interior angles of a quadrilateral 
is equal to two right angles taken twice ; that is^ to fbur 
right angles. If the angles of a quadrilateral are equal, each 
will he a right angle. 

■ 

Cor, 2. The sum of the interior angles of a pentagon is 
cqnal to two right angles taken three times ; that is, to six 
right angles : lience, when a pentagon is equiangular, each 
angle is equal to the fifth part of six right angles, or to { 
of one right angle. 

Cor. 3. The sum of the interior angles of a hexagon is 
equal to eight right angles : hence, in the equiangular 
hexagon, each angle is the sixth part of eight right angles, 
or I of one righ't angle. 

Cbr. 4. In any equiangular polygon, any interior angle is 
equal to twice as many right angles as the figure has sides, 
less four right angles, divided by the number of angles. - 



PROPOSITION XXVn. THEORESIf. 

ThA sum of the exterior angles of a polygon i$ eqwd to 

four right angles. 

Let the sides of the polygon ABCBE 
be prolonged, in the same order, forming 
the exterior angles a^ h^ c^ d^ e\ then will 
the sum of these exterior angles be equal 
to four right angles.; 

For, each interior angle, together with 

the corresponding exterior angle, is equal 
to two right angles (P. I.) : hence, the sum of all the inte- 
rior and exterior angles is equal to two right angleis taken 
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as many times as the polygon has sides. But the sum of 
the interior angles is equal to two right angles taken as 
many times as the polygon has sides, less two : hence, the 
Bum of the exterior angles is equal to two right angles taken 
twice ; that is, equal to four right angles ; which was to be 
proved. 




PROPOSITION XXVni. THEOREM. 

In any paraUdogram^ the opposite sides are equals each to 

\ each. 

r 

Let AB CD be a parallelogram : then 
will AB be equal to DC^ and AD to^ 

BO. 

For, draw the diagonal DD. Then, 
because AD and DC are parallel, the 
angle DBA is equal to its alternate 
angle BDC (P. XX., C. 2) : and, because AD ajid BO 
are parallel, the angle BDA is equal to its alternate angle 
DBC. The triangles ABD and CDB^ have, therefore, 
the angle DBA equal to CDB^ the angle BDA equal 
to DBCj and the included side DB common^ consequently, 
they are equal in all of their parts : hence, AB is equal 
to DOf and AlD to BO; which was to he proved. 

Cor. 1. A diagonal of a parallelogram divides it into two 
triangles equal in all their parts. 

Oor. 2. Two parallels included between two other par 
allels, are equal. 

Oor. 3. If two parallelograms have two rides and the J 
included angle of the one, equal to two sides and the ixvcl\id&d 

angle of the otiier, each to each, they 'wiW "be ^c^osiiiu 

/ 
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PROPOSITION XXIX. THEOREM. 

If the opposite aides of a quadrilateral are equcd^ each to 

eachy the figure is a parallelogram. 

In the quadrilateral ABCD^ ^let AB 
be equal to J7C, and AD to BC i 
then will it be a parallelogram. 

Draw the diagonal DB. Then, the 
triangles ADB and CBD^ will have 
the sides of the one equal to the sides of the other, each to 
each ; and therefore, the triangles will be equal in all of their 
parts : hence, the^ angle ABB is equal to the angle CDB 
(P. X., S.) ; and consequently, AB is parallel to DC (P. 
XIX., C. 1). The angle DBC is also equal to the angle 
BDA^ and consequently, BC is parallel to AD : hencei 
the opposite sides are parallel, two and two ; that ii, the 
figure is a parallelogram (D. 28) ; tohich was to be proved. 



PROPOSITION XXX. THEOREM. 

J^ two sides of a quadrilateral are equal and paraUd^ 

figure is a parallelogram. 

In the quadrilateral ABCDy let AB 
be equal and parallel to DCi then will 
the figure be a parallelogram. 

Draw the diagonal DB. Then, be- A 
cause AB and DC are parallel, the 
angle ABD is equal to its alternate angle CDB, Now, 
the triangles ABD and CDBy have the side DC equal 
to AB^ by hypothesis, the side DB common, and the 
Included angle ABD equal to BDC^ &om what baa just 
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been shown; hence, the triangles are equal in all their parts 
(P. V.) ; and consequently, the alternate angles ADB and 
DSC are equal. The sides BO and AD are, therefore, 
parallel, and the figure is a parallelogram ; which was to be 
proved. 

Cor. If two points be taken at equal distances from a 
given straight line, and on the same side of" it, the straight 
line joining them will be parallel to the giyen line. 

PBOPOSinON XXXI. THEOREM. 

t 

The diagonals of a parallelogram divide each other into 
equal parts^ or mutually bisect each other. 

Let AD CD be a parallelogram, and 
ACf DDj its diagonals: then will AE 
be equal to EC^ and BE to ED. 

For, the triangles DEC and AED^ 
have the angles EBC and ADE equal 
(P. XX., 0. 2), the angles ECB and DAE equal, and the 
mcluded sides BC and AD equal : hence, the triangles 
are equal in all of their parts (P. VI.) ; consequently, AE is 
equal to EC^ and BE to ED ; which was to be proved, 

Schdliwn. In a rhombus, the sides AB^ BCy being 
equal,- the triangles AEB^ EBC^ have the sides of the 
one equal to the corresponding sides of the other ; they are, 
therefore, equal: hence, the angles AEB^ BECy are equal, 
and therefore, the two diagonals bisect each other at right 
angles.. 




BOOK II. 

BATIOB AKD PB0P0BTI0V6. 
DEFINITIONS. 

1. Thb Ratio of one quantity to another of the some 
kmd, is the quotient obtained by dividing the second by the 
first. The first "quantity is called the AntbgedenT| and the 
second, the Consequent. ^ 

2. A Pbopobtion is an expression of Equality between 
two equal ratios. Thus, 

expresses the fact that the ratio of ui to J? is equal to 
the ratio of C to D. In Geometry, the proportion fa 
written thus, 

A \ B i\ C X D^ 
and read, ^istoJ?, asC7iflto2>. 

8. A OoNTiNUBD Pbopobtion is one in which BeyvKfd 
ratios are successively equal to each other ; as, 

A I B \i O I D :i E : F : : Q : JB^ 4o 

4. lliere are four terms in every proportion. The first 
and /second form the Jbrit eouplet, 2xA ^^ \bSxd end fourth, 
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the second couplet. The first and fourth terms are called 
extremes; the second and third, meansj and the fourth term, 
a fourth proportional to the other three. When the second 
term is equal to the thii*d, it is said to be a mean proportional 
between the extremes. In this case, there are but three 
different quantities in the proportion, and the last is said to 
be a third proportional to th^ other two. Thus, if we have, 

A : JB : : JB : Cj 

i? is a mean proportional between A and (7, and (7 is a 
third proportional to A and £. 

5. Quantities are in proportion by altemationj when ante- 
cedent is compared with antecedent, and consequent with con- 
sequent. 

6. Quantities are in proportion by inversion^ when ante- 
cedents are made consequents, and consequents, antecedents. 

7. Quantities are in proportion ij composition^ when the 
sum of antecedent and consequent is compared with either 
antecedent or consequent. 

8. Quantities are in proportion by division, when the dif-' 
ference of the antecedent and consequent is compared either 
with antecedent or consequent. 

4 

t 

9. Two varying quantities are reciprocally or inversely 
px>portional, when one is increased as many times as the 
other is £minished. In this case, their product is a fixed 
quantity, as sey = m. 

10 Equimultiples of two or more quantities, are the pro- 
ducts obtained by multiplying both by the same quantity. 
ThuS| mA and mB, are equimultiples of A ttn^ B« 
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PKOPOSinON I THEOEEM. 

If fcywr qicantities are in proportion^ the product of the 
means wiU he equal to the product of the extremes. 

Assume the proportion, 

•* 

A : B : : : D i whence, "T == "^ > 

dealing of fractions, we have, 

J3C =z AD; 
which was to be proved. 

Cor, If i? is equal to (7, there will be but three pro- 
portional quantities ; in this case, the square of the mean is 
equal to the proditct of the extremes. 



PKOPOsinoN n. theorem. 

Jf the product of two quantities is equal to the product of 
two other qicantities^ two of them may he made the 
means^ and the other two the extremes of a proportion. 

If we have, 

AD = BC, 

by changing the members of the equation, we have, 

J?(7= AD; 
dividing both members by -4(7, we have, 

D D . -» ^ -m^ 

-J- = -g^ , or A I B II (7 : i>; 
uMcA was to 6e praued. 
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PKOPOSinoN m. theorem. 

If fow quantities are in proportion^ they wiU be in pro- 
portion ly alternation. 

Assume the proportion, 

B ' D 

A, : B : : C : 2>; whence, -j^== -^» 

C 
Multiplying both members by *^i we have, 

■^ = -^ ; ^or, A I C i\ B '. D\ 

m 

v^ was to be proved. 



PROPOSITION IV. THEOREM. 

^ Wie ooupUt in each of two proportions is the same^ the 

Other couplets will form a proportion, 

« 
Assume the proportions, 

A : B : : : B] whence, 2- = 77 5 

B O- 
and, A I B \ I F I 0\ whence, -r- = =^. 

From Axiom 1, we have, 

y=- = -= ; whence, C i B i i F i O; 

iffhich was to be proved. 

Cor. If the antecedents, in two proportions, are the same 
the consequents will be proportional. For, the antecedents 
of the second couplets may be made the consequents of the 
firgt» by altcmatioii (P. HL). 



V 
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PROPOSITION V. THEORBM. 

ly four quantities are in proportion^ they toiU be in pro* 

portion by inversion* 

Assume the proportion, 

A I B I I G I D\ whence, -^ = -rsj- • 

If we take the reciprocals of both members (A, 7), we have, 
j^ = jr\ whence, B i A i i D i C\ 

m 

which was to be proved. 



PROPOSITION TL THEOREM. 

JJjT fowr quantities are in proportion^ they ujiU be in pro^ 

portion by composition or division. 

Assume the proportion, 

A i B I I C I D\ whence, -j- = -=- . 

AC 

If we add 1 to both members, and subtract 1 from both 
members, we shall have, 

-: — J- 1 = -TT + 1 I and. -T 1 = -TT — 1: 

A ^ C ^ ' A G * 

whence, by reducing to a common denominator, we have, 

B + A 1) + G , B'-A D " O , 

— ^2 — = — ^» ^^ — i — = — c — * ^lienoe, 

A : B+A : : C : 2>+ (7, and, A : B-A : : (7 : 2>-(7 
ia4fh4 tffos to be proved. 
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PBOPOBinoN yn. tecbobeil 

EjmmtiUiplea of Ujoo qucmtitieB are proportional to the gwmr 

titles themaelvee^ 

Let A and JS be any two quantities i then --j wiU 

denote their ratio. 

If we multiply both terms of this fi-action by m, ita 
value will not be changed ; and we shall have, 

— J ="7 5 whence, mA : mB : : A : £ ; 

which was to be proved. 



PBOPOsrnoN vm. theobem. 

J(f four quantities are in proportion^ any equimidtiples of 

I 

the first couplet wiU he proportional to any equimuUipke 
of the second c&uplet. 

Assume the proportion, 

B D 
A:JBi:0:D; whence, -j- = -^ . 

If we multiply both terms of the first member by m, and 
both terms of the second member by n, we shall have, 

mJB nD . ^ ^ y^r »> 

— 7= —7^5 whence, mA : mB :: nO i nD; 
mA nC ' 

which was to be proved. 
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PBOPOSmON IZ. THSOBBM. 

If two quantities be increased or diminished by like parL 
of e(zchy the results wiU be proportional to the quantities 
themselves. 

We have, Prop. VJl., 

A I B I \ mA : mB. 

If we make m = 1 ± ^ • in whioh — is any fraction, 
we fihaHl have, 

A : B :: A±^A : B±^B; 

/ 
which was to be proved. 



PBOPOSmON X. THEOBEM. 

ff both terms of the first covpiet of a proportion be in- 
creased or diminished by like parts of eocA / and if both 
terms of the second couplet be increased or diminished by 
any other like parts of each^ the restUts wiO be in pro- 
portion. 

Since we have, Prop. \JJLL, 

mA : mB : : nO : nD; 

have, 

A±?-A : JB±^B :: O ±^,0 : 2>±^^; 

uhitih teas to be jaroved. 
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FBOPOSITION 21. THEOBEM. 

In any eontintied proportion^ the sum of the antecedents is 
to the sum of tfie consequents^ as any antecedent to its 
corresponding consequent. 

From the definition of a continued proportion (D. d)| 
A : JB : : O : D : : £! : JP : : G : JI, &Q^ 

m 

hence, 

-J. = -y ; whence. BA = AB ;. 

-J = y^ ; whence, BC = AD ; 



B _F 
A" JS' 



whence, BE = AF ; 



B 77 " 

•J = ^ ; whence, BO = AS ; 

&c., &c. 

Adding and &ctoring, we have, 

B{A + 0+E'{-0'{- &c.) = A{B +I)+ JP+JI+ &a) : 

hence, from Proposition XL, 

A + C+E+G + &0. : B + I)+JP+JI+&o. •i A i B\ 

which was to be proved. 
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PBOPOsinoN xn. thxobek. 

Jf two proportions be muUiplied together^ term by term^/Hf^ 

the products toiU be proportional. 

Afisome the two proportions, 

A : JB : : C : D; whence, -j = ^ ; 

Xf jor 

and, JS : F : : O : S\ whence, •= = ^. 

•» 

Multiplying the equations, member by member, we haye, 

-j^ = -^-Q ; whence, AE : JBF : : CQ z DM; 
which was to be proved. 



Cor. 1. If the corresponding terms of two proportions 
are equal, each term of the resulting proportion will be the 
square of the corresponding term in either of the ^ven pro- 
portions : hence. If four quantities are proportional^ their 
squares wiU be proportioned. 

Cor. 2. If the principle of the proposition be extended 
to three or more proportions, and the corresponding terms 
of each be supposed equal, it wHl follow that, like powers 
qf proportional quantities are proportionals. 
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THE OIBCLB AND THB MBASIJBBMBNT OF ANGLES 

r 

DEFrNrrnoNS. j 

1. A CiBGLE is a plane figure, 
bounded by a curved line, every point 



of which is equally distant from a point 
within, called the centre. 

The bounding line is called the (»r- 
cumference, 

2. A Radius is a straight line drawn &om the centre 
to any point of the circumference. 

8. A Diameter is a straight line drawn through the 
centre and termmating in the circumference. 

All radii of the same circle are equah All diameters 
are also equal, and each is double the radius. 

4. An Abo is any part of a circumference. 

5. A Chobd is a straight line joining the extremities of 
an arc. 

Any chord belongs to two arcs : the smaJlfiiLop© ^ meant, 
unless the contrary is expressed. 

6. A SEGMEirr is a part of a circle included between an 
arc and its chord. 

7. A Sectob is a part of a circle included within an 
an arc and the radii drawn to its extremities : 



^'' 
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8. An Inscribed Anglb is an angle 
whose vertex is in the circumference, and 
whose sides are chords. 






9. An Inscribed Polygon is a poly- 
gon whose vertices are all in the circum- 
ference. The sides are chords. 

10. A Secant is a straight line which 
cuts the circumference in two points. 

11. A Tangent is a straight line which 
touches the circumference in one point only. 
This point is called, the point of contact, 
QfTy the point of tangency. 

12. Two circles are tangent to 
each other^ when they touch each 
other in one point. This point is 
called, the point of contact^ or the 
point of tangency. 

13. A Polygon is circumscribed (ibotU 
a circle^ when all of its sides &re tangent 
to the circumference. 

14. A Circle is inscribed in a polygon^ 
when its circumference touches all of the 
rides of the polygon. 

POSTULATE. ^ 

A circumference can be described from any point as a 
centre^ and witib «iy radius. 
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PEOPOSinON I. THEOREM. 

Any diameter divides the circle^ and also its circumference \ 

into two equal parts. 

> 

Let AEBF be a circle, and AB 
any diameter : then will it divide the 
circle and its circumference into two 
equal parts. 

For, let AFB be applied to AEB^ 
the diameter AB remaining conmion ; 

then will they coincide ; otherwise there woijld be some points 
in either one or the other of the curves unequally distant 
from the centre ; which is impossible (D. 1) : hence, AB 
divides the circle, and also its circumference, into two equal 
parts ; which was to be proved. 




PROPOSITION n. THEOREM. 

A diameter is greater than any other chord. ^ 

/ 

Let AD be a chord, and AB a diameter through one 
extremity, as A : then will. AB be greater than AD. 

Draw the radius CD. Li the tri- 
angle ACDj we have AD less than 
the sum of AO and CD (B. L, P. 
VJLL). But this sum is equal to 
AB (D. 3) : hence, AB is greater 
than ALD ; , which was to be proved. 
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PROPOSITION nL THEOREM. 



A straight line cannot meet a circumference in more thq/n 

two points. 

Let AEBF be a circumference, and 

4 

AB a straight line : then AB cannot 
meet the circumference in more th?in two 
points.. 

For, suppose that they could meet in 
three points. We should then have three 
equal straight iines drawn froni the same point to the same 
straight line ; wliich is impossible (B. L, P. XV., C. 2) : 
hence, AB cannot meet the circumference in more than 
two points ; which was to he proved. 




PROPOSITION IV. THEOREM. 

In equal circles^ equal area are subtended by equal chorda ; 
and conversely^ equal chords subtend equal arcs^ 

1°. In the equal cir- 
cles ABB and JSGI^, 
let the arcs AMD and 
ENG be equal : then 
will the chords AD and 
JilG be equal. 

. Draw the diameters AB and EF. If the semi-circle 
ADB be applied to the semi-circle EGF^ it will coincide 
with it, and Jhe semi-circumference ADB will coincide with 
the semi-circumference EGF. But the part AMD is equal 
to the part ENG^ by hypothesis : hence, the point D will 
&11 on 6^; therefore, the chord AJ> will coincide with 




-\ 
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JEO (A. ;ll), and is, therefore, equal to it ; vshich toas to 
be proved, 

2®. Let the chords AD and J^G be equal : then will 
the arcs AMD and JSNG be equal. 

Draw the radii CD and OG. The triangles A CD 
and EOG have all the sides of the one equal to the cor- 
responding sides of the other ; they are, therefore, equal in 
all their parts : hence, the angle A CD is equal to EOO. 
If, now, the sector ACD be placed upon the sector EOG^ 
BO that the angle ACD shall coincide with the angle EOOy 
the sectors will coincide throughout ; and, consequently, the 
arcs AMD and ENG will coincide : hence, they will be 
equal ; which was to be proved. 



PEOPOSinON V. THEOEEM. 

V 

^[n eqtKd circles^ a greater arc is subtended by a greater 
chord J and conversely^ a greater chord subtends a greater 
arc. 

1**. In the equal circles 
ADD and EGK, let the 
arc EGP be greater than 
the arc AMD : then will 
the, chord EP be greater 
than the chord AD. 

For, place the circle EOK upon AHL^ so that the cen- 
tre O shall fell upon the centre (7, and the point E upon 
A ; then, because the arc EGP is greater than AMD. the 
fK>int P will fell at some point jS^ beyond jD, and the 
chord EP will take the position AH. 

Draw the radii CA^ CD^ and^ CS. Now, the aides 
AC^ CM, of the triangle ACH^ are equal to the sides 
AC^ 01^ of the triangle ACD^ and ik« «i\g\c» ACH \& 
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greater than A CD : hence, the side AU^ or \\£ equal jESP, 
is greater than the side AD (B. I., P. IX.) ; which vas to 
be proved, 

2°. Let the chord BP^ 
or its equal AJT, be great- 
er than AD : then will the 
arc EGP^ or its equal 
ADH^ be greater than 
AMD. 

For, if ADH were equal to A3iD, the cliord AB 
would be equal to the chord AD (R IV.) ; which is con- 
trary to the hypothesis. And, if the arc ADS were less 
than AMD^ the. chord AH would be less than AD ; 
which is also contrary to the hypothesis. Then, since the 
arc ADU^ subtended by the greater chord, can neither be 
equal to, nor less . than AMD^ it must be greater than 
AMD ; which was to be proved. 




PEOPOSinON VL THEOREM. 

The radius which is perpendicular to a chords bisects that 
chords and also the arc subtended by it. 

Let CQ be the radius which is 
perpendicular to the chord AB : 
^ then will this radius bisect the chord 
AB^ and also the arc AGB. 

For, draw the radii CA and CB. 
Then, the right-angled triangles CDA 
and CDB wiU have the hypothenuse 
CA equal to C7J?, and the side CD 
common ; the triangles are, therefore, equal ia -all tthdr 
porta : heoce, AD is equal to DB. Again, becmiM . Off 
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is perpendicTiIar to AB^ at its middle point, the chords 
tGA and GB are eqnal (B. L, P. XVI.) ; and consequently, 
the arcs QA and GB , are also equal (P. IV.) : hence, CO 
bisects the chord AB^ and also the arc AGB\ which vxu 
to he proved. 

Cor. A straight line, perpendicular to a chord, at 'its mid 
die point, passes through the centre of the circle. 

r 

ScholiiMn. The centre (7, the middle point 2> of the 
chord ABj and the middle point G of the subtended arc, 
are points of the radius perpendicular to the chord. But 
two points determine the position of a straight line (A. 11): 
hence, any straight line which passes through two of these 
points, wiU pass through the third, and be perpendicular to 
the chord. 

PROPOSITION Vn. THEOREM. 

Thraagh any three points^ not in tTie same straight line^ one 
circumference may be made to pass^ and but one. 

Let Aj Bj and (7, be any three points, not in a 
straight line : then may one circumference be made to pass 
through them, and but one. 

Join the points by the lines 
iLB, BCj and bisect these lines 
bf perpendiculars BJE and FG : 

then will these perpendiculars 

I' ■■ 

meet in some point 0. For, 

If they do not meet, they are 

parallel ; and if they are parallel, 

the line. ABJETj which is perpendicular to BBy is also per-* 

pcodieiilar to ^G (B. L, P. ZX., C. l) ; consequently, there ^ 

OT two Jbam BK and BF^ drawn tbxou^ >ihi^ «ds&fo' 
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point £f and perpendicnlar to the same line £^G ; wMdi 
is impossible : hence, DE and FG meet in some point 0. 

Now, 'is on a perpendicu- 
lar to AB at its middle point, 
it is, therefore, equally distant 
from ul and ^ (B. L, P. XVI.). 
For a like reason, is eaoally 
distant from B and C, If, 
therefore, a circumference be de- 
scribed from O as a centre, with a radius equal to OA^ 
it will pass through A, B^ and C7. 

Again, is the only point w^iich'is equally distant from 
-4, -B, and C : for, DE contains all of the points which 
are equally distant' from A and B\ and FG all of the 
points which are equally distant from B and O ; and con- 
sequently, their point of intersection O, is the only point 
that is equally distant from A^ i?, and C : hence, one 
circumference may be made to pass through th^se points, and 
but one ; which was to he proved. 

Cor, Two circumferences cannot intersect in more than 
two points ; for, if they could intersect in three points, there 
would be two circumferences passing through the same three 
points ; which is impossible. 



PBOPOsrnoN vm. theorem. 

In equal circles^ equal chorda are equally dist&ni f^rom the 
centres / and of two unequal ehordsy the less is €ft the 
greater distance from the centre, 

l^ In the equal circles AGH and KLG^ let the 
chords A G and KL be equal : then will they be equally 
distant from the centres. 
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For, let the drde KLO be placed upon ACH^ so that 
Qie centre R shall fall upon the centre 0^ and the point 
K upon the point A : 
then will the chord KL B 

coindde with AC (P. 1^, 
. IV.) ; and consequently, 
they win be equally dis- 
tant from the centre ; 
vAicA %Da» to be proved, 

2?. Let AJB be less than J^ : then will it be at a 
greater distance from the centre. 

For, place the circle JTLG upon ACH^ so that R 
diall fill upon 0, and K upon A. Then, because the 
chord KL is greater than AB^ the arc KSL is greater 
than AMB ; and consequently, the point L wiU fall at a 
point (7, beyond J?, and the chord KL wiU take the 
direction A C. 

Draw OD and OE^ respectively perpendicular to AC 
and AB ; then will OE be greater than OF (A. 8), and 
OF than OZ^ (B. L, P. XV.) : hence, OE is greater than 
OD. But, OE and 02> are the distances of the two 
chords from the centre (B. I., P. XY., C. 1) : hence, the less 
chord is at the greater distance from the centre ; which was 
to be proved. 

SchoUum, All the proportions relating to chords and arcs 
of equal drdes, are also true for chords and arcs of one and 
the same circle. For, any circle may be regarded as made 
up of two equal oirdes, so placed, that they coincide in all 
their parts. 
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PROPOSITION IX THEOREM. 

If a straiglit line is perpendicular to a radius at its outer 
extremity, it will he tangent to the circle at that point; 
conversely, if a straight line is tangent to a circle at any 
pointy it will he perpendicular to the radius drawn to 
that point. 

1®. Let £D be perpendicular to the radius C4, at 
A : theii will it be tangent to the circle at A. 

For, take any other point of 
JRDj as J^y and draw CJEJ : 
then will C^ he greater than 
CA (B. I., P. XV.) ; and con- 
sequently, the point JEJ will lie 
without the circle : hence, -B2> 
touches the circumference at the 

point A; it is, therefore, tangent to it at that point (D.ll); 
which was to he proved. 

2^. Let BD be tangent to the circle at A : then will 
it be perpendicular to CA, 

For, let E be any point of the tangent, except the 
point of contact, and draw CJE. Then, because BD is a 
tangent, E lies without the circle ; and consequentlyi CJE 
is greater than CA : hence, CA is shorter than any Other 
line that can be drawn from C to BD ; it is, therefore, 
perpendicular to BD (B. L, P. XV., 0, 1) ; fohkh wae to 
he proved. 

Cor. At a ^ven point of a drcumference, only one tan- 
gent can be drawn. For, if two tangents oould be drawiiy 
diey would both be perpendicular to the same radivB at tbe. 
aame point ; which is impoadble (B. L^ P. JLLY«V 
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PEOPOSITION X. THEOEEM. 



ISoo parailels intercept equal arcs of a circumference. 



There may be three cases: both parallels may be secants; 
one may be a secant and - the other a tangent ; or, both 
may be tangents. 

1°. "Let the secants AJ3 and DJEJ be parallel : then 
will the intercepted arcs MJf and JPQ be equal. 

For, draw the radius CJET 
perpendicular to the chord 
JfP ; it will also be per- 
pendicular to IfQ (B. I., P, 
XX., a 1), and JT wiU be at 
the middle point of the arc 
JfHP, and also of the arc 
NHQ : hence, MN^ which is 
the difference of Hl^ and HM^ 

is equal to PQ, which is the difference of SQ and HP 
(A. 3) ; %Dh,ich vjaa to be proved. 




2^. Let the secant AB and tangent DE^ be parallel 
then will the intercepted arcs MH and PS be equaL 

For, draw the radius CS 
to the point of contact S\ 
it will be perpendicular to DE 
(jP. IX.), and also to its par- 
allel MP. But, because CH 
is perpendicular to JfP, S 
is the middle point of the arc 
MHP (1\V1): hence, MS 
and PJS are equal ; tohich 
fa he proved. 
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d''. Lot the tangents DE and IL be parallel, and let 
JET and K be their pomts of contact : then will the in- 
tercepted arcs HMK and HPK be equaL 

For, draw the secant AB 
parallel to DE ; then, firom 
what has just been shown, we 
shall have HM equal to JZP, 
and MK equal to PK\ hence, 
HMK^ which is the sum of 
HM and MK^ is equal to 
SPKj which is the sum of 
HP and PK\ which toaa to 
be proved. 




PBOPOSmON XL THEOBEIC. 



j^ two circumferences intersect each other^ the points of m- 

Ur section 'will be in a perpendicular to the straight line 
joining their centres^ and at eqtuil distances from if. 

Let the circumferences, whose centiet are O and D, 
intersect at the points A and 
E : then will CD be perpen- 
dicular to AEj and AE wiU 
be equal to HE. 

For, the points A and £^ 
being on the circumference 
whose centre is (7, are equally 
distant from C ; and being on 

the circumference whose centre is Dj they are equally dil^ 
tant from D : hence, CD is perpendicular to AH at itf 
middle point (B. L, P. XYI., C.) ; which was to be groped. 
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PROPOSITION TCTt. THEOREIC. 

J 

]^ two eircumferencea intersect each other^ the distance h^ 
tween their centres will be less than the sum^ and greater 
than the difference^ of their radii. 

Let the circumferences^ whose centres are O an^ -Q 
intersect at A : then will CD 
be less than the sum, and 
greater than the difference of 
the radii of the two circles. 

For, draw AC and AJ)^ 
forming the triangle ACD. 
Then will CD be less than 
the sum of AC and AD^ 

and greater than their difference (B. L, P. YJUL.) ; which toas 
to be proved. 




PEOPOSinON' XHT. THEOREM. 

jy the distance between th>e centres of two circles is equal 
to the smn of their radii^ tJiey wiU be tangent extemaUy. 

Let C and D be the centres of two circles, and let 
the distance between the centres be equal to the sum of the 
radii : then will the circles be tangent externally. 

For, they will have a point 
Al^ on the line CD^ common, 
and they will have no oth^ 
point in common ; for, if they 
had two points in common, the 
distance between their centres 
would be less than the sum of 
thdr radii ; which is contrary to the hypothesis : hence, they 
are 'tangent externally ; which was to be proved. 




72 GEOMETRY 




PROPOSITION XIV, THEOREM. 

^ the distance bettoeen the centres of two circles is equal ia 
the difference of tJieir radii, one toiU be tangent to the 
other internally. 

Let C and /> be the centres of two drcles, and let 
the distance between these centres be equal to the difference 
of the radii : then will the one be tangent to the other in- 
ternally. 

For, they will have a point -4, on 
DC, common, and they will have no 
other point in common. For, if they 
had two points in common, the distance 
between their centres would be greater 
than the difference of their radii ; 
which is contrary to the hypothesis : 

hence, one touches the other internally ; tohich toas to be 
proved. 

Cor. 1. If two circles are tangent, either externally or 
internally, the point of contact will be on the straight line 
drawn through their centres. 

Cor. 2. All circles whose centres are on the same straight 
line, and which pass through a common point of that line, 
are tangent to each other at that point. And if a straight 
line be drawn tangent to one of the circles at their common 
point, it will be tangent to them all at that point. 

Scholium. From the preceding propositions, we infer that 
two circles may have any one of six positions with respect 
to each other, depending upon the distance between their 

centres : 

l^'* When the distance between thdr centres is greater 
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than the Bum of their radii, they are eostemalj one to the 
other: 

2^. When this distance is equal to the sum of the radii, 
they are tangent, externally: 

8^« When this distance is less than the sum, and greater 
than the difference of the radii, thei/ intersect each other : 

4°. When this distance is equal to the ^ITerence of then 
radii, one is tangent to the other j internally: 

5^. When this distance is less than the difference of the 
radii, one is tohoUy within the other: 

6^ When this distance is equal to zero, they have a 
common centre; or, they are concentric. 



PEOPOsrrioN' xv. theobem. 

In eg[ual circles, radii making eqtcal angles at the centre, 
intercept equal arcs of the circumference ; corhoersdy, 
radii which intercept equal arcs, make equ^' angles at the 
centre. 

1®, In the equal circles ADB and EGF, let the an- 
gles A CD and EOQ be equal: then will the arcs AMD 
and ENG be equal. 

For, draw the chords AD 
and EO ; then will the tri- 
angles A CD and EOQ have 
wo sides and their included 
ttdgle, in the one, equal to 
two sides and their included 
angle, in the other, each to each. They are, therefore, equal 
in all tiieir parts ; consequently, AD is equal to EQ. 
Bnty if the chords . AD and EG are equal, the arcs AMD 
and JBNG are also equal (P. IV.) ; whicN loos to be pro'oedK 
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2^ Let the arcs AMD and ENG b« equal : then will 
the angles ACD and EOQ be equal 

For, if the arcs AMD 
and ENQ are equal, the 
chords AD and EQ are 
equal (P. IV.) ; consequently, 
the triangles ACD and EOQ 
have their sides equal, each 
to each ; they are, therefore, 

equal in all their parts : hence, the angle A OD is equal 
to the angle EOQ- \ which was to he proved/ 




PBpPOSmON XVI, THSOBEM. 

In equal circles^ commenauroNe angles at the centre are pro- 
portional to their interested arcs. 

In the equal circles, whose centres are C and 0, let 
the angles ACB and DOE be commensurable*; that is, 
be exactly measured by a common unit: then will they be 
proportional to the intercepted arcs AB and DE. 




Let the angle Jf be a common unit ; and sappoao, for 
example, that this unit is contained 7 times in the angle 
ACB^ and 4 times in the angle DOE. Then, suppose 
ACB be divided into 7 angles, by the radii Ciw, Gtt, Qp, 
&c. ; and D QE into 4 angles, by the radii (k^ Oy^ and 
Ozy each equal to the unit M. 
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From the last proposition, the arcs Am^ mn^ d;c., Dx^ 
wffj Acj are equal to each other ; and because there are f 
of these arcs in AB^ and 4 in DJE^ we shall have, 

arc AB : arc BE : : 7:4. 

But, by hypothesis, we have, 

angle ACB : angle BOE : : .7 : 4; 

t ■ 

hence, from (B, IL, P. IV.), we have, 

angle ACB : angle BOE : : arc AlB : arc BE 

If any other numbers than 7 and 4 had been used, the 
same proportion would have been found ; which was to be 
proved. 

Cor. If the intercepted arcs are commensurable, they will 
be proportional to the corresponding angles at the centre, 
as may be shown by changing the order of the couplets in 
the above proportion. 



PEOPOsmoN xvn. theoeem. 

In eqtml circles, incommensurable angles at the centre are 

proportional to their intercepted arcs. 

In the equal drdes, whose 
centres are C and 0, let 
ACB and JPOJT be incom- 
meosurable : then will they 
be proportional to the arcs 
AB and EH^ 

For, let the less angle EOS, be placed upon the greater 
Boigie AOB^ so that it idiall take the podtiou ACI>« 
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Then, it the propoffltion is not 
true, let us suppose that the 
angle AGB is to the angle 
FOH^ or its equal ACD^ 
as the arc AB is to an arc 
-40, greater than FH^ or 
its equal AD \ ^ whence, 

angle AGB : angle AGD 




dT^ 



arc AB : arc AO. 



Conceive the arc AB to be divided into equal parts, 
each less than DO : there will be at least one point of 
division between 2) and \ let T be that point ; and 
draw GL Then the arcs AB^ AI^ will be commensura- 
ble, and we shall 'have (P. XVI.), 



angle AGB : angle AG I 



arc AB 



arc AI. 



Comparing the two proportions, we see that the antecedents 
are the same in both : hence, the consequents are propor- 
tional (B. EL, P. rV., C.) ; hence. 



angle AGD : angle AG I 






arc AO 



arc AI. 



But, AO is greater than AI : hence, if this proportion is 
true, the angle AGD must be greater than the angle ACL 
On the contrary, it is less: hence, the fourth term of the 
assumed proportion cannot be greater than AD. 

In a similar manner, it may be shown that the fourth 
term cannot be less than AD ; hence, it must be equal to 
AD ; therefore, we have. 



angle AGB : angle AGD 
tohich was to be proved. 






arc AB 



arc AD 



Cor. 1. The intercepted arcs are proportional to the cor- 
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responding angles at the centre, as may be shown by chang* 
ing the order of the couplets in the preceding proportion. 

Cor, 2. In equal circles, angles at the centre are pro- 
portional to their intercepted arcs ; and the reverse, whether 
they are conunensurable or incommensurable. 

Cor 3. In equal circles, sectors are proportional to their 
angles, and also to their arcs. 

Scholium, Since the intercepted arcs are proportional to 
the corresponding angles at the centre, the arcs may be 
taken as the measures, of the angles. That is, if a circum- 
ference be described from the vertex of any angle, as a cen- 
tre, and with a fixed radius, the arc intercepted between the 
sides of the angle may be taken as the measure of the 
angle. In Geometry, the right angle which is measured by 
a quarter of a circumference, or a quadrantj is taken as a 
nnit. I^ therefore, any angle be measured by one-half or 
two-thirds of a quadrant, it will be equal to one-half or 
two-thirds of a right angle. 



PEOPOsinoN xvm. theokem. 

An inseribed angle is measured hy half of the are included 

between its sides. 

There may be three cases : the centre of the circle may 
lie on one of the sides of the angle ; it 
may lie within the angle ; or, it may 
fie without the angle. 

1^. Let JEAD be an inscribed an- 
gle, one of whose sides AJSI passes 
through the centre : then will it be 
measured by half of the arc J>M 
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For, draw the radius CD. The external angle DCE^ 
of the triangle DCA^ is equal to the sum of the opposite 
interior angles CAD and CDA (B L P, XXV^ C, 6). 
But, the triangle DCA being isosceles, 
the angles D and A are equal ; 
therefore, the angle DCE is double 
the angle DAM Because DCE is 
at the centre, it is measured by the 
arc DE (P. XVII., S.) : hence, the, 
angle DAE is measured by half of 
the arc DE ; tohich was to be proved. 




2°. Let DAD be an inscribed angle, and let the centre 
lie within it : then will the angle be measured by half of 
the arc DED. 

For, draw the diameter AE. Then, from what haa just 
been proved, the angle DAE is measured by half of DE, 
and the angle EAD by half of ED : hence, DADj which 
is the sum of EAD and DAE, is measured by half of 
the sum of DE and ED, or by half of DED ; which 
fcae to be proved, 

3^. Let DAD be an inscribed angle, and let the centre 
lie without it : then will it be measured by half of the arc 
arc DD. 

For, draw the diameter AE. Then, 
from what precedes, the angle DAE 
is measured by half of DE, and the 
angle DAE by half of DE : hence, 
DJDy which is the difference of DAE 
and DAE, is measured by half of the 
difference of DE and DE, or by 
half of the arc DD : which io(M to be pnw&d» 
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CcT. 1. An the angles BAC^ 
JSDCj BECj inscribed in the same 
segment, are equal ; becanse they are 
each measured by half of the same 
arc BOC. 




Ccr. 2. Any angle BAD^ in- 
scribed in a semi-circle, is a right an- 
gle ; becanse it is measured by half 
the semi-circmnference BODy or by 
a quadrant (P. XVII., S.). 




Cor. 8. Any angle BAOj in- 
scribed in a segment greater than a 
semi-circle, is acute ; for it is mear 
snred by half the arc BOO, less 
than a semi-circumference. 

Any angle BOC^ inscribed in a 
segment less than a semi-circle, is 
obtuse ; for it is measured by half the arc BA (7, 
flian a semi-circumference. 




greater 



Cor. 4. The opposite angles A 
and (7, of an inscribed quadrilateral 
ABCB, are together equal to two 
right angles ; for the angle BAB 
is measured by half the arc BCBy 
the aii^ BCB by half the arc 
BAB : hence, the two angles, taken together, are .mei^ 

sored by half the drcumfeience : hence, their sum it %c^sa1 

» 

to two lig^ anglea. 
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PKOPOSmON XIX. THEOREM. 

Any angle formed by two chorda^ tohich intersect^ is fnea- 
axired by half the sum of the included arcs. 

liCt DEB be an angle formed by the interflection of 
the chords AB and CD : then will it be measured bv 
half the sum of the arcs AC and DB. 

For, draw AF parallel to DC: 
then, the arc DF will be equal to 
AC (P. X.), and the angle FAB 
equal to the angle DEB (B. I, P. 
XX., C. 3). But the angle FAB is 
measured by half the arc FDB (P. 
XVllI.) ; therefore, DEB is measured 
by half of FDB ; that is, by half the sum of FD and 
DB^ or by half the sum of AC and DB ; which vhu to 
be proved. 

PBOPOSinON XX. THEOREM. 

The angle formed by two secants, intersecting without tlie drcuni'' 
ference, is measured by half the difference of tlie included arcs. 

Let AB^ ACy be two secants : thai will the aagle 
BAC be measured by half the diflfer- 
ence of the arcs BC and DF, 

Draw DE parallel to AC \ the 
arc EC will be equal to DF (P. X.), 
and the angle BDE equal to the an^ 
gle BA C (B. I, P. XX., C. 3.). But 
BDE is measured by half the arc 
BE (P. XVra.) : hence, BAG is 
also measured by half the arc BE ; 
that is, by half the ^fference of BC 
and JECj or by half the difference of J? C and DFi wkUk 
tts to be proved. 
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FBOPOSmON XXI. THEOBEM. 



An angle formed by a tangent and a chord meeting it at 
the point of cont(zctj is measvred by half the induded 
aire. 

Let BE be tangent to the circle AMC^ and let AC 
be a chord drawn from the pomt of contact A : then 
will the angle BAG be measured 
by half of the arc AMC, 

For, draw the diameter AJ). 
The angle BAD is a right angle 
(P. IX.), and is measured by half 
the eemi-circnmfcrence AMD (P. 
XVIL, S.) ; the angle DAC is 
measured by half of the arc 2>(^ 
(P, XVm.) : hence, the angle BAC, 

which is equal to the sum of thje angles BAD and DAC^ 
is measured by half the sum of the arcs AMD and DC^ 
or by half of the arc AMC ; which toae to be proved. 

The angle CAJS, which is the diflference of DAJS and DA C, 
is measured by half the difference of the arcs DC A and DC, 
or by half the arc CA. 




PRACTICAL APPLICATIONS. 



PBOBLEM 



To bisect a given straigTU line. 

Let AB be a given straight line. 

From A and B^ as centres, with 
a radius greater than one half of AJB^ 
describe arcs intersecting at E and 
F: join JS and jFJ \ij the straight 
line JEF. Then.wm EF bisect the 
given line AB, For, E and F 
are each equally distant from A and 
B ; and consequently, the line EF 
bisects AB (B. L, P. XVL, C). 



+■ 
A 



>* 



B 



;p 



PROBLEM n. 

7b erect a perpendieulaf to a given straight line, at a given 

point of that line. , 

Let EF be a given line, and let ^ be a given point o 
that line. 

From Ay lay off the equal 
distances AB and '-4 (7; from 
B and (7, as centres, with a 
radms greater than one half E ' 



>l<p 



t- 



t 
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of ^(7, descnbe arcs intersecting at D; draw tie line AD: 
then will AD be the perpendicular required. For, D and A 
are each equally distant from D and C; consequently, DA k 
nerpendicular to -B(7 at the given point A (B. I., P. XYL, C). 



PROBLEM in. 

To draw a perpendicular to a given straight Une^ from a 

given point without that line. 

Let BD be the given line, and A the given point. 

From ^, as a centre, with a ra- 
dius sufficiently great, describe an arc ^ 
cutting DD in two points, D a^d / ! x 
D ; with B and D as centres, and X ^ / jC \Z^ 
a radius greater than one-half of DD^ j ^ 
describe arcs intersecting at E\ draw ^ 
AE", then will AE be the perpendi- 
cular required. For, A and E are each equally distant 
from D and D : hence, AE is perpendicular to DD 
(B. L, P. XVI., C). 

PROBLEM IV. 

At a point on a given straight line, to construct an angle 

equal to a given angle. 

Let A be the given point, AD the given line, and 
nCZ the given angle. 

From the vertex -BT" as a 
centre^ with any radius -ffTJ 
describe the arc iZ, terminat- 
mg in the ndes of the angle. 
From A BM B centre, with a radinfl AB^ ef\u2!L \.o K^ 




Pa B" 
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describe the indefinite nxc JiO ; then, with a radins equal 
to the chord Xi^ from 2? as a centre, describe an arc 
cutting the arc £0 in 2> ; 
draw AD : then will DAD 
be equal to the angle £ 

For, the arcs 2?i>, iZ, 
haye equal radii and equal 

chords : hence, they are equal (P. IV.) ; therefore, the angles 
BADf IKL^ measured by them, are also equal (P. XV.). 




PROBLEM V. 

To bisect' a given are^ or a given angle. 

1^. Let AED be a given arc, and C its centrei 

Draw the chord AD ; through C, 
draw CD perpendicular to AD (Prob. 
in.) : then will CD bisect the arc 
AED (P. VL). 




2®. Let ACD be a given angle. 

With (7 as a centre, and any 
radius (72?, describe the arc DA ; 
bisect it by the line CZ>, as just 
explained : then will CD bisect the angle ACD. 

For, the arcs AE and ED are equal, from what was 
just shown ; consequently, the angles A CE and ECD are 
also equal (P. XV.). 

Scholium, IS each half of an arc or angle be bisected, 
the origuial arc or angle will be divided into four equal 
p&rts ; and if each of these be bisected, the origmal arc or 
angle will be divided into eight, equal parts; and ao on. 
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PROBLEM VL 

Through a given pointy to draw a straight line parallel to 

a given straight line. 

Let A be a given point, and BC a given lin^ 

From the point ^ as a centre, 
with a radius AE^ greater than the 
shortest distance from A to BOf 
describe an indefinite arc £^0 ; from 
J? as a centre, with the same ra- 
dius, describe the arc AJF ; lay off 

jEJ) eqnal to JJ\ and draw AD : then will AD be the 
parallel required. 

For, drawing A^ the angles AEI\ EAD^ are equal 
(P. XY.) ; therefore, the lines AD^ EF are parallel (B. L, 
P. XEL, C. 1.). 

PBOBLEM TIL 

GHven^ two angles of a triangle^ to construct the third 

angle. 

Let A and D be given angles of a triangle. 

Draw a line DF^ and at some 
point of it, as Ej construct the an- 
gle FEIT equal to A^ and HEG 
equal to D. Then, will CED be ^ 
equal to the required angle. 

For, the sum of the three angles at J? is equal to two 
Tight angles (B. L, P. I., C. 3), as is also the sum of the 
three angles of a triangle (B. L, P. XXV.). Consequently, 
the tlurd angle CED must be equal to the third angle of 
the triangltt. 




V" 
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PROBLEM Vm. 



Oivefi^ two sides and the included angle of a triangle^ 16 

construct the triangle. 

Lot 3 and C denote the given ndea, and A the given 
angle. 

Draw the indefinite line DF^ 
and at D construct an angle 
FDJEJy equal to the angle A ; on 
DF^ lay off DH equal to the 
side Cy and on DE^ lay off 
DO equal to the side 2? ; draw 
GH : then will DGB^ be the required triangle (B. L, P. V.), 




PKOBLEM IZ. 

Oiven^ one side and two angles of a triangle^ to construct 

the triangle. 

The two angles may be either both adjacent to the given 
mde, or one may be adjacent and the other opposite to it. 
In the latter case, construct the third angle by Problem YIL 
We shall then have two angles and their indnded side. 

Draw a straight line, and on it 
lay off DF equal to the given 
Bide ; at D construct an angle 
equal to one of the adjacent an- 
gles, and at F construct an angle 
equal to the other adjacent angle ; 

produce the sides DF and FO till they intersect at JET: 
then will DFR be the triangle required (B. I, P. VL). 
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PROBLEM X 

Oiveny the three eides of a triangle^ to construct the tri- 
angle. 

Let A^ JBf and (7, be the given sides. 

Draw DE, and make it equal 
to the side A ; from J9 as a 
centre, with a radios equal to the 
side JB. describe an arc ; from JS Ah 




a centre, with a radius equal q 

to the side Cy describe an arc 

intersecting the former at ^; draw DJf* and JSF : then 
wiU D:EF be the triangle required (B. L, P. X.). 

Scholium, In order that the construction may be possiblei 
any one of the given sides must be less than the sum of the 
other two, and greater than their difference (B. L, P. VH, 8.). 



PKOBLEM XI. 

Given, two sides of a triangle^ and the angle opposite one 

of them, to construct the triangle. 

Let A and B be the ^ven sides, and C the given 
angle. 

Draw an indefinite line DGj 
and at some point of it, as 2>, 
oonstmct an angle QDJS equal 
to the given angle ; on one side 
of this angle lay off the distance 
DJE equal to the side J^ adjacent / 

to the given angle ; from j& as ^ 

a oeotrei with a radius equal to the side opposite the given 
ang^ describe an arc cutting the side DG at G; draw 
£10. Tbm mill J>JS0 he the required tnangVf^. 
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For, the sides DE and EQ are eqnal to the given 
sides, and the angle 2>, opposite one of them, is equal to 
the given angle. 

Scholium, When the cdde oppocdte the given angle is 
greater than the other given side, there will be but one 
solution. When the given angle is acute, and the side 
apposite the given angle is less 
than the other given side, and 
greater than the shortest dis- 
tance from J? to DOf there 
will be two solutions, I>EO 
and DMF. When the side 
opposite the given angle is 

equal to the shortest distance from E to DQ^ the arc 
will be tangent to 2>&, the angle opposite DE will be 
a right angle, and there will be but one solution. When 
the side oppocdte the given angle is shorter than the distance 
from E to DOj there will be no solution. 




PBOBLEM XTL 

€Hvenj two ciclfacent sides of a paraUeloffram and their 
induded angU^ to construct the parcUkhgram. 

Let A and i? be the given sides, and O the ^ven 
angle. 

Draw the line DJff^ and 
at some point as 2>, construct 
the angle EDF equal to the 
angle C. Lay off DE equal 
to the side A^ and DF equal 
to the side B ; draw FQ gj. 
parallel to DE^ and EQ par- 

&llel to DF* then will DFQE be Uie parallelogram 
quired. 
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For, tho oi^MMdte sides are parallel hj construction ; and 
eODfleqnently, the figure ia a parallelogram (D. 28) ; it is 
alflo formed with the given sides and given angle. 

PROBLEM Xm. 

To find the centre of a given circumferenoe. 

Take any three points A^ 
S^ and C7, on the circumference 
or arc, and join them by the 
chords AB^ JBC; bisect these 
chords by the perpendiculars DJS 
and JFG : then will tb«)ir point 
of intersection Oj be the centre 
required (P. Vtl.). 

Scholium, The same construc- 
tion enables us to pass a circumference through any three 
points not in a straight line. If the points are vertices of 
a triangle, the circle will be circumscribed about it. 

PROBLEM XIV. 

Through a given pointy to draw a tangent to a given circle. 

There may be two cases : the given point may lie on 
the dreumference of the given circle, or it may lie without 
the given circle. 

1®. Let C be the centre of the 
given circle, and A a point on the 
drcnmference, through which the tan- 
gent is to be drawn. 

Draw the radius CAy and at A 
draw AD perpendicular to AG: then 
win AD be tbe tangent required (P. IX.). 
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2°. Let be the centre of the ^ven drcle, and A a 
point v-ithout the drcle, throngh vMch the tangent ia to be 
drawn. 

Draw the line AC\ bisect it at 
0, and froni as a centre, with a 
radiuB OC, describe the circumference 
ABCIi; join the point A with the 
points of intersection D and Ji : 
then ' will both AD and AB be 
tangent to the given tnrcle, and there 
will be two solutions. 

For, the angles ABC and ADC 
are right angles (P. XVDI, C. 2) : 

hence, each of the lines AB and AB is perpendicular ta 
a radius at its extremity ; and conseqaently, viej are tangent 
to the given circle (P. IX.). 

GoroUary, The right-angled triangles ABC and ADC, 
have a common hypothenuse AC, and the side BC eqnal 
to J3C\ and consequently, they are equal in all their part« 
(B. L, P. XVn.) : hence, AB is eqnal to AD, and 
the angle CAB is equal to the angle CAD. The tan- 
gents are therefore equal, and the line AC bisects the 
angle between them. 



PEOBLEM XV. 
To inscribe a circle in a given triangle. 
Let ABC be the given 
triangle. 

Bisect the angles A and 
B, by the lines AO and 
BO, meeting in the point 
(Prob. Y.) ; from the point O 
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let fell the perpendiculars 0-Z>, OJE^ OF^ on the sides of 
the triangle : these perpendiculars will all be equal. 

For,_in the triangles BOB and BOE^ the angles OBE 
and OBD are equal, by construction ; the angles ODB 
and OEB are equal, because both are right angles ; and 
consequently, the angles BOD and BOE are also equal 
(B. I., P. XXV., C. 2), and the side OB is common ; and 
thereforci the triangles are equal in all their parts (B. L, 
P. VI.) : hence, OD is equal to OE. In like manner, it 
may be shown that OD is equal to OF. 

From as a centre, yith a radius 02>, describe a 
drde, and it will be the circle required. For, each side is 
perpendicular to a radius at its extremity, and is therefore 
tangent to the circle. 

Corollary. The lines that bisect the three angles of a 
triangle all meet in one point. 



PBOBLEM XVI. 

On a given straight limy to construct a segment that shall 

contain a given angle. 

Let AB be the given line. 





reduce AB towaids D\ at j5 construct the an^k 
BBS aqiiil to the given angle draw BO ^^x^iiSSkev^ax 



/ 
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to £^ and at the middle point &, of AB^ draw GO 
perpendicnlar to AB ; from their point of intersection Of 
as a centre, with a radius OB^ describe the arc AMBi 
then will the segment AMD be the segment required. 





For« the angle AJSl^l equal to JSBDj is measured by 
half of the arc AKB (P. XXL) ; and the inscribed angle 
AMB is measured by half of the same arc : hence, the 
angle AlMB is equal to the ang^e MBB^ and conse- 
quently, to the given angle. 



\ 
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HBASUBBHBNT AND BBLATION OF POLTOON8. 

DEFINITIONS. 

1. SooLAB Polygons, are polygoDS which are mutually 
equiangular, and which have the sides about the equal angles, 
taken in the same order, proportional. 

2. In similar polygons, the parts which are similarly 
placed in each, are called homologous. 

The corresponding angles are homologoua angles^ the 
oorresponding sides are homologoua sideSj the corresponding 
diagonals are homologous diagonals^ and so on. 

3. SiMiLAB Arcs, Sectors, or Segments, in different circles, 
are those which correspond to equal angles at the centre. 

Thus, if the angles A and are A 

equal, the arcs £FG and DGB are 
tdmilar, the sectors BAG and DOE 
are similar, and the segments BFG g^ 
and DQ-E are similar. 

4. Hie AuTnn>B of a Triangle, is the perpendicular 
difitanoe from the vertex of either an- 
gle to the opposite side, or the opposite 
side produced. 

The vertex of the angle from which 
the distance is measured, is called the 
oertefls of the triangle^ and the opposite 
nde, 18 called the base of the triangle. 
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5. The Altttddb of a Parallelogram, ia the perpen* 
dicnlar distance between two opposite 

sides. 

These sides are called bcisea ; one the 
upper^ and the other, the lower base. 

6. The Altitude of a Trapezoid, is the perpendicular 

r 

distance between its parallel sides. 

These sides are called bases ; one the 
i^)perj and the other, the lower base. 

7. The Area of a Surface, is its numerical value 
expressed in terms of some other surface taken as a unit. 
The imit adopted is a square described on the linear unit, 
as a idde. 

PROPOSITION I. THEOREM. 

Pa/raUelograms which have eqital bases and equal altitudes^ 

are equal. 

Let the parallelograms AJBCD and EFOH have equal 
bases and equal altitudes : then will the parallelograms be 
equal. 

For, let them be so placed 
that their lower bases shall 
coincide ; then, because they 
have the same altitude, their 
upper bases will be in the 
same line DQ^ parallel to AB 

The triangles DAB and CBQ^ have the sides AD and 
BC equal, because they are opposite ades of the parallel- 
ogram A C (B. L, P. XXVm.) ; the rides AH and BQ 
equal, because they are opposite sides of the parallelogram 
AG ; the angles BAH and CBG equals because their 
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sides are parallel and lie in tlie same direction (6. L, 
P. XXIV.) : henoe, the triangles are eqnal (B. L, P. V.). 

If from the quadrilateral ABGD^ we take awaj the tri- 
angle DAn^ there will remain the parallelogram AG \ if 
from the same quadrilateral ABGD^ we take away the tri- 
tiiangle CBG^ there will remain the parallelogram AG i 
hence, the parallelogram AC is equal to the parallelogram 
^Q (Al 3) ; %Dhich toaa to be proved. 




FEOPOsmoN n. theobem:. 

A triangle is equal to one^half of a parallelogram having 
an equal base and an equal altitude. 

Let the triangle ABG, and the parallelogram ABJFD^ 
have equal bases and equal altitudes : then will the triangle 
be equal to one-half of the parallelogram. 
For, let them be so 

placed that the base of ^^ ?— 11 ^^ jC 

tbe triangle shall coin- 
cide with the lower base 
of the parallelogram ; 
then, because they have equal altitudes, the vertex Oi the 
triangle will lie in the upper base of the parallelogram, or 
ID the prolongation of that base. 

From -4, draw AJE parallel to BC^ forming the par- 
allelogram ABGE. This parallelogram will be equal to 
'the parallelogram ABFD^ from Proposition I. But the 
triangle ABG is equal to half of the parallelogram ABGiL 
(B. L, P. XXVm., C. 1) : hence, it is equal to half of 
the parallelogram ABFD (A. 7) ; which was to be proved 

Cor. Triangles having equal bases and equal altitudes are 
equal, for they are halves of equal paralielograma* 
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PBOPosmoN HL theorem. 

Rectangles having equal aUitudee^ are proportional to thek 

bases. 

There may be two cases : the bases may be oommenso- 
Tftble, or they may be incommensurable. 

1®. Let ABOD and HEFK^ be two rectangles whose 
altitudes AT) and HK are equal, and whose bases AB 
and HE are commensurable : then will the areas of the 
rectangles be proportional to their bases. 




K 
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Suppose that AB is to HE^ as 7 is te 4. Conceive 
AB to be divided into 7 equal parts, and HE into 4 
equal parts, and at the points of division, let perpendiculars 
be dra^vn to AB and HE. Then will ABCJD be divi. 
ded into 7, and HEFK into 4 rectangles, all of which will 
be equal, because they have equal bases and equal altitudes 
(P. I.) : hence, we have, 

ABGD : HEFK : : » : 4. 



But we have, by hypothesis, 

AB : HE 



4. 



From these proportions, we have (B. IL, P. ly.), 
ABCD : HEFK : : AB 






Had any otner numbers than 7 and 4 be^ used, the same 
proportion would have been found \ which vku to be pfi^Ofoed^ 



I 






BOOK IV. 97 

2^. Let the bases of the rectangles be incommensurable ; 
then will the rectangles be proportional to their bases* 

For, place the rectangle HEFK 
upon the rectangle ABCJDy so that D F K C 

it shall takjQ the position AEFD. 
Then, if the rectangles are not pro- 
porlional to their bases, let ns sup- 
pose that 

ABCD : AEFD :; AJ3 : AO; 

m which AO b greater than AM Divide AB into 
equal parts, each less than OM ; at least one point of 
divifflon, as I^ will fall between E and ; at this point, 
draw IK perpendicular to AJB. Then, because AJ3 and 
AI are commensurable, we shall have, from what has just 
been shown, 

AJ30D : AIKD : : AB : AZ 

The above proportions have their antecedents the sam« 
m each ; hence (B. H, P. IV., C), 

^USKZ) : AIITJ? : : AO : AI. 

1 

He rectangle AEFD is less ttan AIKD ; and if the 
jkoYe proportion were true, the line AO would be less 
than AI ; whereas, it is greater. The fourth term of the 
proportion, l^erefi^re, cannot be greater than AE, In lik€ 
manner, it may be shown that it cannot be less than AE ; 
. oonsequently, it must be equal to AE \ hence, 

ABCD : AEFD : : AB AE ; 

wkieh MOOS id be proved. - 

CcTi If rectadgles have equal bases, they are to ea<A 
oiber m their altttodes. 
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PBOPOfiinON lY. THEOBEIL 

Any two reetanglea are to each other as the products qf 

their bases and altitudes. 

Let ABCD and AEQF be two rectangles: then wE 
ABCD be to AEQF, as AB x AD is to AE x AP. 

For, place the rectangles so 
that the angles DAB and EAF 
shall be opposite or vertical ; 
then, produce the sides CD 
and QE till they meet in H. 

The rectangles ABCD and 
ADHE have the same altitude 
AD : hence (P. IIL), 




ABCD ; ADHE : : AB 



m 



The rectangles ADHE and AEQF have the same 
altitude AE : hence, 

ADHE : AEQF : : AD : AF. 

Multiplying these proportions, term by tenn (B. IL, P. 
Xn.), and omitting the common &ctor ADHE (B. IL, 
P. Vn.), we have, 

ABCD : AEQF : : AB x AD : AExAF; 

which was to be proved. 

Scholium 1. If we suppose AE and AF\ each to be 
equal to the linear unit, the rectangle AEQF will be the 
superficial unit, and we shall have, 

ADCD • I \\ AB xAJ> : 1 ] 
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l[/ ABCD z=z AB xADi 

hence, the area of a rectangle is eqitcU to the product of 
its base and altitude / that is, the number of superficial 
units in the rectangle, is equal to the product of the number 
of linear xmits in its base by the number of linear units in 
ito altitude. 

Scholium 2. The product of two lines is sometimes* called 
the rectangle of the lines, because the product is equal to 
the area of a rectangle constructed with the lines as sides. 
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PEOPOSmON V. THEOEEM. 

The' area of a parallelogram is equal to the product of its 

base and altitude. 

Let ABCD be a parallelogram, AB its base, and BE 
its altitude: then will the area of ABCD be equal to 
AB X BE. 

For, construct the rectangle 
ABEE, having the same base 
and altitude : then will the rec- 
tangle be equal to the parallelo- 
gram (P. I.) ; hv£ the area of the 
rectangle is equal to AB x BEi 

hence, the area of the parallelogram is also equal to 
AB X BE \ which was to be proved. 

Car. Parallelograms, are to each other as the produota 
of ihdr bases and altitudes. If their altitudes are equal, 
they are to each other as their bases. If their bases are 
equal, they are to each other as their altitudea. 
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PEOPOSinON VL THEOREM. 

TTie area of a triangle is equal to half the product of its 

base and cUtitude, 

Let Al^O be a triangle, JBG its base, and AD* it 
altitude : then will the area of the triangle be equal to 
^BG X AD. 

For, from (7, draw CJS 
parallel to DAj and from A^ 
draw AB parallel to CD. The 
area of the parallelogram DCJEA 
is DO X AD (P. V.) ; but the 
triangle ADC is half of the par- 
allelogram BCEA : hence, its area is equal to ^DC X AD; 
which was to be proved. 

Cor. 1, Triangles are to each other, as the products of 
their bases and altitudes (6. 11., P. VIL). If their alti- 
tudes are equal, they are to each other as their bases. If 
their bases are equal, they are to each other as their alti- 
tudes. 

Cor. 2. The area of a triangle is equal to half the pro- 
duct of its perimeter and the radius of the inscribed drdc 

For, let DBF be a circle 
inscribed in the triaagle ADC. 
Draw ODy OE^ and OF^ to 
the points oi contact, and OA^ 
OD. and OC. to the verti- 
ees. 

The area of ODC will be 
equal to \0E x DC ; the 
arcB of OAG will be equal to \0F x AC \ and the area 
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of OAB ^nll be equal to ^OD x AB ; and since Oi>, 
OE^ and OF^ are equal, the area of the triangle ABC 
(A. 9), will be. equal to \0D^ {AB + BC + CA). 



PEOPOSinoN vn. theorem. 

TAe area of a trapezoid is equal to the product of its alti- 
tude and half the sum of its parcUlel sides. 

Let ABCB be a trapezoid, BJS its altitude, and AB 
mi BC its parallel sides : then will its area be equal to 
DEx ii^B +I)C). 

For, draw the diagonal -4(7, form- 
bg the triangles ABC and A CD. 
The altitude of each of •these trian- 
gles is equal to BE. The area of 
ABO is equal to \AB x BE (P. A E B 

VI); the area of ACB is equal to 

^DC X BE : hence, the area of the trapezoid, which is the 
nun of the triangles, is equal to the sum of iAB x J)E 
and iBC X BE, or to BE x i{AB + BC) ; which was 
to be proved. 





PROPOSITION Vm. THEOREM. 

The square described on the sum of two lines is equal to 
the sum of the squares described on the lineSy increased 
by twice the rectangle of the lines. 



Let AB and BC be two lines, 
and AC their sum: then will 

lU* = Zg* + BC* + iAB X BC. 

On ACf cooBtmot the sqaare 
AODEi ttim. B, draw BJS^ par* 
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allel to AE I lay off AF equal to ABj and from 
i; draw FG parallel to AC : then will Z(7 and lU he 
each equal to BO i and ZB and ZFJ to AJB. 

The square A CDF is composed 
of four parts. The part ABIF is 
a square described on AB ; the part 
IGDH is equal to a square described 
on BC \ the part BCGI is equal 
to the rectangle of AB and BG ; 
and the part FIHE is also equal to 
the rectangle of AB and BG : and 

because the whole is equal to the sum of all its parts (A. 9), 
we have, 

AG^ = A& + BG^ -h "lAB x BG ; 

which was to be proved. 

Gor. If the lines AB and BG are equal, the four 

parts of the square on AG will also be equal : hence, the 

square described on a line is equal to four times the sqtcare 
described on half the line. 



PROPOSITION IX. THEOBEM. 

The square described on the difference of two lines is equal 
to tJie sum of the squares described on the lines^ dimity 
ished by twice the rectangle of the lines. 

Let AB and BG be two lines, and AC their differ- 
ence: then wHl 

AG^ = AW + SIP - 2AB X BC. 

On AB constmct the square ABIF \ from C draw 
GO parallel to BI \ lay off GD equal to AC^ and 
horn D draw DK parallel and equal to BA ; ooniplete 
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the square EFLK i then mil EK be equal to BC, &nd 
EFLK will be equal to the square of BG. 

Tho whole figure ABJLKM ia 
»iaal to the sum of the squares 
described on AB and BC. The ^ 

part CBI& is equal to the rect- 
angle of AB and BC ; the part 
DGIS is also equal to the rect- 
angle of AB aai BC. If from 

the whole figure ABILKE, the two parte CBIO and 
DQLK be taken, there will remmn the part ACDB^ 
which is equal to tho square of AC i hence. 



AC* = AB' + BC^ 
wAuA wa* to be proved. 



2AB X BCi 



FBOPOSinON X THEOBEU. 

.The rectangle contained hy the sum and difference of two 
Knee, is egwtl to the differenoe <^f their squarea. 

Let AB and BO be two lines, of which AB is th« 
greater: then will 

{AB + BC) (AB - BC) = A^ - S^- 

On AB, oonetmct the square 
ABIP', prolong AB, and make 
BK equal to BC\ then will AK 
be equal to AB ■\- BC \ fnm. 
Ky .draw KL parallel to BI, and 
make it equal to AC ; draw LE 
parallel to KA, and GQ parallel 
to BI : then BQ is equal to 
BC, and the figure BHIQ n equal to the w^uxtt «i 
BCt and £SS^ m egnal to BKLH. 
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If we add to the figure J-BSE, the rectangle BKLB^ 
ve shall have the rectangle AKLE^ which is equal to tiic 
the roctangle of AB + BC and 
AB — BC. If to the aame figure ^ ^ ^ 

ABHE, ve add the rectangle 
BGFE, equal to BKLH, we 
ihaU have the figure ABSBGF, 
which is equal to the difierence of 
the Bquares of AB and BC, But 
the BoiDB of eqoala are equal (A. S), 





n 


D 

.J 
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{AB + B0) [AB-BC) 
le/tich loaa to be proved. 
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PROPOSITION XL THSOREIC. 

The aquare deacrided on the hypothemuae of a right^mgUd 
triangle, is equal to the sum of the squares deaeriied on 
the other tieo aidea. 

Let ABO be a triangle, right-angled at A : then wiU 
mj' = AS" + AC\ 

Construct the square BO on the side BO, the sqiiare 
AIT on the ade AB, and 
the Bqnare AI on the mde 
AC ; from A draw AB 
perpendicular to BC, and 
prolong it to S : then will 
B£! be parallel to BF ; 
draw AF and ITC. 

In the triangles BBC 
and ABF, we have SB 
eqnal to AB, because they 
are aides of the same square; 
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BO equal to BF^ for the same reason, and the included 
angles HBC and ABF equal, because each is equal to the 
angle ABC plus a light angle : hence, the triangles are 
equal in all their parts (B. L, P. V.). 

The triangle ABF^ and the rectangle BE^ have the 
same base BF^ and because DE is the prolongation of 
J) Ay their altitudes are equal : hence, the triangle ABF 
18 equal to half the rectangle BE (P. 11.). The triangle 
JBBCy and the square BL^ have the same base BH^ and 
because AC is the prolongation of AL (B. L, P. IV.), 
their altitudes are equal : hence, the triangle HB G is equal 
to half the square of AH. But, the triangles ABF and 
HBC are equal : hence, the rectangle BE is equal to the 
square AlH, In the same manner, it may be shown that 
the rectangle DO is equal to the square AI : hence, the 
smn of the rectangles BE and J9&, or the square BO^ 
18 equal to the sum of the squares AH and AI \ or, 
BC^ = AB^ +AC^; which toas to be proved. 

Cor. 1. The square of either side about the right angle 
is equal to the square of the liypothenuse diminished by the 
■quare of the other side : thus, 

AB" = BC^ - AG^ ; or, AC"" = JSC'' - ZS*. 

Cor. 2. If from the vertex of the right angle, a per- 
pendicular be drawn to the hypothenuse, dividing it into two 
segmentSj BD and DC^ the square of the hypothsrmae wiU 
be to the square of either of the other sideSy as the hyp<h 
thenuse is to the segment adjacent to that side. 

For, the square BO^ is to the rectangle BE^ as BC 
to BD (P. in.) ; but the rectangle BE is equal to the 
•quare AH : hence, 

J^ : A^ : : BC : BD. 
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In like manner, we have, 



BG^ : AG^ .: BC : DO. 



iaht Wi 



(7of . 3. The squares of the sides abcut the right Umgle 
are to each other as the adjacent 
segments of the hypothenuse. A 



For, by combining the propor- 
tions of the preceding corollary 
(B. H, P. IV., C), we have, 




AB" : A& 



BD 



DC. 



H D G 



Cor. 4. The square described on the duzgonci of a 
square is double the given square. 

For, the square of the diagonal is 
equal to the sum of the squares of the 
two sides; but the square of each side 
is equal to the given square : hence, 

AC^ = 2AB' ; or, AG^ = 2Bl5^. 



/ 


\ 


n 


u 


A 


P 



Cor. h. From the last corollary, we have, 

AG^ : aW : : 2 : 1 ; 
hence, by extracting the square root of each term, w^ hAy% 

AG : AB t : -/2 : 1 ; 

that is, th/e diagonal of a square is to tike side^ as the 
square root of two to one; consequently, the diagonal ami 
the side of a square are incommensurable. 
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PE01»OSinON XII. THEOEEM. 

^ any triangle^ the square of a aide opposite an acute 
ungle, is equal to the sum of the squares of the base and 
the other side^ diminished by ttoice the rectangle of the 
base and the distance from the vertex of the acute angle 
to the foot of the perpendicular drawn from the vertex 
of the opposite angle to the base^ or to the base produced. 



Let AJBC be a triangle, C one 
<f its acute angles, BC its base, and 
AD the perpendicular drawn from A 
\fi BC^ or BC produced; then will 

IF = BC^ + AC^ - 2BG X CD. 




For, whether the perpendicular meets the base, or the 
bue produced, we have BB equal to the difference of 
BC and CZ> : hence (P. IX.), 

A 



Adding 
bare, 



= JBC" + OB' - 2BG X CB. 



to both members, we 




+ J5* = MO^ + CB/" +AB^ - 2BG X CB. 



But, .SS* + JJB^ = AW, and 55* + AB^ = A^ i 



heoce^ 



ZB* = BC* + ZU* - 2B0 X CB ; 



wHeh fMii to be proved. 
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PEOPOsmoN xrn. theouem. 

In any ohtuserangled triangle^ the square of the side opposiU 
the obtuse angle is equal to the sum of the squares of 
the base and the other side^ increased by twice the recU 
angle of the base and the distance from the vertex of the 
obtuse angle to the foot of t/ie perpendicular drawn from 
the vertex of the opposite angle to the base produced. 

Let ABC be an obtuse-angled triangle, S its obtuse 
angle, SG its base, and AD the perpendicular drawn 
from A to BG produced; then will 



AG'' = BG' + AB" + 2BG x BD. 

For, GD is the sum ot BO A 
and BB : hence (P. Vm.), 

OB^ = BG^ + BW + 2BG X BB. 

Adding AB^ to both members, ^ ^ 

and reducing, we have, 

AG'' = BG' + A& + 2-8(7 x BD ; 
which was to be proved. 

Scholium. The right-angled triangle is the only <me m 
which the sum of the squares described on two sides ia 
equal to the square described on the third side. 

PROPOSITION XIV. THEOREM. 

In any triangle^ the sum of the squares described an two 
sides is equal to twice tJie square of half the third side 
increased by twice the square of th>e line drawn from 
the middle point of that ifide to the vertex of the opposite 
angle. 
Let ABC be any triangle, and RA a line drawn from 
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the middle of the base JSG to the vertex A : then will 

Draw AD perpendicular to BC\ then, from Proposition 
XXI., we have, 



AC = EC + JSA"" - 2EG X ED. 
From Propofidtion Alii., we have, 
= BE^ + EA^ + 2BE x ED. 




HI) 



Adding these equations, member to member (A. 2), recollect* 
ing that BE is equal to EG, we have, 

AS" + AC'' = 2BE^ + SJEZ'* ; 
^ieh Mons to he proved. 

Cor. Let ABCD be a parallelogram, and BD^ A Of 
its diagonals. Then, since the diagonals 
mutually bisect each other (B. L, P. b 
XXXI), we shall have, 

AJP + BC^ = 2AW + 2BJ^ : 
and, 

CS* + jS? = ICE" + 2DW ; 

4 

^^ce, by addition, recollecting that AE is equal to CE^ 
tod JBJF to DEf we have, ^ 

iy + -BC* + GS"" + DJ^ = 4CJ^ + 4DE^ ; 

K 4GS* is equal to J?C*, and iDE^ to ^S* 
(P.VIIL, 0.): hence, 

JJE^ + BC^ + CD^ + Dl" = lU" + Bl^. 

lint is, Ifttf mm of ihe squares of the sides of a paraHeto- 
9m^ U equal to the sum of the squares qf its dictgoadU* 
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PROPOSITION XV. THEOREM. 



In any triangle^ a line draum parallel to the base divider 

the other sides proportiormUy. 



Let ABC be a triangle, and DE a line parallel to 
the base BG : then 

AD . DB : : AE : CE 



Draw EB and DC. Then, because 

the triangles AED and DEB have their 

bases in the same line AB^ and their 

vertices at the same point E^ they will 

have a common altitude : hence, (P. YI., 

C.) 

AED : DEB : : AD : DB. 




The triangles AED and EDC^ have their bases in the 
etaoie line AC^ and their vertices at the same point D\ 
they have, therefore, a common altitude ; hence, 

AED : EDC : : AE : EG. 

But the triangles DEB ismd EDC have a commcm base 
DE^ and their vertices in the line BG^ parallel to DE \ 
they are, therefore, equal : hence, the two preceding propor- 
tions have a couplet in each equal ; and consequently, the 
xemaining terms are proportional (B. IL, P. IV.)> henoe, 



AD 



DB 



AE 



EG\ 



which was to be proved. 



Cor, 1. We haye, by composition (B. IL, P. VL), 



AD + DB : AD w AE \ BG '. AJb,\ 
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or. 



AB : AD : : AC : AE ; 



and, in like manner, 

AB : DB :: AG 



EC. 



Cor. 2. If any number of parallels be drawn catting two 
lines, they will divide the lines proportionally. 

For, let be the point where AB 
and CB meet. In the triangle OEE^ 
the line A C being parallel to the base 
EF^ we shall have. 



OE 



AE 






OF 



OF. 



Li the triangle OOH, we shall have, 

OE x EQ '. I OF : FH ; 
hence (B. IL, P. IV., C), 



In like manner, 



Ea 



OB 






FH 



tnd 80 on. 




AE X EG : : CF i FH. 



HB ; 



PROPOSITION XVL THEOREM. 

^f a straight line divides two sides of a triangle proportionally^ 
it will be parallel to the third side. 

Let ABC be a triangle, and let BE 
^de AB and ACy so that 

AB : BB : : AE : EC ; 

then win BE be paraUel to BC. 

Jktsw BO and EB. Then the tii- 
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angles ADE and DEB will have a common altitude ; and 
consequently, we shall have, 

ADE : DEB : i AD i DB. 4 

The triangles ADE and EDG have also 
a common altitude ; and consequently, we 
shall have, 

ADE : EDG : : AE : EG ; 

but, by hypothesis, 

AD : DB : : AE : EG ; 

hence (B. IL, P. IV.)» 

ADE : DEB : : ADE : JEDOl 

The antecedents of this proportion being equal, the con- 
sequents will be equal ; that is, the triangles DEB and 
EDG are equal But these triangles have a common base 
DE : hence, their altitudes are equal (P. VL, C.) ; that is, 
the points B and (7, of the line J? (7, are equally distant 
from DE^ or DE prolonged : hence, BG and DE are 
\}arallel (B. L, P. XXX., C.) ; which was to be proved. 



PROPOSITION XVn. THEOBXaC 

In any triangle, the straight line which Msects the angle at 
the vertex^ divides the base into two segments proportional 
tc the adjacent sides. 

Let AD bisect the yertical angle A of the triangle 
BAG : then will the segments BD and DG be propoi^ 
tional to the adjacent sides BA and GA, 

From Cf draw GE parallel to DA^ and prodooe H 



BOOK IV. 



118 



untfl it meetfl BA prolonged, at E. Then, because CM 
and DA are parallel, the angles BAD and AJEC aie 
equal (B. I., P. XX., C. 3) ; the 
angles DAC and ACE are 
also equal (B. L, P, XX., C. 2). 
But, BAD and DAC are 
equal, by hypothesis ; consequent- 
ly, AEC and ACE are equal; 
hence, the triangle ACE is 
isosceles, AE being equal to 
AC. 

In the triangle BEC^ the line AD is parallel to the 
base EC : hence (P. XV.), 

• BA : AE : : BD : DC ; 




or, substituting AC for its equal AE^ 

BA I AC : 5 JB^ : DC i 
floAieA Kya« ^o le proved. 



PBOPOsmoN xvin, theobem. 



Triangles which are mutually equiangvlar^ are aimilar. 

Let the triangles ABC and DEE have the angle A 
equal to the angle D, the angle B to the angle E, and 
the. angle C to the angle E: then will they be similar. 

For, place the triangle 
DEE upon the triangle 
ABCj so that the angle 
J? shall ooindde with the 
ang^e B then will the 
point E fill at some 
poin^j J^ of ^(7; the point D at some poinl G^ ot BA.\ 

8 
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the aide DF will take the position QE^ and BQH will 
be equal to EDF. 

Since the angle BSQ 
is equal to BGA^ GH 

■ 

will be parallel to AG 
(B. L, P. XIX., C. 2) ; 
and' consequently, we shall 
have (P. XV.), 



BA 



BG 




or, snce BG is equal to M), and BH to EF^ 

BA I ED II BC \ EF. 

In like manner, it may be shown that 



«>. 



and also. 



BC I EF I I CA I FD \ 
CA \ FD w AB \ BE ; 



hence, the sides about the equal angles, taken .in the same 
order, are proportional ; and consequently, the triangles are 
omilar (D. 1) ; which was to T>e proved. 

Cor. If two triangles have two angles in one, equel to 
two angles in the other, each to each, they will be similar 
(B. L, P. XXV., C. 2). 



PEOPOSinON XIX. THEOEBM. 

Triangles which ham their corresponding sides proportional 

are similar. 

In the triangles ABC and BEFy let the oorreqponding 
sides be proportional; that is, let 
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AB : DE X : BG : EF : CA FD \ 

then win the triangles be similar. 

For, on BA lay off BQ equal to M)\ on BC lay 
off BH equal to EF, 
and draw ©-HI Then, 
because BO is equal to 
BE, and ^J to JEF, 
we have, 

BA : BG 

hence, GBT is parallel to AC (P. XYI.) ; and consequently, 
the triangles BAG and BQH are equiangular, and there- 
fore similar : hence, 

a^a : BH : : (7j4 : SG. 
Bnt, by hypothesis, 

BG ; EF : : GA : FD ; 

hence (B. IL, P. IV., C), we have, 

BIT : EF : : JETG : FD. 

But, BIT is equal to EF; hence, BG is equal to FD, 
The triangles BJETG and ^i^ have, therefore, their sides 
equal, each to each, and consequently, they are equal in all 
their parts. Now, it has just been shown that BHG and 
BGA are cdmilar: hence, EFD and BGA are also simi- 
lar ; vohich focu to be proved. 

Scholium. In order that polygons may be similar, they 
must fulfill two conditions : they must be mutuaJUy equianr 
gtdar^ and the corresponding sides must be proportional. In 
the ease of triangles, either of these conditions involvea tha 
other,' 'wfaidli la not trae of any other speciea oC i^^^qta. 
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PEOPOSinOlT XX. THEOREM. 

Triangles which Tiave an angle in ea^h egtial, and the in^ 
eluding sides proportional^ are similar. 

In the triangles ABC and DEF^ let the angle B be 
equal to the angle E ; and suppose that 

BA \ ED : : BG : EF \ 

then will the triangles be similar. 

For, place the angle E 
upon its equal B ; F 
will fall at some point of 
BG^ as iZ; i> wiU fall 
at some point of BA^ as 
Q- ; DF will take the position OII^ and the triangle 
DEF will coincide with GBH^ and consequently, will be 
equal to it. 

But, from the assumed proportion^ and because BO ifl 
equial to ED^ and BH to EF we have, 

JiA I BG I : BG I BH \ 

hence, Gil is parallel to AG \ and consequently, BAQ 

and BOH are mutually equiangular, and tborefore similar. But, 

EDF is equal to BGH : hence it is also similar to BAG; wlM 
was to he proved. 





PROPOSITION XXI. THEOREM. 

Triangles which have their sides parallel^ each to eachj of 
perpendicular^ each to each, are similar. 

■ 

V. Let the triangles ABG and BEF have the side 
jLff parallel to BE^ BG to EF^ and GA to JRD : 
iben will they be mmilar. 
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For, since the Aie AB is parallel to DE^ and BC 
to EF^ the angle B is equal to the angle E (B. L, P. 
XXIV.) ; in like manner, 
the angle G is equal to 
the angle jFJ and the an- 
gle A to the angle D ; 
the triangles are, therefore, 
mutually equiangular, and 
consequently, are similar (P. XVIll.) ; which was to be 
proved. 





BEE have the side 
EE^ and (7J. to 




2®. Let the triangles ABC and 
AB perpendicular to BE,, BC to 
FJ) : then will they be similar. 

For, prolong the sides of the tri- 
angle BEE till they meet the sides 
of the triangle ABC. The sum of 
the mterior angles of the quadrilateral 
BIEQ is equal to four right angles 
(B. I., P, XXVI.) ; but, the angles 
SIB and E6B are each right 

^gles, by hypothesis ; hence, the sum of the angles lEO 
IBO is equal to two right angles ; the sum of the anglef( 
IBO and BEE is equal to two right angles, because they 
8fe adjacent ; and since things which are equal to the same 
tiling are equal to each other, the sum of the angles lEO 
and IBQ is equal to the sum of the angles lEG and BEEi 
OT) taking away the common part lEG, we* have the angl« 
IBQ equal to the angle BEE. In like manner, the angle 
OOIT may be proved equal to the angle EEB^ and the 
angle JZ4J to the angle EBE; the triangles ABC and 
BEF are, therefore, mutually equiangular, and consequently 
nmilar ; which was to he proved. 

Cot. 1« In the first case^ the parallel aidea «x^ Yioxci.^^ 
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gons ; in the' second case, tlie perpendicular sides are homo- 
logons. 

Cor. 2. The homologous angles are those inclnded by 
Bides respectively parallel or perpendicular to each other. 

Scholium. When two triangles have their rides perpeo- 
liculor, each to each, they may have a different relative 
position from that shown in the fignre. But we can always 
oonstmct a triangle within the triangle AUG, whose sides 
shall be parallel to those of the other triangle, and then the 
demonstration will be the same as above. 



PEOPosinow xxn. theorem. 

^ a straight line ie drawn parallel to the base of a triangle, 
and straight lines he drawn from the vertex of the triangle 
to points of the base, these lines will divide the base and 
the pardlU^ proportionally. 

Let ASC be a triangle, £0 its base, A its vertex, 
DH parallel to SG, and AJPl AG, AM, lines drawn 
from A to pomts of the base : then will 

DI : BF :: IK : FQ : : KL : GB \ . LB : BC, 

For, the triangles AID and 
AFB, being rimilar (P. XXL), we 
have, 

AI '. AF : : DI : BF % 

andf the triangles AIK and AF6, 
being mmilar, we have, 

AI : AF :: IK '. FQ\ 

Jieoice, (B, II., P. IV.), we have, 








; 
1 
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DI 


• 
• 


BF : : 


IK 


• 
• 


F9. 


In 


like 


manner,- 
















IK 


• 
• 


FQ : : 


KL 


• 
• 


QB, 


and, 




KL 


• 
• 


QS : : 


LE 


• 
• 


UC\ 
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hence (B. IL, P. IV.), 

I 

HI : BF :: IK '. FQ :i KL t QM a Lis i HOi 

vHwh waa to be proved. 

Cor. If BC is divided into equal parts at J^ &, and 
E^ then will DE bo divided into equal parts, at i^ £^ 
and L. 

PEOPOsmoN xxm. theobem. 

Vi in a right-angled triangle^ a perpendicular be drawn from 
the vertex of the right angle to the hypoth^nuee : 

^ • The triangles on each side of the perpendicular wiU be 
similar to the given triangle, and to each other: 

^« JSach side about the right angle toiU be a mean propor* 
tUmal between the hi/pothenuse and the adjacent segment : 

^^. The perpendicular toiU be a mean proportional, between 
the two segments of the hypoth^enuse. 

r. Let ABC be a right-angled triangle, A the vertex 
^the right angle, BC the hypo- 
^lienase, and AD perpendicular to 
-6(7 : then will ADB and ADC 
1>e omilar to ABC, and conse- 
^pientlj, similar to each other. 

The triangles ADB and ABC 
have the angle B common, and the aa^!^ ABB «sA 
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BA C equal, because both are right angles ; they are, tber^ 
fore, similar (P. XVIIL, C). In like manner, it may be 
shown that the triangles ADC and ABC are mmilar; 
and since ABB and ABC are both similar to ABC^ 
they are similar to each other ; which was to be proved. 

2^. AB will be a mean pro- 
portional between BG and BB\ 
and AG will be a mean propor- 
tional between GB and CD. 

For, the triangles ABB and 
BAG being similar, their homo- 
logons sides are proportional: hence. 




BG 

In like manner. 



AB 






AB 



BD. 



BC '.AC : : AC -. DC \ 
which teas to be proved. 

S°. AB will be a mean proportional between BB and 
BG. For, the triangles ABB and ABC bdng rimilar, 
their homologous mdes are proporUonal ; hence, 

BB : AB : : AB s BC ; 

which was to be proved. 

Cor. 1. From the proportions. 



and. 



BC I AB \\ AB : J52>, 
BC \ AG x . AC \ DC^ 



we have (B. 11., P. L), 



and^ 



AJE^ :=z BC X BDy 
AC* = BC kBG\ 
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whence, by addition, 



or. 



as was shewn in Proposition XL 

Gor. 2. If from any point ^ in a semi-droomference 
BAG^ chords be drawn to the 
extremities B and C of the diam- 
eter BG^ and a perpendicular AD 
be drawn to the diameter : then t> iv 

will AB (7 be a right angled tri- 
angle, right-angled at A ; and from what was proved above, 
t(Kh chord wiU be a mean proportional bettoeen the diameter 
and the adjacent segment / and, the perpendicular toiU be a 
fnem proportional between the segm^ente of the diameter. 




PBOPOSmON XXLV. THEOREM, 

Jungles which have an angle in each equals are to each 
other as the rectangles of th>e including sides. 

Let the triangles GIIK and ABG have the angles O 
and A equal : then will they be to each other as thp 
rectangles of the sides about these angles. 

For, lay off AJD equal 
to QB, AE to GK, and 
draw BE \ then will the 
triangles ADE and OITK 
be equal in all their parts. 
Draw EB. 
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The triangles ADE and ABE have their bases in the 
same line AB^ and a common vertex E\ therefore, they 
have the same altitude, and consequently, are to each other 
as their bases ; that is, 

ADE : ABE : : AD : AB. 

The triangles ABE and 
ABCf have their bases in 
the same line AG, and a 
common vertex B ; hence, 

ABE : ABO : : AE : AC; 

multiplying these proportions, term by term, and omitting 
the common factor ABE (B. IL, P. VJI.), we have, 

ADE : ABC : : AD x AE : AB x AC; 

substituting for ADE, its equal, 0/LKy and for AD x AE, 
its equal, GH y. OK, we have, 

QHK : ABC ;: GS x GK i ABxAC; 

which was to be proved. 

Cor. If ADE and ABC are similar, the angles D 
and B being homologous, DE will be parallel to BC, 
and we shall have, 

AD : AB : : AE : AC ; 

hence (B. 11^ P. IV.), we have, 

ADE : ABE : : ABE : ABC ; ^ 

that is, ABE is a mean proportional be- 
tween ADE and ABC. 
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PEOPOSmON XXY. THEOBBM. 

Similar tricmgles are to each other ob the squaree of their 

homologous sides. 

Let the tiiangles ABC and BJEF be similar, the angle 
.^ being equal to the angle 2>, J? to jE^ and G to F. 
tlien will the triangles be to each other as the squares of 
axiy two homologous sides. 

Because the angles A and D are equal, we have (P. 

ABC : BEF :: AB y. AC : BE x BF \ 

and, because the triangles 
are similar, we have, 

AB : BE : : AC : BF\ 



I 





mnltiplying the terms of ^ 
^y& proportion by the cor- 
responding terms of the proportion, 

AC \ BF X ; AC ; BF, 
ve have (B. IL, P. XH), 

AB X AC : BE X BF : : AC^ ; BT\ 

combining this, with the first proportion (B. IL, P. IV.)* 
ve have, 

ABC : BEF : : aU^ : BW\ 

la Eke manner, it may be shown that the triangles are 
to each other as the squares of AB and BE^ or of BQ 
and EF \ which was to he proved. 
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PROPOSITION XXVI. THEOREM. 

Similar polygons may be divided into the same nwfnher of 
triangles^ similar^ each to each^ and similarly placed. 

let ABCDE and FGHIK be two sinular polygonp, 
tlie angle A being equal to the angle JJ jB to G, C to 
-H^ and so on : then can they be ■ divided into the same 
number of similar triangles, similarly placed. 

For, from A draw 
the diagonals AG ^ 
AD^ and from F^ 
homologous with A , 
draw the diagonals 
FH^ FI^ to the ver- 
tices H and I^ hom- 
ologous with C and 2>, 

Because the polygons are similar, the triangles ABC and 
FGH have the angles B and G equal, and the sides 
about these angles proportional ; they are, therefore, similar 
(P. XX.). Since these triangles are similar, we have the 
angle ACB equal to FHG^ and the sides AG and FH^ 
proportional to BG and GII^ or to GD and HI. The 
angle BCD being equal to the angle 62ZJ, if wte take 
from the first the angle AGB^ and from the second the 
equal angle FIIG^ we shall have the angle AGD <:(|ual 
to the angle FHI i hence, the triangles AGD and Fill 
Lave an angle in each equal, and the including sides prt)por- 
tional ; they are therefore similar 

In like manner, it may be shown that ADE and FIK 
are similar; which toas to be proved. 

Got. 1. The corresponding triangles in the two polygons 
are homologous triangles^ and the corresponding diagonals are 
''Ologotis diagonals. 
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Cor. 2, Any two homologous triangles are like parts of 
the polygons to which they belong. 

For, the homologous triangles being similar, we haye^ 

ABC : FGH \\A^ : iW; 



Ad" : FT\ 
ACD : Fm. 
ABC : FGH; 



Biid, ACD : FBI : 

wheucc, ABC : FGIT : 

But, ABC : jPGB- : 

and, ABC : FGH : . ADF : FIK; 

by composition, 

ABO . FGH : : ACD+ABC+ADE: FHI+FGH+Fi:S; 
that is, ABC : FGH : : ABCDE : FGHIK. 

Cor. 3. If two polygons are made up of similar triangles, 
similarly placed, the polygons themselves will be similar. 

PROPOSITION XXVII, THEOREM. 

The perimeters of similar polygons are to each other as any 
two hAymologous sides ; and the polygons are to each 
other as the squares of any two homologous sides. 

' P. Let ABCDE and FGHIK be similar polygons; 
then will their perimeters be to each other as any two 
homologous sides. 

For, any two homo- 
logons sides, as AB 
and FG^ are like parts 
of the perimeters to 
which they belong : 
hence (B. XL, P. IX.), 
the perimeters of the 

polygons are to each other as AB to FG^ or as any 
other two homologous sides; uohich was to be praoed« 
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2^. The polygons will be to each other as the squares 
of any two homologous sides. 

For, let the poly- 
gons be divided into 
homologous triangles 
(P. XXVI, C. 1) ; 
then, because the 
homologous triangles 
ABC and FGH are 

like parts of the polygons to which they belong, the poly- 
gons will be to each other gs these triangles ; but these 
triangles, being similar, are to each other as the squares of 
AB and FG : hence, the polygons are to each other as 
the squares of AB and FG^ or as the squares of any 
other two homologous sides ; which was to he proved. 

Cor, 1. Perimeters of similar polygons are to each other 
as their homologous diagonals, or as any other homologous 
lines ; and the polygons are to each other as the squares of 
their homologous diagonals, or as the squares of any other 
homologous lines. 

Cor. 2. If the three sides of a right-angled triangle be 
made homologous sides of three similar polygons, these poly- 
gons will be to each other as the squares of the^ sides of 
the triangle. But the square of the hypothenose is equal 
to the sum of the squares of the other sides, and conse- 
quently, the polygon on the hypoth^nuae toiU ie equal to 
\e sum of the polygons on the other sides. 

PROPOSITION XXVUl. THEOREM. 

J^ two chords intersect in a circle^ their segments toiU be 

reeiprocdUy proportional. 

Let the chords AB and CD intersect at : tben 
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will their segments be reciprocally proportional ; that is, one^ 
segment of the first will be to one segment of the second, 
as the remaining segment of the second is to the remaining 
segment of the first. 

For, draw CA and J3D. Then 
will the angles ODB and OAG be 
eqnal, because each is measured by half 
of the arc CB (B. m., P. XVm.). 
The angles OBJ) and OCA, will also 
be equal, because each is measured by 
half of the arc AD: hence, the triangles OBD and OCA 
are similar (P. XVIII., C), and consequently, their homolo- 
gous sides are proportional : hence, 

DO : AO : : OB \ 00 \ 
which VHM to be proved. 

Cor, From the above proportion, we have, 

DO X OC = AOx OB I 

that is, the rectangle of the segments of one chord is equal 
<# the rectangle of the segments of the other. 



PROPOSITION XXIX. THEOREM. 

Iff frwa a point without a circle, two secants be drawn ter- 
minating in the concave arc, they wiU be reoiprocaUy 
proportioned to their external segments. 

Let OB and OC be two secants terminating in the 
ooaeave aro of the circle BCD : then will 

OB \ OC % : OD : OA. 
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For, draw AC and DB. The triangles OBB and 
OAG have the angle oommon, and the angles OBB 
and OCA equal, because each is measured 
by half of the arc AD : hence, they are 
ojiiilar, and consequently, their homologous 
sides are proportional' ; whence, 



OB 



OC 






OD 



OA ; 



which was to be proved. 




Cor. From the above propordon, we 

hav^e* 

OB X OA = OC X OD i 

that is, t?ie rectangles of each secant and its external seg- 
ment are equal. 



PROPOSITION XXX. THEOBEM. 

If from a point mthout a cirdCj a tangent and a secant 
be drawn^ the secant terminating in the concave arcj the 
tangent wiU be a mean proportional between the secant 
and its external segment. 

Let ADO be a circle, OC a secant, and OA a tan- 
gent : then will 

OC : OA : : OA : OD. 



For, draw AD and AC. The tri- 
angles GAD and OAC will have the 
angle common, and the angles OAD 
and A CD equal, because each is meiv- 
sured by half of the arc AD (B. HI., 
P. XVm., P. XXL) ; the triangles are 
'herefore similar, and consequently, their 
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homologous sides are proportional : hence, 

OC I OA II OA I OD \ 

I 

vMch tMW to be proved. 

Cor. From the above proportion, we have, 

A& = OG X 0D\ 

that is, the equaire of the tangent ie equal to the rectangle 
of the secant and its external segment. 



PRAOHOAL APPLICATIONS. ^ 



PBOBLEM L 



To divide a given straight line into parts proportional to given 

straight lines: also into equal parts. 

1®. Let AB be a given straight line, and let it be required' 
to divide it into parts proportional to the lines P, Q, and B. 

From one extremity A^ 
draw the hidefinite line AG. A^- j r- 

making any angle with AB; x. / / 

lay off AC equal to P, CD ^ * ^s/ / 

eqaal to ©, and DJS equal ^ * ]&V 

to jB ; draw JSB^ and 
from the points C and -Z>, *^ ^^ 

dmw CI and JDF paraUel to BB : then will AT, IFy 
ttd JRB, be proportional to P, ^, and jB (P XY., C. 2). 



130 



GEOMETRY. 



2°. Let AH be a given straight line, and let it be required 
to divide it into any number of equal parts, say five* 

From one extremity 

wd, draw the indefinite ^,,^ C 2 ^ Jl — H 

I'me A O ; take AI equal 

to any convenient line, 

and lay off /JT, jffZ, 

LM^ and MB^ each 

equal to AL Draw 

BH^ and fi-om J, JT, X, and JfJ draw tte lines JC, 

KD^ iJS; and -afJP; parallel to BH : then will -^JT be 

divided mto equal parts at (7, -D, JS; and JP (P. XV., 

C. 2). 

PROBLEM II. 




To construct a fourth proportional to three given straight lines. 

Let -4, jB, and (7, be 
the given lines. Draw 
BE and BF^ making 
any convement angle with 
each other. Lay off BA 
equal to A^ BB equal 
to B^ and BC equal 

to G ; draw -4(7, and fi-om ^ dncw BX parallel to 
AC : then will BX be the fourth proportional required. 
. For (P. XV., C), we have. 




BA 



or. 



2>jB 



^ 









DC : DX\ 



G 



Cor. If DC is made equal to DB, DX yrSH be 
Unrd proportional to DA and DB, or to A lod ^. 
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PROBLEM HI* 

To construct a mean proportional between two given straight 

lines. 

Let A and B be the given 
lines. On an indefinite line, lay off 
DJS^ equal to Aj and JEJJF^ equal 
to B I on JDF as a diameter de- 
scribe the semi-circle DGF^ and 
draw EQ perpendicular to DF : 
then will FO be the mean proportional required. 

For (P. XXTTT., C. 2), we have, 




DE : EG 






JEQ 



or. 



A 






EG I I EG 



EF; 
B. 



PROBLEM rV. 



To divide a given straight line into two such parts, that the 
greater part shall te a mean proportional between the whole 
line and the other part. 



Let AB be the giv^i line. 

At the extremity i?, draw 
BC perpendicular to AB^ and 
make it equal to half of AB. 
With (7 as a centre, and GB 
as a radius, describe 'the are 
DBE ; draw A (7, and produce 
it till it terminates in the concave arc at E ; with 
oQntre and AD as radius, describe the arc DF 




A as 
then 



win AF be the greater part required. 
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For, AS being perpendicular to 
gent to the arc DBS : henoe 
(P, XXX.), 

AJS : AB : : AB I AD; 
and, by divicion (B. IL, P. VL), ^ 



CB at Bf ifl ian- 




AE--AB \ AB XX AB ^ AD z AD. 

But, DE is equal to twice CBy or to -4-B : henoe, 
AE — -4^ is equal to AD^ or to AF\ and 45 — AI> 
IS equal to -4jB — AF^ or to J?!B : hence, by substitution. 



AF : AB X x 



and, by inversion (B. 11., P. Y.), 



: JlF\ 



AB X AF X X AF x FB. 



Scholium, "When a straight line is divided so that th^ 
greater segment is a mean proportional between the whol^ 
line and the less segment^ it is said to be divided in exirem^ 
and mean ratio. 

Since AB and DE are equal, the line AE is divided it*- 
extreme and mean ratio at Z>; for we have, from the firri^ 
of the above proportions, by substitution, 

AE X DE X X DE x AD. 
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PROBLEM V. 

Through a given pointy in a given angle, to draw a straight 
line 80 that the segments between the point and the sides of 
the angle shall le equoL 

Let BCD be the given angle, and A the given point. 

Throngh -4, draw AE parallel to 
Z>(7; lay off EF eqnal to CE^ and 
draw -Rli>: then will AF and AD 
be the segments required. 

For (P. XV.), we have, 

FA : AD : : FE : EC ; 

but, FE is equal to EC ; hence, FA is equal to AD. 





PROBLEM VL 

To construct a triangle equal to a given polygon. 

Let ABCDE be the given polygon. 

Draw CA ; produce EA^ and q 

draw BQ parallel to OA ; draw 
the Ime CQ* Then the triangles 
^AG and QAC have the com- 
mon base AC^ and because their 
vertices B and & lie in the 

same line BQ parallel to the base, their altitudes are equa], 
uid consequently, the triangles are equal: hence, the polygon 
^OBE is equal to the polygon ABCDE. 

Again, draw CE\ produce AE and draw DF parallel 
to GE\ draw also CF \ then will the triangles FCE 
and DCE be equal: hence, the triangle QCF is equal 
to the polygon QCDE^ and consequently, to the given 
polygon. In like manner, a triangle may "b^ oovi^U^y^LoX^^^ 
to any other given polygon. 
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PBOBLEU yn. 



To construct .a square equal to a given triangle. 

Let ABC be the given triangle, AD its altitude, and 
SC its base. 

Construct a mean pro- 
portional between AD 
and half of BC (Prob. 
m.). Let XT be that 
mean proportional, and on 
it, as a side, construct a 

square : then will this be the square required. For, from 
the construction, 

XF = iBC X AD = area ADC. 

Scholium. By means of Problems VI. and Vll., a square 
may be constructed equal to any given polygon. 





PBOBLEM VIIL 



On a given straight line, to construct a polygon similar to 

given polygon. 



Let FQ be the given line, and 
polygon. Draw AC and AD. 

At JF\ construct 
the angle QFH equal 
to BAC^ and at Q 
the angle FGH equal 
to ABC ; then will 
FQH be similar to 

ABC (P xvm., C.) 



ABCDE the given 
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[n like manner, construct the triangle FSI similar to -402>, 
axd FIK simHar to ABE) then will the polygon FQSIK 
>e similar to the polygon ABODE (P. XXVL, 0. 3). 




PROBLEM IX. 

construct a square equal to the sum of two given 
squares : cUso a square equal to the difference of two 
given squares. 



V*. Let A and B be the sides of the given squares, 
and let* A be the greater. 
Construct a right angle 
ODE] make DJE equal 
to Aj and DC equal to 
jB; draw C7^, and on it 
construct a square : this square will be equal to the sum 
cf the given squares (P. XL). 

2^. Construct a right angle CDM 

Lay off DC equal to JB ; with C 
tt a centre, and CE^ equal to Ji, as 
a radios, describe an arc cutting DE at 
E; draw CE!, and on DE construct 
a square : this square will be equal to 
the difference of the ^ven squares (P. XI., C. 1). 

Scholium, A polygon may be constructed similar to either 
of two given polygons, and equal to their sum or difference. 

For, let A and B be homologous sides of the given polygons 
Find a square equal to the sum or difference of the squares 
on A and B; and let X be a side of that square. On X as 
a dde, homologous to A or B, construct a polygon similar 
to the given polygons, and it will be equal to their sum or 
diffiaeaoe (P. XXVH., 0. 2). 




L 
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BBaULAB POLYGONS. — ABBA OV THB OIBOLB. 

DEFINITION. 

1. A RsQULAB Polygon is a polygon which is hatb 
equilateral and equiangular. 



PBOPOSITION I. THEOBEII. 

Regular polygons of the same numier of sides are similar. 

Let ABCDEF and abcdef be regular polygons of the 
same number of sides : then will they be similar. 

For, the corresponding 




angles in each are equal, 

because any angle in 

either polygon is equal 

to twice as many right 

angles as the polygon 

has sides^ less four right 

angles, divided by the number of angles (B, L, P. XXVI, 

C. 4); and further, the corresponding sides are proportional, 

because all the sides of either polygon are equal (D, 1) : hence, 

the polygons are similar (B. IV., D. 1) ; which was to 1$ proved. 
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FBOPOsmoN n. thboebm. 

FAe circumference of a circle may be circumscribed dbovt any 
regular polygon ; a circle may also be inscribed in it 

1* Let AJBCJF be a regular polygon: then can the 
oircumferenoe of a circle be circumscribed about it. 

For, through three consecutive ver- 
tices Aj JSj Cj describe the circum- 
ference of a circle (B. in., Probleiji 
Xm., S.). Its centre will lie 
on PO, drawn perpendicular to jB(7, 
at its middle point P; draw OA 
and OD. 

Let the quadrilateral OPCD be 
turned about the Une OP, until PC 

^ on JP£ ; then, because the angle C is equal to Bj 
the Bide CD will take the direction JSA ; and because CD 
is equal to DAj the vertex -Z>, will fall upon the vertex 
i; and consequently, the line OD will coincide with OA^ 
and is, therefore, equal to it : hence, the circumference which 
passes through -4, i?, and (7, will pass through D. In 
like manner, it may be shown that it will pass through all 
of the other vertices : hence, it is circumscribed about the 
polygon ; which was to be proved. 

2^. A drde may be inscribed in the polygon. 

Fjr, 'the sides ABy BC^ &c., being equal chords o 
tlie circumscribed drcle, are equidistant from the centre 
henoe, if a oirde be described from as a centre, with 
OP as a radius, it will be tangent to all of the sides g2 
the polygon, and consequently, will be inscribed in it; which 
iMU to be proved. 
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Scholium. If the circnmference of a drole be divided 
into equal arcs, the chords of these arcs will be sides of a 
regular inscribed polygon. 

For, the sides are equal, because they are chords of equal 
arcs, and the angles are equal, because they are measured hy 
halves of equal arcs. 

If the vertices -4, i?, C7, &c., 
of a regular inscribed polygon be 
joined with the centre 0, the tri- 
angles thus formed will be equal, 
because their sides are equal, each 
to each : hence, all of the angles 
about the point are equal to 
\fBch. other. 




DEFINITIONS. 



1. The Centre of a Regulab Poltoon, is the oommon 
centre of the circumscribed and inscribed ciroles. 



2. The Angle at the Centre, is the angle formed by 
drawing lines from the centre to the extremities of either 
side. 

The angle at the centre is equal to four right angles 
divided by the number of sides of the polygon. 

3. The Apothem, is the shortest distance firom the centre 
to either side. 

The apothej^ is equal to the radius of the inscribed 
circle. 
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FEOPOsmoN in. problem. 



To inscribe a square in a given cirde. 



Let ABCD be the given cir- 
cle. Draw any two diameters AC 
tnd BD perpendicular to each 
other; tliey will divide the circum- 
ference into four equal arcs (B. TTT,^ 
P. XVn., S.). Draw the chords 
AB, BC, CD, and DAi then 
will the figure ABCD be the 
required (P. EL, S.). 




Scholium. The radius is to the side of the inscribed 
as 1 is to y^ v^ 



PROPOSITION IV. THEOREM. 

Jf a regular hexagon be inscribed in a circle, any side unit 
be equal to the radium of the circle. 

Let ABB be a drde, and ABCDES a regular in- 
scribed hexagon : then will any side, as AB, be equal to 
the radius of the circle. 

Draw the radii OA and OB. 
Then will the angle A OB be 
equal to one-sixth of four right 
SDgles, or to two-thirds of one 
right angle, because it is an an- 
glo at the centre (P. 11., D. 2). 
The sum of the two angles OAB 
ttkd OBA is, consequently, equal 

to fourthirds of a right angle (B. L, P. XXV., C. 1) ; but, 
the angles OAB and OBA are equal, because the opposite 
■dfls OJB and OA are equal : hence, each is ec^vval \o 
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two-tliirds of a right angle. The three angles of the triangle 
A OB are therefore, equal, and consequently, the triangle is 
equilateral : hence, AB is equal to OA ; which was to be 
proved. 



PROPOSITION V. PROBLEM, 



hexc^i 



its centre. 



Let ABE be a cirde, and 
Beginning at any point of 
the circumference, as A^ ap- 
ply the radius OA six times 
as a chord ; then will 
ABGDEF be the hexagon 
required (P. IV.). 



Cot. 1. If the alternate 
vertices of the regular hexagon 

be joined by the straight lines 
A C, CEy and EAy the inscribed 
triangle AGE will be equilateral (P. II., S.). 

Cor. 2. If we draw the radii OA and OC, the figure 
AOOB will be a rhombus, because its sides are equal: 
hence (B. IV., P. XIV., C), we have, 

J5* + .B^' + or + 0^' = AG^ + SF; 

or, taking away from the first member the quantity OAj 
and from the second its equal 0^, and redudng, we have 




ZOA' = AQ^\ 



whence (B. EL, P IL), 



AC'^ : OAl : : 8 : 1; 
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or (B. IL, P. Xn., C. 2)» 

AC \ OA '.'. ^/z : \\ 

Chat 18, (he Bide of an inscribed equilcOeral triangle is to the 
radiuSy aa the square root of ^ is to 1. 



\ 



PEOPOSinON VI. THEOREM. 



J^ the radius of a circle be divided in extreme and mean 
ratiOj the greater segment toiU be equal to one side of a 
regular inscribed decagon. 

Let AOG be a drde, OA its radins, and AB^ equal to 
03ff the greater segment of OA when divided in extreme 
and mean ratio : then will AJS be equal to the side of a 
regular inscribed decagon. 

Draw OB and £M. We 
have, by hypothesis, 

AO : OM : : OM : AM\ 

or, smce AB is equal to 
OJf, TO hare, 

10 '. AB li AB : AM-,' 

iMDoe, the triangles OAB 
and BAM have the sides 
about thdr common angle 

BAMj proportional ; they are, therefore, similar (B. 17^ 
P. XX.). But, the triangle OAB is isosceles ; hence, BAM 
is also isosceles, and consequently, the side BM is equal to 
AB, But, AB is equal to OM, by hypothesis : hence, 
BM it equal to OM^ and consequently, the angles MOB 
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V 



and MBO are eqnaL The angle AMB bdng an ezterioT 
angle of the triangle OMB^ is eqnal to the sum of the 

angles MOB and MBO^ or ^''*;b^'%^ 

to twice the angle MOB ;rv> > ^ 

and because AMB is equal to ^^ ^ 

OABj and also to OBAy the 

sum of the angles OAB and 

OBA is equal to four times 

the angle A OB : Tience," A OB 

is equal to one-fifth of two 

right angles, or to one-tenth of 

four right angles ; /^d consfe^-s^ 

qnently, the arc AB is equal ^ (^^^^^^^itS oe-^MiL^s 

to one-tenth of the oircumfer- ^l^ T" m"' • «t>^J^ ^«'^ ^- 

ence : hence, the chord AB is equal to the side of a 

regular inscribed decagon ; tohich to(zs to be proved. 




Cor. 1. If AB be applied ten times as a chord, the 
resulting polygon will be a regular inscribed decagon. 

Cor. 2. If the vertices Ay (7, jEJ ff, and JJ of the 
alternate angles of the decagon be joined by straight lines, 
the resulting figure will be a regular inscribed pentagon. 



Scholium 1. If the arcs subtended by tjie mdes of any 
regular inscribed polygon be bisected, and chords of the semJ- 
arcs be drawn, the resulting figure will be a regular inscnotx: 
polygon of double the number of sides. 

Scholium 2. The area of any regular inscribed polygon 
is less than that of a regular inscribed polygon of double 
the number of sides, because a part is less than the whole 



V 
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PROPOSITION Vn. PROBLEM. 

Ih circumscribe, about a circle, a polygon which shall he 
similar to a given regular inscribed polygon. 

Let TNQ be a circle, its centre, and ABCDEF 
a regular inscribed polygon. 

At the middle points 
T, JT, P, &c., of the arcs 
subtended by the sides of 
the inscribed polygon, draw 
tangents to the circle, and 
prolong them till they in- 
tersect ; then will the re- 
sulting figure be the poly- 
gon required. 

1**. The side HO' be- 
ing parallel to BA^ and 

HI to BC^ the angle H is equal to the angle B. In 
like manner, it may be shown that any other angle of the 
circumscribed polygon is equal to the corresponding angle of 
the inscribed polygon : hence, the circumscribed polygon Ih 
equiangvlafr, 

y. Draw the straight lines OQ, OT, OH, ON, and OL 
Then, because the lines HT and HN are tangent to the 
circle, OH will bisect the angle NHT, and also the angle 
NOT (B. m., Prob. XIV.^ ]S0 ; consequently, it will pass d, 
through the middle point B of the arc NET, In like 
manner, it may be shown that the straight line drawn 
from the centre to the vertex of any other angle of the 
circumscribed polygon, will pass through the corresponding 
vertex of the inscribed polygon. 

The triangles OHQ and OKI haye ttie aiv^'fe^ OHa 
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and OHI equal, from what has just been shown ; the a&> 
gles QOH and HOI equal, because thej are measured by 
the equal arcs AB and 
so; and the side OH 
Qommon ; they are, there- 
fore,, equal in all then* 
parts : hence, QH is 
equal to J5Z In like 
manner, it may be shown 
that EJ is equal to IK^ 
IK to KL^ and so on : 
hence, the circumscribed 
polygon is equilateral. 

The circumscribed poly- 
gon being both equiangular and equilateral, is regiUar / and 
since it has the same number of sides as the inscribed poly- 
gon, it is similar to it. 

Cor. 1. If straight lines be drawn from the centre of a 
regular circumscribed polygon to its vertices, and the consec- 
utive points in which they intersect the circumference be 
joined by chords, the resulting figure will be a regular 
inscribed polygon similar to the given polygon. 

Cor. 2. The sum of the lines JIT and SKT is equal 
to the sum of MT and TGy or to -H"6?; that is, to one 
of the sides of the circumscribed polygon. 

Cor. 3. If at the vertices -4, ^, (7, &c., of the in- 
scribed polygon, tangents be drawn to the drde and pro- 
longed till they meet the sides of the drcumscribed polygon, 
the resulting figure will be a circumscribed polygon of double 
the number of sides. 



Oor, 4. The area of any regular circumscribed polygOD 
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Ib greater than that of a regular circumscribed polygon of 
double the number of sides, because the whole is greater 
than any of its parts. 

ScMmm, By means of a circumscribed and inscribed 
iqaare, we may construct, in succession, regular circumscribed 
and inscribed polygons of 8, 16, 82, ifec, sides. By means 
of the regular hexagon, we may, in like manner, construct 
regnlar polygons of 12, 24, 48, Ac., sides. By means of the 
decagon, we may construct regular polygons of 20, 40, 80, 
^ ffldes. 



PROPOSITION VUL THEOREM. 

Th area of a regular polygon is egiuil to half the product 

qf its perimeter and apothem. 

Let OHIK be a regular polygon, its centre, and 
OT its apothem, or the radius of the inscribed circle i 
then will the area of the polygon be eqtial to half the 
product of the perimeter and the apothem. 

For, draw lines from the centre 
to the vertices of the polygon. 
These lines will divide the polygon 
into triangles whose bases will be 
the sides of the polygon, and 
^ose altitudes will be equal to 
the apotheuL Now, the area of 
any triangle, as OHGr^ is equal to 
ludf the product of the side SG 
and the apothem : hence, the area 

tf the polygon is equal to half the product of the perimeter 
•ad the apothem ; which was to be proved. 

10 
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PROPOSITION IX. THEOBXM. 



The , perimeters of similar regular polygons are to each 
other as the radii of their circumscribed or inscribed 
circles ; and their areas are to each other as the sgniares 
of those radii. 

1®, Let ABC and KLM be similar regular polygoiuL 
Let OA and QK be the radii of their circumscribed, OD 
and QR be the radii of their inscribed circles : then will 
the perimeters of the polygons be to each other as OA ii 
lo QK^ or as OD is to QR. 

For, the lines 
OA and QK are 
liomologons lines 
of the polygons 
to which they be- 
long, as are also 
ihe lines OD and 
QR : hence, the 
perimeter of ABC 

\a to the perimeter of KLM^ as OA is to QK^ or as 
OD is to QR (B. IV., P. XXVIL, C. 1) ; u>hich vias to bt 
firoved. 

2**. The areas of the polygons wiH be to each other as 
OA^ is to QK^% or as d& is to Ql^. 

For, OA being homologous with QK^ and OD with 
QR^ we have, the area of ABC is to the area of JBXM 
a« OZ' is to QS^, or as 6^ is to ©5* (B. IV., P 
XXVii., C. 1) ; which was to be pr<yoed. 
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PROPOSITION X. TH^OBEM. 

7\oo regular polygons of the same number of sidiis can bt 
constructed^ the one circumscribed about a circle and the 
other inscribed in ity which shall differ from each othei 
by less than any given surface. 



Let ABGE be a circle, its centre, and Q the side of 
a square equal to or less than the given surface; then can 
two fdmilar regular polygons be constructed, the one circum- 
scribed about, and the other inscribed within the given idrcle, 
which shall differ from each other by less than the square 
of Q^ and consequently, by less than the given sur&ce. 

Inscribe a square in the 
^ven circle (P. IH.), and by 

means of it, inscribe, in succes- 
sion, regular polygons of 8, 16, 

82, Ao^ sides (P. VII., S.>, un- 

til one is found whose side is 

leas than Q ;- let AB be the 

ode of such a polygon. 

Construct a similar circum- 

•cribed polygon iibcde : then 

wHl these polygons differ from each other by less than the 

iqaare of Q. 
For, from a and d, draw the lines a and b ; they 

win pass through the points A and B. Draw also OK 

to the point of contact K\ it will bisect AB at I and 

be perpendicular to * it. Prolong AO to -E 

Let -P denote the circumscribed, and p the inscribed 

polygon; then, because they are regular and dmilar, we 

iWl have (P. IX.), 
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F I p i: ok" or OX : 0T\ 
hence, by division (B. IT., P. VI.), we have, 



P : P - /> : : 0-4* : OA^ - OT 



or. 




Mnltiplying the terms of the 
second couplet by 4 (B. IT., P. 
Vn), we have, 

P : P'-p : : 40T : 4AP; 

whence (B. IV., P. Vm., C), 

P I P-p :: AS" : A&. 



But P is less than the square of AE (P. VII., C. 4) ; 
hence, P -- p is less than the square of AB^ and conse- 
quently, less than the square of ^, or than the given sur- 
face ; vohich toas to be proved. 

Definition, — The limit of a variable quantity is a quantity to- 
wards which it may be made to approach nearer than any given 
quantity, and which it reaches under a particular supposition. 

Lemma, — Two variable quantities which constancy approach 
towards equality^ and of which the difference beeome$ less than 
any finite m,agnitude^ are ultimately equal. 

For if they are not ultimately equal, let D be their ultimate 
difference. Now, by hypothesis, the quantities have approached 
nearer to equality than any given quantity, as D ; hence D 
denotes their difference and a quantity greater than their differ- 
ence, at the same time, which is impossible ; therefore, the two 
quantities are ultimately equal.* 

♦ Newton's Principia, BookL, Lemma L 
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Cor, If we take any two similar regular polygons, the one cir- 
cumscribed about, and the other inscribed within the circle, and 
bisect the arcs, and then circumscribe and inscribe two regular 
polygons having double the number of sides, it is plain that by 
continuing the operation, two new polygons may be found which 
shall differ from each other by less than any given surface ; 
hence^ by the lemma, the two polygons will become ultimately 
equal. But this equality cannot take place for any finite number 
of sides ; hence, the. number of sides in each will be infinite, and 
each will coincide with the circle, which is their common limit. 
Under this hypothesis, the perimeter of each polygon will coin- 
cide with the circumference of the circle. 

Scholium, — ^The circle may be regarded as a regular polygon 
having an infinite number of sides. The circumference may be 
regarded as the perimeter^ and the radius as the apothem. jy 

PE<5p08ITION XI. PROBLEM. 

The area of a regular inscribed polygon^ and that of a 
similar circumscribed polygon being given^ to find the 
areas of the regular inscribed and circumscribed polygons 
having dovhU tJie number of sides. 

Let AJB be the side of the given inscribed, and EF 
that of the given circumscribed polygon. Let C be their 
common centre, AMJB a portion of the circumference of 
the (drde, and M the middle point of the arc AMJB. 

Draw the chord AMy and 
^ A and B draw the tangents 
AP and JBQ\ then wiU AM 
be the idde of the inscribed 
polygon, and PQ the side of 
ttke oircamBcribed polygon of 
ionbld the number of sides (P. 
VIL). Draw CE, CF, CM, 
nd CF. 
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Denote the area of the given inscribed polygon by /», 
the area of the given circumscribed polygon by P, and the 
areas of the inscribed and circumscribed polygons having 
doable the number of sides, respectively by p' and P\ 



]^ The triangles GAD, CAM^ 
and OEM, are like parts of the 
polygons to which they belong : 
hence, they are proportional to the 
polygons themselves. But CAM 
is a mean proportional between 
CAD and CEM (B. IV., P. 
XXrV*., C.) ; consequently p' 
is a mean proportional between 
p and P: hence, 




p' = V> X P. 



(1.) 



2°. Because the triangles CPM and CPE have the 
common altitude CMy they are to each other as their 
bases : hence, 

CPM : CPE : : PM : PE ; 

and because CP bisects the angle ACM^ we have (B. IV., 

P. xvn.), 

PM : PE : : CM : CE z : CD i CA; 



hence (B. U^ P. IV.), 



CPM : CPE : : CD 



CA or CM. 



But, the triangles CAD and CAM have the common 

altitude AD ; they are therefore, to each other as thdf 
bases : hence, 

CAD : CAM : : CD : CM; 
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or, because CAD and CAM are to each other as the 
polygons to which they belong, 

/>:/>':: CZ> : CM \ 
hence (B. U., P. IV.), we have, 

CFM : CPE .. p I p^^ 
and, by composition, 

CPM : CPM+CPE or CME :: p : p+p'\ 
hence (B. H, P. VH), 

2CPjB^ or CMPA : CME : : 2/) : />+/>'. 

But, CMPA and OaC& are like parts of P' and P, 

hence, 

P I P : : 2p I p+p' ; 
or, 

P = ?^ (2.) 

P+P 

ScJioUum. By means of Equation (1), we can find p\ 
and then, by means of Equation (2), we can find P\ > 



J 



PROPOSITION Xn. PROBLEM. 

To find the approximate area of a circle whose r<zdiu8 i$ 1. 

The area of an inscribed square is equal to twice the square 
described on the radius •(?. III., S.), which square is the unit 
of measure, and is denoted by 1. The area of the circi^mseribed 
square is 4u Making p equal to 2, and P equal to 4, we haye, 
from Equations (1) and (2) of Proposition XL, 

y =s v^ = 2.8284271 . . . inscribed octagon; 

16 

pt --. 3.3137086 . . . circumscribed octagon. 

»+ V8 
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I'^^^'^g P Q<¥^ ^ 2.8284271, and P equal to 3.3137085, 
we have) from the same equations, 

p' = 3.0614674 . . . inscribed polygon of 16 sides. 
P' =: 3.1825079 . . . circumscribed polygon of 16 sides. 

By a continued application of these equations, we find 
the areas indicated below^ 



NuMBEft or SiDB. 






4 


2.0000000 


4.0000000 


8 


2.8284271 


3.3137085 


16 


3.0614674 


3.1825979 


32 


3.1214451 


3.1517249 


64 


3.1365485 


3.1441184 


128 


3.1403311 


3.1422236 


256 


3.1412772 


3.1417504 


512 


3.1415138 


3.1416321 


1024 


3.1415729 


3.1416025 


2048 


3.1415877 


3.1415951 


4096 


3.1415914 


3.1415933 


8192 


3.1415923 


3.1415928 


16384 


3.1415925 


3.1415927 



Now, the figures which express the areas of the two last 
polygons are the same for six decimal places; hence, those areas 
differ from each other by less than one-millionth of the measuring 
unit. But the circle differs from either of the polygons by lese 
than they differ from each other. Hence, 1* taken 3.141592 times, 
expresses the area of a circle whose radius is 1, to less than one- 
millionth of the measuring imit; and by increasing the number 
of sides of the polygons, we should obtain an area still nearer the 
true one. Denote the number of times which the square of the 
radius is taken, by at, we have, 

ir X 1* = 3.141592: 
that is, the area of a circle whose radius is 1, is 3.141592, in 
which the unit of measure is tJie square on the radius. 

Soh. For ordinary accuracy, ir is taken equal to 3.1416. 
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PROPOSITION Xni, THEOEBM* 

The circumferencea of circles are to each other as their rctdiij 
and the areas are to each other as the squares of their 
radh. 

liCt C and bo the centres of two circles whose 
radii are CA and OJB : then will the circumferences be 
to each other as their radii, and the areas will be to each 
other as the squares of their radlL 




For, let sunilar regular polygons MNP8T and EFOKL 
be inscribed in the circles : then will the perimeters of these 
polygons be to each other as their apothems, and the areas 
will he to each other as the squares of their apothems, what- 
ever may be the number of their sides (P. IX.). 

If the number of sides be made infinite (P. X. Sch.), the 
polygons will coincide with the circles, the perimeters with 
the drcumferences, and the apothems with the radii : hence, 
the drcumferences of the circles are to each other as their 
i^ and the areas are to each other as the squares of the 
'•dii; vohich was to be proved. 

Cor, 1. Diameters of cuxles are proportional to their 
'•dii: hence, the circumferences of circles are proportional 
^ their diameters, and the areas are proportional to the 
^JuoTM of the diameters. 
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Cot, 2. Similar arcs, as AB and DE^ are like parts 
of the circumferences to which 
they belong, and similar sectors, 
as AQB and JDOEy are like 
parts of the circles to which 
they belong : hence, similar 
arcs are to each other as their ^ 

radiij and similar sectors are 
to each other as the squares of their radii. 



W 



Scholium. The term infinite^ used in the proposition, is to , 
be understood in its technical sense. When it is proposed to 
make the number of sides of the polygons infinite^ by the 
method indicated in the scholium of Proposition X., it is sim- 
ply meant to express the condition of things, when the in- 
scribed polygons reach their limits; in which case, the dif- 
ference between the area of either circle and its inscribed 
polygon, is less than any appreciable quantity. We have seen 
(P. Xn.), that when the number of sides is 16384, the areas differ 
by less than the millionth part of the measuring unit. By increas- 
ing the number of sides, we approximate still nearer. 



PEOPOsinoN xrv. theorem. 

7Ae area of a circle is equal to half the product of Us 

circumference and radius. 



Let be the centre of a circle, 
JLCDE its circumfference : then will 
the area of the circle be equal to half 
the product of the circumference and 
radius. 

For, inscribe in it a regular poly- 
gon ACDE, Then will the area of 
this polygon be equal to half the pro- 



■'/■ 

00 its radius, anA 
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dact of its perimeter and apothem, whatever may be the 
niunber of its sides (P. VJLLL). 

If the number of sides be mada infinite, the polygon will 

coincide with the circle, the perimeter with the oircmnfereucei 

and the apothem with the radius : hence, the area of the 

^cle is equal to half the product of its circumference and 

^/'adius ; which toas to be proved. 

Cor. 1. The area of a sector is equal to half the pro- 
duct of its arc and radius. 

Cor. 2. The area of a sector is to the area of the circle, 
88 the arc of the sector to the circumference. 

PBOPOSinON XV. PROBLEM. 

To find an expression for the area of any circle in terms 

of its radius. 

Let C be the centre of a circle, and CA its radius. 
Denote its area by area CA^ its radius 
by iS, and the area of a circle whose 

radius is 1, by * X 1' (P. XIL, S.). 

Then, because the areas of circles 
are to each other as the squares of their 
radii (P. XIIL), we haye, 

area C4 : ^r X 1* : : J2* : 1 ; 
whence, area CA = ^riP. 

^t is, the area of any circle is 8.1416 times the square 
of the radius 

PROPOSITION XVI. PROBLEM. 

^ Jmd an expression for the circumference of a circle^ m 
terms of its radius^ or diameter. 

Let C7 be the centre of a circle, and CA its radiufl. 
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Denote its drcomferenoe by circ. CA^ its radios by Ji, and 
Its diameter by 2>. From the last Proportion, we have, 

area CA = iriJ* ; 
and, from Proposition XIY., we have, 

aarea CA = ictVc. CA x B \ A 
henoe, \circ. CA x H = flri!* ; 

whence, by redaction, 

circ. CA = 2*Itf or, eire. CA = ^D. 

That is, the circumference of any circle ia equal to 3.1416 
times its diameter. 

Scholium 1. The abstract number «*, equal to 8.1416, de- 
notes the number of times that the diameter of a circle is 
contained in the circumference, and also the number of times 
that the square constructed on the radius is contained in the 
area of the circle (P. XV.). Now, it has been proved by 
the methods of Higher Mathematics, that the value of «* is 
incommensurable with 1 ; hence, it is impossible to express, 
by means of numbers, the exact length of a circumference 
in terms of the radius, or the exact area in terms of the 
square described on the radius. We may also infer that it 
is impossible to square the circle ; that is, to construct a 
square whose area shall be exactly equal to that of the circle. 

Scholium 2. Besides the approximate value of ^r, 3.1416, 
Visually employed, the fractions ^ and f fj are also used to 
express the ratio of the diameter to the circumference. 
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PLAVBS AND POLTBDBAL ANQLBS. 

DEFINinOKS. 

1. A straight line is pekpendiculab to a plaite, when 
it is perpendicular to every straight line of the plane which 
passes through its foot; that is, through the point in which 
it meets the plane. 

Li this case, the plane is also perpendicular to the line. 

2. A straight line is parallel to a plane, when it can- 
not meet the plane, how far soever both may be produced. 

• In this case, the plane is also parallel to the line. 

3. Two Planes are parallel, when they cannot meet, 
how fer soever both may be produced, 

# 

4. A Diedeal angle is the amount of divergence of two 
planes. 

The line in which the planes meet, is called the edge of 
the anffkj and the planes themselves are called faces of t/ie 
angle. 

The measure of a diedral angle is the same as that of a 
plane angle formed by two straight lines, one in each face, 
and both perpendicular to the edge at the same point A 
diedral angle may be dcutej obtuse^ or a right angle. In the 
latter oase^ the faces are perpendicular to each other. 
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6. A PoLTEDRAL ANGLE is the amount of divergence of 
several planes meeting at a common point. 

This point is called the vertex of the angle; the lines in 
which the planes meet are called edges of the angle^ and 
the portions of the planes lying between the edges are 
called faces of the angle. Thus, 8 
IS the vertex of the polyedral angle, 
whose edges are SA^ SB^ SCy 
/SZ>, and whose faces are ASB^ 
BSC, CSD, DBA. 

A polyedral angle which has but 
three faces, is caUed a triedral 
angle. 




POSTULATE. 



A straight line may be drawn perpendicular to a plane from 
any point of the plane, or from any point without the plane. 



PROPOSITION I. THEOREM. 

J^ a Straight line has tvoo of its points in a planej it will 

lie wholly in that plane. 

m 

f 

For, by definition, a plane is a surface such, that if any 
two of its points be joined by a straight line, that line will 
lie wholly in the surface (B. L, D. 8). 

Cor. Through any point of a plane, an infinite number 
of straight lines may be drawn which will lie in the plane. 
For, if a straight line be drawn from the giyen point to any 
other point of the plane, that line will lie wholly in the plane. 

Scholium. If any two points of a plane be joined by a 
'iraight line, the plane may be turned about that line as an 
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axis, 80 as to take an infinite number of positions. Hence, 
we infer that an infinite number of planes may be passed 
throngh a giyen straight line. 

PROPOSITION n. THEORIM. 

Through three points^ not in the same straight linSj one 

plane can be passed^ and only one. 

Let Aj JBj and C be the three points : then can one 
plane be passed through them, and only one. 

Join two of the points, as A and 
JB, by the line AJB. Through AJB 
let a plane be passed, and let this plane 
be turned around AB until it contains 
the point O ; in this position it will 
pass through the three points A^ B^ 
and G. If now, the plane be turned 
about ABf in either direction, it will no longer contain the 
point C : hence, one plane can always be passed through 
three points, and only one ; which was to be proved. 

Cor. 1. Three points, not in a straight line, determine the 
position of a plane, because only one plane can be passed 
tJirough them. 

Cor. 2. A straight line and a point without that line, 
determine tbe position of a plane, because only one plane 
can be passed through them. 

Cor, 8. Two straight lines which intersect, determine the 
pontion of a plane. For, let AB and AC intersect at 
A : then will either line, as AJBy ^ and one point of the 
other, as (7, determine the position of a plane. 

£br* 4» Two parallel straight lines determine ^e -^m^^sn <A t 



leo 
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plane. For, let AB and CD be paraUeL By definition 

(B. L, D. 16) two parallel lines always lie in the same plane. 

But either line, as AB^ and any point 

of the other, as F^ determine the poed- 

tion of a plane : hence, two parallels 

determine the position of a plane. ^ F 



A. 
C- 



D 



PBOPOsrrioN in. theobem. 

TTie intersection of two planes is a straight dine. 

. Let AB and CD be two planes : then will their inter- 
section be a straight line. 

For, let JE and F be any two 
points common to the planes; draw 
the straight line EF, This line hay- 
ing two points in the plane AB^ * 
wiU lie wholly in that plane ; and 
having two points in the plane CDy 

will lie wholly in that plane : hence, every point of EF is 
common to both planes. Furthermore, the planes can have 
no common point lying without EF^ otherwise there would 
be two planes passing through a straight line and a point 
lying without it, which is impossible (P. IT., C. 2) ; hence, 
the intersection of the two planes is a straight line ; which 
was to be proved. 




PROPOSITION IV. THEOBEM. 

J(f a straight line is perpendicular to two straight Ihies at 
their point of intersection^ it is perpendicular to the plane 
of those lines. 

Let MN' be the plane of the two lines BB^ CO^ and 
let AP be perpendicular to these lines at P : then will 



[ 
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AP be perpendicular to eyery straight line of the plane which 
passes through P, and consequently, to the plane itself. 

For, through P, draw in 
the plane -3fZ\7J any line PQ ; 
through any point of this line, 
as Q, draw the line BCy so 
that JBQ shall be equal to QG 
(B. IV., Prob. v.) ; draw AB, 
AQy and AC. 

The base i?(7, of the triangle JBPCj being bisected at 
Q, we have (B. IV., P. XIV.), 

JPO* + PS" = 2P^ + 2QC^. 
In like manner, we have, from the triangle ABC^ 




AC" + AB" = 2AQ' + ^QG\ 

Subtracting the first of these equations from the second, 
member &om member, we have, 

AC^ - PC^ + AW - P5' = 2J^ - 2PC*. 

But, from Proposition XI., C. 1, Book IV., we have, 

IG^ - PC^ = AP^, and AW - PW =5s4P^ } 
l^ence, by substitution, 

2AP^ = 2A^ - 2P^; 

whence, 

iP rz^fC*- PC"; or, Zp* + pc' = J^. 

The triangle APQ is, therefore, right-angled at P (B. IV,, 
P. XUL, S.), and consequently, AP is perpendicular to 
•PC ! hence, AP is perpendicular to every line of the 
pls&d JCflT passing through P, and consequently, to the 
phne itself ; yahidh wcu to be proved. 

11 



f 

4 
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Cor. 1. Only ono perpendicular can b« drawn to a plane 
from a point without the plane. 
For, suppose two perpendiculars, 
as AP and AQ^ could be 
drawn from the point A tq the 
plane MN, Draw FQ ; then 
tlie triangle APQ would have ^ 
two right angles, APQ and 
AQP; which is impossible (B. L, P. XXV., C. 3). 

Oar. 2. Only one perpendicular can be drawn to a plane 
from a point of that plane. For, suppose that two perpen- 
diculars could be drawn to the plane MJSTy from the point 
P, Pass a plane through the per|)endiculars, and let PQ 
be its intersection with MIf; then we should have two per- 
pendiculars drawn to the same straight line from a point of 
that line ; which is impossible (B. L, P. XIV., C). 

PBOPOSmON V. THEOREM. 

If from, a point vfithout a plancy a perpendicular be drawn 
to the planej and oblique lines be dravm to different 
points of tfie plane : 

1®. The perpendicular wiU be shorter than any oblique line : 

2^. Oblique lines which meet the plane at equxd distances 
from the foot of the perpendicular^ wiU be equal: 

8.® Of two oblique lines which meet the plane at unequal 
distances from the foot of th^e perpendicular^ the one which 
meets it at the greater distance wiU be the longer. 

Let ^ be a point without the plane MN ; let AP 
be perpendicular to the plane ; let A. (7, -4J9, be any two 
oblique lines meeting the plane at equal distances from the 
^»nt, of the perpendicular; and let AO and JlJE be any 
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two obliqae lines meeting the plane at unequal distances from 
the foot of the i)erpendictilar : 

l^ AP will be shorter 
tlian any oblique line AC. 

For, draw PG\ then will 
AP be less than AC (B. 
I., P. XV.) ; which was to 
be proved. 

2^ AC and AD will be equal. 

For, draw PD ; then the right-angled triangles APOf 
APD^ will have the side AP common, and the sides P(7, 
PDf equal : hence, the triangles are equal in* all their parts, 
and consequently, A C and AD will })e equal ; which woe 
(o be proved. 

3®. AJS will be greater than AC. 

For, draw PjEJ and take PP equal to PC ; draw 
AB ; then will AJS be greater than AP (B. L, P. XV.) ; . 
but AP and A C are equal : hence, API is greater than 
AG ; which was to be proved. 

Cor. The equal oblique lines ABy ACj APy meet the 
jlane MN' in the circumference of a circle, whose centre is 
jP, and whose radius is PP : hence, to draw a perpendi- 
cular to a given plane MJSTy from a point -4, without thai 
plane, find three points J?, (7, 2>, of the plane equally dis- 
tant fi>om Ay and then find the centre P, of the circle 
whose circumference passes through these points : then will 
^P be the perpendicular required. 

Scholium. The angle APP is called the inclination of ^ 
^ oNique line AP to the plane MNi The equal oblique 
fines APy ACy ADy are all equally inclined to the plane 
UN. The inclination of AE is less than the inclination of 
anj shorter Ikte AB. 



L. 



. h 
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PROPOSITION VI. THEOREM. 

If from the foot of a perpendicular to a plane, a straigM Kn» 
he drawn at right angles to any straight line of that plane, 
and the point of intersection le joined with any point of the 
perpendicular, the last line will he perpendicular to the Urn 
of the plane. 

Let AP be perpendicular to the plane MN^ P its foot, 
BC the given line, and A any point of the perpendicular; 
draw PD at right angles to i?(7, and join the point D 
with A : then will AD be perpendicular to BC. 

For, lay on DB equal to 
DC, and draw PB, PC, AB, 
and AC. Because PD is per- 
pendicular to BC, and DB 
•qual to DO, we have, PB 
equal to PC (B. L, P. XV.) ; 
and because AP is perpendicu- 
lar to the plane MJSi, and PB 

equal to PC, we have AB equal %o AC (P. V.). The 
line AD has, therefore, two of its points A and D, each 
equally distant from B and C : hence, it is perpendicular 
to BO (B. L, P. X VL, 1^) ; which was to be proved. 

Cor. 1. The line BC is perpendicular to the plane of 
the triangle APD ; because it is perpendicular to AD and 
PD, at D (P. IV.)* 

Cor. 2. The shortest distance between AP and BC m 
measured on PD, perpendicular to both. For, draw B^ 
between any other points of the lines : then will BE be 
greater than PB, and PB will be greater than PD z 
heaaoe, PD is less than Bi!. 
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Scholium. The lines AP and BC^ though not in the 
Bame plane, are considered perpendicular to each other. In 
general, anj two straight lines not in the same plane, are 
considered as making an angle with each other, which angle 
is equal to that formed by drawing through a given point, 
two lines respectively parallel to the given lines. 



6^' 







PEOPOsmoN vn. theorem. 

JTf one of two paraUeU is perpendicular to a plane^ tJie other 
one is also perpendicvlar to the same plar^. 

Let AP and ED be two parallels, and let AP be 

perpendicular to the plane MN : then will ED be also 

perpendicular to the plane MN, 
For, pass a plane through the 

parallels ; its intersection Tvdth 

MN wiU be PD ; draw AD, 

and in the plane MN draw 

BG perpendicular to PD at 
D. Now, BD is perpendicular 
to the plane APDE (P. VI., C.) ; 

the angle BDE is consequently a right angle ; but the an- 
gle EDP is a right angle, because ED is parallel to AP 
(B. L, P. XX., C. 1) : hence, ED is perpendicular to BD 
and PD, at their point of intersection, and consequently, to 
tbdr plane MN (P. IV.) ; which was to be proved. 

C(yr. 1. If the lines AP and ED are perpendicular to 
the plane MN^ they are parallel to each other. For, if 
W)t, draw through D a line parallel to PA ; it will be 
perpendicular to the plane MN, from what has just been 
proved; we shall, therefore, have two perpendiculars to the 
the plane MN^ at the same point ; which ia im^^oeaibV^ ^* 

IV- a 3> 



j».f 
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Cor, 2. If two straight lines, A and J5, are parallel to a 
third line C, they are parallel to each other. For, pass a 
plane perpendicular to C; it will be perpendicular to both 
A and B: hence, A and B are paralleL 





PROPOSITION VIII. THEOREM. 

If a straight line ts parallel to a line of a plane^ it is parallel 

to that plane. 

Let the line AB be parallel to the line CD of the 
plane MIf ; then wiU AB be parallel to the piano Mlf, 

For, through AB and CJ) 
pass a plane (P. IE., C. 4) ; CD ^ 3 

will be its intersection with 
the plane MN. Now, since AB 
lies in this plane, if it can meet 
the plane JfiV, it will be at 
some point of CJ) ; but this is 

impossible, because AB alad CD are parallel : hence, A3 
cannot meet the plane MjN\ and consequently, it is parallol 
to it ; which was to be proved, 

PROPOSITION IX. THEOREM. 

J(f two planes are perpendicular to the same straight line^ 

they are parallel to ea^^h other. 

Let the planes MIT and PQ 
bo perpendicular to the line AB^ 
at the points A and B : then 
will they be parallel to each 
other. 

For, if they are not parallel, 
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thejr win meet ; and let O be a point common to both. 
From draw the lines OA and OB : then, once OA 
fies m the plane JBO^ it will be perpendicular to BA at 
A (D. 1). For a like reason, OB will be perpendicular 
to AB at B : hence, the triangle GAB will haye two 
ligh angleSi whidi is impossible ; consequently, the planes 
cannot meet, and are therefore parallel ; which teas to be 
proved. ^ 

PBOFOSTTIOK X. THEOREIL 

IJ a ^^Ume uUersect two parallel planes^ the lines of inter- 

section wHl be paraSeL 



Let the plane JSH' intersect the parallel planes MIf and 
PQ, m the lines HI" and GIT: then wiU JEF and GJ3^ 
be paralleL 

For, if they are not parallel, 
they will meet if sufficiently pro- 
longed, because they lie in the 
same plane ; but if the lines meet, 
the planes MN" and JPQy in 
which they lie, will also meet ; 
hut this is impossible, because' 
these planes are parallel : hence, 

the lines JS!F and Gff cannot meet ; they are, therefore, 
parallel; which was to be proved. 




PEOPOSinON XL THEOREM. 

V a straight line is perpendicular to one of two paraUd 
planes^ it is also perpendicular to the other. 

Let JOT and PQ be two parallel planes, and let the 
Jine AB be perpendicular to PQ then will it also be 
perpendicular to MN'. 
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For, through A£ pass any plane ; its intersections with 
M2f and JPQ will be parallel (P. X.) ; but, its intersection 
with FQ is perpendicular to AJB at £ (D. 1) ; henoc, 
its intersection with Mlf is 

also perpendicular to AB at A ^ 

(B. L, P. XX., C. 1) : hence, 

Alt is perpendicular to every 

line of the plane MIf through 

-4, and is, therefore, perpendiou- ^^^^. A 

lar to that plane ; which was to ^fH 

be proved. 

PKOPOSITION Xn. THEOREM. 
* • 

Parallel straight lines included between parallel planes, are equal 

Let £JO and ^JI be any two parallel lines included 
between the parallel planes Mlf and JPQ : then will they 
be equal. 

Through the parallels conceive 
a plane to be passed ; it will 
intersect the plane M^ in the 
line £JJF\ and FQ in the line 
GJ3r ; and these lines will be 
parallel (Prop, X.). The figure 
EFHQ is, therefore, a parallelo- 
gram : hence, GE and HF 
are equal (B. L, P. XX V 111.) ; which was to be proved. 

Cor. 1. The distance between two parallel planes is mea 
sured on a perpendicular to both ; but any two perpendiculars 
between the planes are equal : hence, parallel planes are every- 
where equally distant. 

Cor. ^. If a straight line GH is parallel to any plane JfiV, 
then can^i^lane be passed through GJET parallel to MJN': 
lience^ if ^straight line is parallel to a plane^ all of its points 

equally distant from that plane. 
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PROPOSITION Xni. THEOEEM 

jy two anglesj not siticated in the same plane^ have their 
sides parallel and lying in the same direction^ the angles 
toiU be equal and their planes parallel. 

Let CAJS and DBF be two angles lying in the planes 
MN and jP§, and let the sides AC and AE bo re- 
spectively parallel to BD and BF^ and lying in the same 
direction : then will the angles CAF and DBF be equal, 
and the planes MN and PQ will be parallel. 

Take any two points oi AC and AE^ as G and E^ and 
make BD equal to AO^ and 
BF to AE\ draw QE^ DF, 
ABT, CD, and EF. 

l^ The angles CAE and 
DBF will be equal 

For, AE and BF being 
parallel and equal, the figure 
ABFE IS a parallelogram (B. 
I., P. XXX;) ; hence, EF is 
parallel and equal to AB. For 
& like reason, CD is parallel and equal to AB : hence, 
CZ) and EF are parallel and equal to each other, and 
consequently, CE and DF are also parallel and equal to 
«tch other. The triangles CAE and DBF have, therefore, 
their corresponding sides equal, and consequently, the corres- 
ponding angles CAE and DBF are equal ; which toa^s to 
k proved, 

2^ The planes of the angles MIf and BQ are parallel 

Por, if not, pass a plane through A parallel to P§, 

and suppose it to cut the lines CD and Em^n G and 

K Then will the lines GD and MF be equal respect- 
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ively to AB (P, XII.), and consequently, GD will be 
equal to (72), and ILF to EF\ which is impossible : hence^ 
the planes MIT and PQ must be parallel; which teas to 
be proved. 

Cor. If two parallel planes MJT and PQj are met by- 
two other planes AD and AP] the angles OAJS and 
DBI\ formed by their intersectionSi will be equal 



PEOPOSmON XIV. THEOREM. 



]ff three straight lines, not situated in the sam^ plane, art 
equal and parallel, t/ie triangles formed by joiniiig the 
extremities of these lines toiU be equal, and their planes 
parallel. 

Let AB, CD, and -EF be equal parallel lines not in 
the same plane : then will the triangles A CJS and BDF 
be equal, and their planes parallel. 

For, AB being equal and 
paraUel to EF, the figure ABFE 
is a parallelogram, and conse- 
quently, AE is equal and par- 
allel to BF. For a like reason, 
AC is equal and parallel to 
BD : hence, the included angles 
CAE and DBF are equal and 
their planes parallel (P. XIII.). 
Now, the triangles CAE and 
DBF have two sides and their 

mcluded angles equal, each to each : hence, they are equal 
hi aU their parts. The triangles are, therefore, equal and 
their planes parallel ; which was to be proved. 
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PKOPOSmON XV, THEOBEM, 

J^ iwo straight lines are cut by three parallel planes^ they 

ioiU be divided proportiondUy. 

Let tho lines AB and CD be cut by the parallel 
^laneB JLTZV^ P Qy and HSy in the points Aj JE^ B^ and 
C; i^, J9; then 



AE : EB 






CF : FD. 



For, draw the line AD^ and 
suppose it to pierce the plane 
PQ in G\ draw AC, BD, 
EG, and OF. 

The plane ABD intersects 
the parallel planes RS and PQ 
m the lines BD and EG ; 
consequently, these lines are par- 
aUel (P. X.) : hence (B. IV., 
P. XV.), 




AE : EB 






AG 



GD. 



The plane ACD intersects the parallel planes MN and 
PQ^ in the parallel lines AC and QF : hence, 



AG 



GD 






CF : FD. 



Combining these proportions (B. IT., P. IV.), we have, 

AE \ EB w CF \ FD \ 

which foas to be proved. 

Car. 1. If two straight lines are cut by any number of 
parallel planes, they will be divided proportionally. 

Cor. 2. If any number of straight lines are cut by three 
parallel planes, they will be divided proportionally. 



[ . 
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PEOPOSmON XVL THEOREM. 

If a straight line is perpendicular to a plane, every plane passed 
through the line will also be perpendicular to that plane. 

Let AP be perpendicular to the plane MNy and let 
BF be a plane passed through AP : then will BF be 
][)erpendicular to MIT. 

In the plane MIT^ draw PD 
perpendicular to -BC7, the intersec- 
tion of BF and MN. Since AP 
is perpendicular to MIT^ it is per- 
pendicular to ^(7 and DP (D. 1); 
and since AP and BP^ in the 
planes BF and MN^ are perpendicular to the intersection 
of these planes at the same pointy the angle which they 
form is equal to the angle formed by the planes (D. 4) ; 
but this angle is a right angle : hence, BF is perpendicu- 
lar to MN ; which was to he proved, 

« 
Cor, If three lines AP^ BP^ and J9P, are perpen- 
dicular to each other at a common point jP, each line will 
be perpendicular to the plane of the other two, and the 
three planes will be perpcndictdar to each other. 

PROPOSITION XVn. TUEOREM. 

If two planes are perpendicular to each oilier^ a straight line 
drawn in one of them, perpendicular to their intersection, 
will he perpendicular to the other. 

Let the planes BF and MIT be perpendicular to each 
other, and let the line AP^ drawn in the plane BF, be 
perpendicular to the intersection BC j then will AP be 
perpendicular to the plane MN. 
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For, Id the plane MN^ draw PD perpendicular to BQ 
at P. Then because the planes BF and MN are perpen- 
dicular to each other, the angle APD 
will be a right angle : hence, AP is 
perpen^cular to the two lines PD 
«nd 2? (7, at their intersection, and 
consequently, is perpendicular to their 
plane MN\ which was to be proved. 

Cor. If the plane BF is perpendicular to the plane 
MNj and if at a point P of their intersection, we erect 
a perpendicular to the plane MN'j that perpendicular will 
be in the plane BF. For, if not, draw in the plane BF^ 
PA perpendicular to P<7, the common intersection ; AP 
will be perpendicular to the plane MN'^ by the theorem ; 
therefore, at the same point P, there are two perpendiculars 
to the plane MN" \ which is impossible (P. IV., C. 2). 



PROPOSITION XVin. THEOREM. 

If two planes cut each other^ and are petpendicular to a 
third planey their intersection is also perpendicular to 
that plane. 

Let the planes BF^ DH^ be perpendicular to MN : 
then will their intersection AP be perpendicular to MN. 

For, at the point P, erect a per- 
pendicular to the plane MN \ that 
perpendicular must be in the plane 
•B^S and also in the plane DH 
(P. XVn., C.) ; therefore, it is their 
oommon intersection APi which was 
^ he proved. 




L 



174 



GEOMETRY. 



PBOPOSITIOK XTX. THEOBEM. 

The sum of any two of the plane angles formed by (ht 
edges of a triedral angle^ is greater than the third. 

Let SAy SJSf and SOy be the edges of a- triedral 
angle : then will the sum of any two of the plane angles 
formed by them, as ASC and (7/SL8, be greater than the 
third ASJB. 

If the plane angle ASB is equal to, or less than, either 
of the other two, the truth of the proposition is evident. Let 
us suppose, then, that ASJi is greater than either. 

In the plane ASB^ construct 
the angle BSD equal to B8C ; 
draw AB in that plane, at plea- 
sure ; lay off SC equal to /SZ>, 
and draw AG and CB. The 
triangles BSD and BSC have 
the side SO equal to SD^ by 
construction, the side SB com- 
mon, and the included angles BSD and BSC equal, by 
construction ; the triangles are therefore equal in all their 
parts : hence, BD is equal to BC. But, from Propositioo 
"VTL, Book I., we have, 

BG -^ GA> BD + DA. 

Taking away the equal parts BG and BD^ we have^ 

GA > DA\ 

hence (B. L, P. IX.), we have, 

angle ASG > angle A8D ; 




and, adding the equal angleB BSC «iaid B8D^ 
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angle ASC + angle C8B > angle ^S2> + angle I) SB ; 
or, angle ASC + angle C8B > angle A8B ; 

which toas to be proved. 

PEOPOSinON XX. THEOREM. 

The sum of the plane angles formed by the edges of any 
polyedraJ angle^ is less than four right angles. 

Let 8 be the vertex of any polyedral angle whose edges 
are 8A^ SB, SCy SB, and SB; then will the sum of 
the angles abont 8 be less than four right angles. * 

For, pass a plane cutting the edges 

in the points A, B, C, 2>, and ^ 

and the faces in the lines AB, BC, 
« 

CD, DE, and EA. From any point 
within the polygon thus formed, as 0, 
draw the straight lines OA, OB, OC, 
OB, and OE. 

We then have two sets of triangles, 
one set having . a common vertex 8, the 

other having a common vertex 0, and both having com- 
mon bases AB, BC, CD, DE, EA. Now, in the set 
which has the common vertex 8, the sum of all the angles 
is equal to the sum of all the plane angles formed by the 
edges of the polyedral angle whose vertex is 8, together 
with the sum of all the angles at the bases : viz., SAB, 
SB A, SBC, Ac. ; and the entire sum is equal to twice 
as many right angles as there are triangles. In the set 
whose common vertex is 0, the sum of all the angles is 
equal to the four right angles- about 0, together with the 
interior angles of the polygon, and this sum is ec^ual tA 
twice as maay light /angles as there axe tnasi^<^^ ^\:^^^ 
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the iinmber of triangles, in each set, is the same, it follows 
that these sums are equal. But in the triedral angle whose 
vertex is J?, we have (P. XIX.), 

AB8 + 8BG > ABG ; 

and the like may be shown at each 

of the other vertices, C, 2>, ^ A i 

hence, the sum of the angles at the 

bases, in the triangles whose common 

vertex is iS, is greater than the sum 

of the angles at the bases, in the set 

whose common vertex is Oi therefore, 

the sum of the vertical angles about 8^ is less than the 

sum of the angles about : that is, less than four right 

angles ; which was to be proved. 

Scholium, The above demonstration is made on the sup- 
position that the polyedral angle is convex, that is, that the 
diedral angles of the consecutive £Etces are each less than two 
right angles. 

PBOPOSITION XXI. THEOREM. 

J^ the plane angles formed by the edges of two triedral 
angles are equals each to each^ the planes of the equal 
angles are equaUy inclined to each other. 

Let 8 and T be the vertices of two triedral angles, 
and let the angle A8G be equal to DTF^ A8B to BTEy 
and B8G to ETF i then will the planes of the equal 
angles be equally inclined to each other. 

For, take any point of 8B^ as JB, and from it draw 
in the two faces A8B and C8B^ the lines BA and BC^ 
respectively perpendicular to 8B : then will the angle AiBC 
measure the inclination of these &ces. Lay off TE equal 
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to jSB, and from E draw in the faces DTE and FTE, 

the Imes ED and EEj respectively perpendicular to TE • 

then will the angle DEE 

mesusure the inclination of these 

Bicea Draw AC and DE. 

Tlie right-angled triangles 

SBA and TED^ have the 

n&e /SLS eqnal to TEj and 

tibe angle ASE equal to 

D2!^; hence, AE is equal to DE, and 4iS to 22). 

In like manner, it may be shown that EC is equal to EEj 

. and (75 to FT. The triangles ASC and DTE, have 

tie angle -45^(7 equal to DTE, by hypothesis, the side AS 

equal to DT, and the ride (7iS to ET, from what has 

just been shown ; hence, the triangles are equal in all their 

parts, and consequently, AC is equal to DE. Now, the 

triangles ABC and DEE have their rides equal, each to 

each, and consequently, the corresponding angles are also 

equaT; that is, the angle ABC is equal to DEE i hence, 

inclination of the planes A8B and C8B, is equal to 

inclination of the planes DTE and ETE. In like 

oianner, it may be shown that the planes of the other equal 

angles are eqiudly inclined ; which was to he proved. 

Scholium. If the planes of the equal plane angles are 
^e placed, the triedral angles are equal in all respects, for 
they may be placed so as to coincide. If the planes of the 
equal angles are not rinularly placed, the triedral angles are 
9ptal by symmetry. In this case, they may be placed so 
. ^ two of the homologous faces shall coincide, the triedral 
tt^ lying on opporite rides of the plane, which is then 
edied a plane of symmetry. In this porition, for every point 
on one ride of the plane of symmetry, there is a correspond- 
point oa tlie other ride. 
* 12 
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1. A PoLTKDEON is ft volume bounded by po1]'|^n& 

The bounding polygons are called /acea of the polycdron; 
the lines in vhich the faces meet^ are called edges of Um 
polyedion ; the points in which the edges meet, are called 
vertices of the polyedron. 

2. A Peibm ia s polyedion in -which two of 
the faces are polygons eqtial in all their parts, 
and having their homologona sides parallel. The 
other faces are parallelograms (B. I., P. XZX.). 

The equal polygons are called bases of the 
prism ; one the upper, and the other the 
lower base y the parallelograms taken together 
make np the laferal or convex surface of the priroi ; tie 
Imes in which the lateral faces meet, are called tatual edgn 
of the prism. 



3. The Altttdde of a prism is the perpeadicolsr dia- 
tanoe between the planes of its bases. 



4. A RioHT Pbism is one whose lateral 
edges are perpendicnlar to the planes of the 
bases. h 

In this case, any lateral edge it eqnal to 
tiie aititade. 



P 
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5. Aq Obuqub Prism is one whose lateral edges are 
oblique to the planes of the bases. 

In this case, any lateral edge is gi eater than the altitude. 




6. Prisms are named from the number of sides of thw 
bases ; a triangular prism is one whose bases are triangles ; 
tt pentangular prism is one whose bases are pentagons^ &c. 

7. A Paballelopipedoi^ is a prism whose bases are 
parallelograms. 

A Right ParalUlopipedon is one whose lat- 
eral edges are perpendicular to the planes 
of the bases. 

A Rectangular ParalUlopipedon is one 
whose faces are all rectangles. 

A Cule is a rectangular parallelopipedon 
those faces are squares. 

8. A Pyramid is a polyedron bounded 
by a polygon called the hqse^ and by tri- 
angles meeting at a common point, called the 
vertex of the pyramid. 

The triangles taken together make up the 
kUTcd or convex aurfa^ of the pyramid ; 
the Unes in which the lateral fiices meet, are 
called the lateral edges of the pyramid. 

9. Pyramids are named from the number of sides of 
their bases ; a triangular pyramid is one whose base is a 
tnan^e ; a quadrangular pyramid is one whose base is a 
qaadrihiteral, and so on. 

10. The Altitude of a pyramid is the perpendicular 
distance from the yertez to the plane of its base. 




180 GEOMETRY. 

11, A RiQBT PnEUMiD is One whose base is a regular— 
polygon, and in which the perpendicular drawn from th^ 
vertex to the plane of the base, passes through the centi 
of the base. 

This perpendicular is called the axis of the pyramid. 

12 The Slant HsionT of a right pyramid, is the pec- 
pendicular distance from the yertex to any side of the b 




13. A TnuxcATED Pybamid is that 
portion of a pyramid included between 
the base and any plane which cuts the 
pyramid. 

When the cutting plane is parallel to 
the base, the truncated pyramid is called 
a FRUSTUM OF A PYBAMID, and the inter- 
section of the cutting plane with the pyramid, is called the 
upper base of the frustum ; the base of the pyramid is cal- 
led the lotoer base of the frustum. 

14. The Alttfudb of a frustum of a pyramid, is the per* 
pendicular distance between the planes of its bases. 

15. The Slant Heioht of a frustum of a right pyramid, 
IB that portion of the slant height of the pyramid which lies 
between the planes of its upper and lower bases. 

16. SiMiLAB PoLYEDRONS are those which are bounded by 
tte same number of similar polygons, similarly placed* 

Parts which are similarly placed, whether &ce8, edges, or 
angles, are called homologous. 

11. A Diagonal of a polyedron, is a straight line Join- 
ing the vortices of two polyedral angles not in the same 
hoe. 
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.18. The Volume op a Polyedron is its numerical yalae 
expressed in terms of some other polyedron as a miit. 

The miit generally employed is a cube constructed on th« 
linear unit as an edge. 



PBOPOSmON L THEOREM. 

The convex surface qf a right prism is eqtuzl to tJie perin^ 
eter of either base mtUtiplied by the altitude. 

Let ABCDJE-K be a right prism : then is its convex 
sm&ce equal to, 

{AB + BC + CD -{' BE -^ EA) x AF. 



For, the conYex surface is equal to 
the sum of all the rectangles AG^ BH^ 
GI^ BKy EFy which compose it. Now, 
the altitude of each of the rectangles 
AF^ BOy CITy Ac, is equal to the 
altitude of the prism, and the area of 
each rectangle is equal to its base mul- 
tipUed by its altitude (B. IV., P. V.) : 
hence, the sum of these rectangles, or 
the convex surface of the prism, is equal to, 



{AB + BC+ CB + BF+ JEA) x AF; 

that is, to the perimeter of the base multiplied by the alfci- 
tode ; tohich teas to be proved. 




Car. If two right prisms have ijie same altitude, thdr 
oanrex Borfiioes are to each other as the perimeters of their 
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PROPOSITION n. THEOREU. 

In any prism, ih« Kctiong made by parallel planes are polygmt 
equal in tUl tlieir parts. 

Let the prigm AH be intersected by the parallel planu 
N'r,iSV: then are tie Bections NOPQR, STVX\\ 
equal polygons. 

For, the ndes JVO, ST, are parallel, 
being the intereectiona of parallel planea 
with a third plane ASGF; these udes, 
NO, ST, are included between the par- 
allels KS, OT: hence, NO is eqnal to 
ST (B. I., P. XXVin., C. 2). For like 
reasons, the mdes OP, PQ, QS, Ac, 
(^ NOPQJi, are equal to the. sides 
TV, FX, Ac., of STVXr, each to 
each ; and ^ce the equal sides are par- 
allel, each to each, it follows that the 
angles NOP, OPQ, Ac, of the first section, are eqnal to 
tJio angles STV, TYX, 4o., of the second section, each to 
each (B. VI., P. XIII.) : hence, the two sections NOPQR, 
BTYXY, are eqnal in all their parts; which was to be proved. 

Cor. The bases of a prism, and every section of a prism, 
INuallel to the bases, are eqnal in all their parts. 




PROPOSITION m. THEOREM. 
^ a pyramid be cut by a phms paraU^ to the base • 
I". The edges and the altitude wiU be divided proportioiudly: 
2°. The section will be a polygon similar to the base. 

Let the pyramid 8-ABCDE, whose altitude is SO, 
be cut by the plane cdtcde, parallel to the base ABODE, 
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If. The edges and altitude will be divided proportionally. 

Foi, oonceiye a plane to be passed through the vertex /S, 
parallel to the plane of the base ; then 
will the edges and the altitude be cut _A. 

by three parallel planes, and consequently 
they will be divided proportionally (B. VI., 
P. XV., 0. 2) ; which to<M to be proved, a^ 




2°. The section dbede^ will be similar 
to the base ABCDM For, ab is par- ^ 
allel to AB, and Jc to BC (B. VI., 
P. X.) : hence, the angle abc is equal to 
the angle ABC. In like manner, it may 
be shown that each angle of the polygon (ibcde is equal 
to the corresponding angle of the base : hence, the two 
polygons are mutually equiangular. 

Again, because ab is parallel to AB, we have, 

db : AB : : sb : SB ; 
and, because be is parallel to BC, we have^ 

be : BC : : 8b : SB ; 
hence (B. IL, P. IV.), we have, 

ab : AB : . be : BC. 

In like manner, it may be shown that all the sides of 

a^de are proportional to the corresponding sides of the 

polygon ABCBE : hence, the section abode is similar to 

the. base ABC BE (B. IV., D. 1) ; which was to be proved. 

(Jor. 1. If two pyramids S-ABCBE, and S-XYZ, 
hxmg a common vertex S, and their bases in the- same 
phQe, be cut by a plane abc, , parallel to the plane of 
their baaes, the sections will be to each other as the bases. 
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For, the polygons abed and ABCJ), b^g nmilar, &re 
to oaeh other aa the eqaarea of their homologous sides ah 
viA AB (B. IT^ F. XXVn) ; but, 

5? : AS" : : ^ : SJ 

Lenoe (B. II., P. IV.). w« h»^ei 

akcda : ABODE : i S^ : W. 

Id Uke manner, we have, 

ayz : XTZ : : S? : S^ ; 

hence, 

abode : ABODE 

Cor. 2. If the bases are equal, any seotiona at equal di» 
tancee from the bases will be equal 

Oor. 3. The area of any section parallel to the base, is 
proportional to the sgnare of its difitance &om the vertex. 




PROPOSITION IT. THEOEEM. 

Tfic convex surface of a right pyramid ie equal to the 
perimeter of its base mvUiplied by half the alant height. 

Let S be the vertex, ABODE the 

base, and SF, perpendicular to EA, the 

slant height of a right pyramid : then will 
the convex sur&ce be equal to, 

(AB + BC+ CD + DE+ EA) x iSF. 

Draw SO perpendicular to the plane of the 
btse. 
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From the definition of a right pyramid, the point is 
the centre of the base (D. 11) : hence, the lateral edges, 
8A, 8B, Ac., are all equal (B. VL, P. V.) ; but the sides 
of the base are all equal, being sides of a regular polygon : 
hencG, the lateral faces are all equal, and consequently their 
altitndcs are all equal, each being equal to the sUint height 
of the pyramid. 

Now^, the area of any lateral &ce, as BEAy is equal to 
its base EA^ multiplied by half its allitnde SF : hcnc«, 
the sum of the areas of the lateral dees, or the convex sur^ 
lace of the pyramid, is equal to, 

{AB + JiC i- CD + DS + MA) x iSF ; 

ahich wot to be proved. 

Scholium. The convex sutfaee of a frustum of a right 
pyramid i» equal to half the mtm of the perimeters of its 
ujiper and tower bases, multiplied by Che slant height. 

Let ABCDE-e be a frustum of a right 
pyramid, whose, vertex is S \ then will tbe 
KcUon <^de be nmilar to the base ABODE, 
nd their homologous sides will be parallel, 
(P. HL). Any lateral fiice of the frustum, 
n AEea^ is a trapezoid, whose altitude is 
eqwl to Ffy the. slant height of the frustum ; 
Iwioo, its area is equal to k{EA +ea)xFf 
(B. IV., P. VH.). But the area of the con- 
'Bi tmrf^ce of the frustum is equal to tbe sum of the areas 
of its lateral Aces ; it is, therefore, equal to the half sum 
if the perimeters of its upper and lower baace, multiplied 
by .the slant height 
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PROPOSITION V. THEOREM. 

If ih$ three faoes which include a triedral angle of a prism 
are equal in all their parts to the three faces which invludi 
a triedral angle of a second prism, each to each, and an 
like placed, tJie two prisms are equal in all their parts. 

ijet B and b be the vertices of two triedral angleSi 
included by &ces respectively equal to each other, and edmi* 
larly placed: then will the prism ABCDE-K be equal to 
the prism abcde-h^ in all of its parts. 

For, place the base 
dbcde upon the equal 
base ABCDEy so that 
they shall coincide ; then 
because the triedral an- 
gles whose vertices are 
b and B^ are equal, 
Uie parallelogram bh will 
coincide with BS^ and 
the parallelogram bf with 
BF I hence, the two 

sides fg and g?^ of one upper base, will coincide with the 
homologous sides of the other upper base ; and because tho 
upper bases are equal in all their parts^ they must coincide 
throughout; consequently, each of the lateral faces of one 
prism will coincide with the corresponding Is^teral face of the 
other prism : the prisms, therefore, coincide throughout, and 
ere therefore equal in all their parts ; which was to be proved* 

Cor. If two right prisms have their bases equal in all their 
parts, and have also equal altitudes, the prisms themselves wi!i 
be equal in all their parts. For, the faces which include any 
triedral angle of the one, will be equal in all their parts to 
the faces which include the corresponding triedral angle of 
the other, each to each, and they will be similarly plaoed* 
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PROPOSITION VL THEOREM. 

Tn am/ paraUehpipedon, the opposite faces are eqtial in all iJieit 
parts, each to each, and their planes are paralleL 

Let AH CD -IT be a parallelopipedon : then wDl its 
opposite &ceB be equal and their planes will be parallel. 

For, the bases, ABCD and EFGII 
are equal, and their planes parallel by 
definition (D. 7). The opposite faces 
AEIID and BFQG^ have the sides AlE 
and BF parallel, because they are oppo- 
nte sides of the parallelogram BE ; 
and the sides EII and FO parallel, 
because they are opposite sides of the parallelogram E0\ 
and consequently, the angles AEH and BFG are equal 
(B. VI., P. Xm.). But the side AE is equal to BF, and 
the fflde EH to FO ; hence, the faces AEIID and 
JBFGC are equal ; and because AE is parallel to BF^ 
and EH to FO^ the planes of the faces are parallel 
(B. Vl^ P. xm.). In like manner, it may be shown that 
the parallelograms ABFE and DC OH, are equal and their 
planes parallel : hence, the opposite faces are equal, each to 
each, and their planes are parallel ; which u^ to be proved. 

Cor. 1. Any two opposite feces of a parallelopipedon 
may be taken as bases. 

Cor. 2. In a rectangular parallelo- 
pipedon, the square of either of the 
diagonals is equal to the sum of the 
squares of the thi*ee edges which meet 
at the same vertex. 

For, let FD be either of the diagonals, and draw FS 




Ids 



GEOMETRY. 



Then, in the right-angled triangle FIIB^ we have, 

F& = DH" + FW. 



Bttt Dn is equal to FB, and FU^ 
is equal to FJ^ plus AlP or FC^ \ 

hence, 



;2 



JF7>' = FB'' + JLl" + i5^(7\ 




6'or. 3. A parallelopipedon may be constructed on three 
straight lines ABy ADy and AEy intersecting in a common 
point A, and not lying in the same plane. For, pass through 
the extremity of each line, a plane parallel to the plane of 
the other two; then will these planes, together with the 
planes of the given lines, be the faces of a parallelopipedon. 

PROPOSITION Vn. THEOREM. 



J^ a plane he passed through tike diagonally opposite edges 
of a parallelopipedon^ it wiU divide the parallelopipedon 
into two equal triangular prisms. 

Let AB CD-JET be a parallelopipedon, and let a plane 
be passed through the edges BF and BBT ' then will the 
prisms ABB-IT and BCD-H be equal 
in volume. 

For, through the vertices F and B 
fet i)lane8 be passed perpendicular to 
FB^ the former cutting the other lateral 
edges in the points e^ h^ g, and the 
latter cutting those edges produced, in 
the points a, d^ and c. The sections 
J^^ and Bade wiU be parallelogramfl,^ 




BOOK VII. 189 

becanse their opposite sides are parallel, each to each (B. VL, 
P. X.) ; they will also be equal (P. IL) : hence, the poly- 
edron JBadc-g is a right prism (D. 2, 4), as are also the 
poljedrons JBad-h and JBcd-h. 

Place the triangle Feh upon Bad^ so that F shall 
coincide with J?, e with a, and h with d ; then, 
becanse eJS^ hH^ are perpendicular to the plane Feli^ and 
aA^ dD^ to the plane JBad^ the line eF will take the 
direction aAj and the line hS the direction dD. Tlie 
lines AF and ae are equal, because each is equal to BF 
(B. L, P. XXVm.). If we take away from the line aF 
the part ae^ there will remain the part eF ; and if from 
the same line, we take away the part AF^ there will re- 
main the part Aa : hence, eF and aA are equal (A. 3) ; 
for a like reason hH is equal to dD : hence, the point 
E will coincide with A^ and the point U with 2>, and 
consequently, the polyedrons FeJi-U and Bad-D will 
ooincide throughout, and are therefore equaL 

If from the polyedron Bad-U^ we take away the 
part Bad-D^ there will remain the prism BADS \ 
and if from the same polyedron we take away the part 
t^Hy there will remain the prism Bad-h : hence, 
these prisms are equal in volume. In like manner, it may 
be shown that the prisms BCD-U and Bcd-h are equal 
in volume. 

The prisms Bad-hj and Bcd-hj have equal bases, be- 
oause these bases ^e halves of equal parallelograms (B. L, 
P. XXVnL, C. 1) ; they have also equal altitudes ; they are 
Aerefore equal (P. V., C.) : hence, the prisms BAB-IT and 
BCB^M are equal (A. 1) ; lohich was to be proved. 

Car. Any triangular prism ABD-II^ is equal to half of 
^ ponllelopipedon AO^ which has the same triedral aai^<^ 
i, and Hie gtaae edges AB^ AD^ and AM. 
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PROPOSITION Vm. THEOBEM. 

If two paraUdopipedons have a common lower base^ and 
their upper bases between the same parallels^ they art 
equal in volume. 

Let the parallelopipedons AQ and AL have the com- 
mon lower base ABCD^ and their upper bases EFOH 
and IKLM^ between the same parallels EK and HL : 
then will they be equal in yolume. 

For, the Imes EF and 
IK are equal, because each 
is equal to AB ; hence, 
the sum of EF and FI^ 
or EI^ is equal to the 
sum of FI and ZffJ or 
FK. In the triangular 
prisms AEI-M and 

BFK-Lj we have the line AE equal and parallel to 
BF^ and EI equal to FK ; hence, the faoe AEI is 
equal to BFK. In the faces EIMH and FKLG, we have, 
nE=z.GF, EI=FK and HEI:=zQFK : hence, the two faces 
are equal (Bk. I. P. xxviii. C. 3) : the faces AEHD and BFGC 
are also equal (P, VI.) : hence, the prisms are equal (P. 

V.) 

If from the polyedron ABKE-H^ 'we take away the 
prism BFK-L^ there will remain the parallelopipedon AG\ 
and if from the same polyedron we take away the prism 
AEI-M^ there will remain the parallelopipedon ALi hence, 
these parallelopipedons are equal in volume (A. 3) ; which 
was to be proved. 
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PEOPOBinoir IX theobeu. 

^ too paraSeiopipedonB hava a common loteer hate and tAe 
icane altitude, they viU bf equai in volume. 

Iiet tbfl paraltelopipedons AG and AL have the com- 
mon lover base ABGI> and the samo altitude: then vOl 
liiey be equal in volume. 

Because they have the same altitude, thmr upper baaea 
will lie in the same plane. 
Let the aidea JM and JfZ 
be prolonged, and also the 
Bides FE and QS ; these 
prolongations will form a 
psrallelogram Q, irhich 
irill be equal to tbe com- 
mon base of the given par- 
allelopipedons, because ita 
ades arc respectively parallel 
and equal to the correspond- 
ing ddes of that base. , 

Kow, if a third paralieloplpedon be constructed, having 
for its lower base the parallelogram AS CD, and for its 
upper base KOPQt this third paralieloplpedon will be equal 
ia volume to the paralieloplpedon AG^ since tbey have the 
. lune lower base, and their upper bases between the same 
t»«J!e]i, QQ, NF (P. Vm.). For a like reason, this 
tltird paralieloplpedon will also be equal in volume to the 
(Brallelopipedon AIJ : hence, the two parallelopipedons AO 
AL, are eqnal in volume ; which was to be proved. 

Cor. Any obliqne parallelopipedon may be changed into » 
^lit parallelopipedon having the same base aa.d ik« «ums» 
iltitiule; and tbej wiH be equal in -voVmne. 
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PROPOSITION X PROBLEM. 

To construct a rectangular parcUldopipedon which shall be 
equal in volume to a . right paraUelopipedon whose base 
is any parallelogram. 

Let ABCD-M be a right paraUelopipedon, having for 
its base the parallelogram ABCD, 

Through the edges AI and BK pass 
the planes AQ and BP^ respectively 
perpendicular to the plane AK^ the for- 
mer meeting the face DJL in OQ^ and 
the latter meeting that face produced in 
NP\ then will the polyedron AP be a 
rectangular paraUelopipedon equal to the 
given paraUelopipedon. It will bo a rect- 
uigular paraUelopipedon, because aU of its 
fkces are rectangles, and it wiU be equal to the given 
paraUelopipedon, because the two may be regarded as having 
the common base AK (P. VI., C. 1), and an equal altitude 
A (P. IX.). 




Cor, 1. Since any oblique paraUelopipedon may be changed 
into a right paraUelopipedon, having the same base and alti- 
tude, (P. IX., Cor.) ; it follows, that any oblique paraUelopipedon 
may be changed into a rectangular paraUelopipedon, having 
an equal base, an equal altitude, and an equal volume. 

Cor. 2. An oblique paraUelopipedon is equal in volume to 
a rectangular paraUelopipedon, having an equal base and an 
equal altitude. 

C(yr. 3. Any two paraUelopipedons are e<]rihl in volume 
when they have equal b^s and equal altitudes. Oy 
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PROPOSITION XL THEOREM. 

J\oo rectangular pardUdopipedona having a common lower 
haae^ are to each other as their altitudes. 

Let the paraQelopipedons AQ and AL have the com 
mon h)wer base AJBCDi then will they be to each other 
as their altitudes AJS and AT. 

V. Let the altitudes be commensurable, and suppose, for 
example, that AJS is to AI^ as 15 is to 8. 

Conceive AJS to be divided into 15 equal parts, of 
which AI will contain 8 ; through the points of division 
let planes be passed parallel to ABCD. These planes will 
divide the parallelopipedon AQ into 15 parallelopipedons, 
vhich have equal bases (P. IL C.) and equal altitudes ; 
hence, they are equal (P. X., Cor. 3). 

Kow, AQ contains 15, and AIL 8 
of these equal parallelopipedons ; hence, 
i(r is to AL^ as 15 is to 8, or as 
^S is to AI. In like manner, it may 
be shown that -4(? is to AJL^ as AE 
IB to AI^ when the altitudes are to eaoh 
other as any other whole numbers. 

2^. Let the altitudes be incommensur- 
able. 

Now, il AQ \a not to AJL^ as AE is to AI^ let lu 
■oppose that, 

AQ \ AL w AE \ AO, 

in which AO is greater than AI. 

Dinde AJE into equal parts, such that each shall be 
less than 01 \ there will be at least one i^\il\. ol ^c^nSsslq;^ 

IS 
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Hi, between and I. Let P denote the parallelopipe- 
don, whose base is AJBCDj and altitude Am ; since the 
altitudes AJE^ Amy are to each other as two whole num- 
bers, ^'e have, ♦ 

AG : P : : AJS : Am. 
But| by hypothesis, we have, 

AG : AZ : : AJS :A0; 
therefore (B. 11., P. IV., C), 

AZ : P : : AO : Am. 

But AO is greater than Am ; hence, if 
the proportion is true, AiZ must be greater than P. On 
the contrary, it is less ; consequently, the fourth term of 
the proportion cannot be greater than AZ In like manner, 
it may be shown that the fourth term cannot be less than 
AI ; it is, therefore, equal to AZ In this case, therefore, 
AG is to AZj as AJ^ is to AZ. 

Hence, in all cases, the given parallelopipedons are to 
each other as their altitudes; which was to be proved. 

Sch. Any two rectangular parallelopipedons whose bases are 
equal in all their parts^ are to each other as their altitudes. 




PROPOSITION Xn. THEOREM. 

TIdo rectanffular parallelopipedons hamng equal altitudesj are 

to each other as their bases. 

Let the rectangular parallelopipedons AG and A£^ have 
the same altitude A^ : then, will they be to each other aa 
their baeea. 
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For, place them as shown in the figure, and produce the 
plane of the face iVZ, until 
it intersects the plane of the 
&ce HC^ in PQ\ we shall 
tlms form a third rectangular 
parallelopipcdon A Q, 

The parallelopipedons AQ 
and A Q have a common , 
base AS \ they are there- 
fore to each other as their 
altitudes AB and AO 
(P. XI.) : hence, we have 
the proportion, 




vol. AO : voLAQ 






AB : AO. 



The parallelopipedons AQ and AS" haye the common base 
ALi they are therefore to each other as their altitudes 
AD and A3f : hence, 



vol. AQ : vol. AK : : AD 



AM. 



Multiplying these proportions, term by term (B. II., P. XIL), 
and omitting the conmion factor, vol. A Q, we have, 

V0I.AO : V0I.AK : : AB x AB : AO x AM 



But AB X AB is equal to the area of the base ABCD' 
and ^0 X AM is equal to the area of the base AMNO 
hence, two rectangular parallelopipedons having equal alti 
iudes, are to each other as their bases ; Mohich tons to be 
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PROPOSITION XHL theorkm. 

Any two rectangular paraUelopipedons are to each other as 
t/ie products of t/ieir bases and altitudes ; that is^ as ths 
products of t/ieir three dimensions. 

Let AZ and AG be 

any two rectangular paral- 
lelopipedons : then will they 
bo to each other as the 
products of their three di- 
mensions. 

For, place them as in the 
figure, and produce the faces 
necessary to complete the 
rectangular parallelopipedon 
AIT, The paraUelopipedons 
AZ and AK have a com- 
mon base Alf ; hence (P. XL), 

vol. AZ : vol. AK : : AX : AE. 

The paraUelopipedons AK and AG have a common 
altitude AE ; hence (P. XIL), 

votAK : vol. AG :: AMNO : ABCD. 




Multiplying these proportions, term by term, and omitting 
the conmion factor, vol. AK^ we have, 

vol. AZ : vol. AG : : AMNO x AX : ABCB x AE\ 

--or, since AMNO is equal to AM x AO^ and ABCD to 
AB X AD, 

volAZ : vol. AG : : AMxAO xAX : AB xAD kAE\ 



which vxM to be proved. 
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Cor. 1. If we make the three edges AMy AO^ and 

each equal to the linear unit, the parallclopipedon AZ 

wxU be a cube constructed on that unit, as an edge ; and 

consequently^ it will be the unit of volume. Under this 

supposition, the last proportion becomes, 

1 : vcl.AQ : : 1 : AJB x AD x AE \ 

whence, 

vol. AG = AJB X AD x AM 

Hence, the volume of any rectangvlar paraUelopipedon ia 
tqual to the product of its three dimensions / that is, th<; 
number of times which it contains the unit of volume, is 
equal to the number of linear units in its length, by the 
number of linear units in, its breadth, by the number of 
linear units in its height. 

Cor. 2. The volume of a rectangular paraUelopipedon is 
tgucd to the produet of its base and altitude ; that is, the 
nnmber of times which it contains the unit of volume, k 
eqnal to the number of superficial units in its base, multi- 
plied by the number of linear units in its altitude. 

Cor. 3. The volume of any paraUelopipedon is equal to 
the product of its base and altitude (P. X., C. 2). 

PROPOSITION XIV. THEOREM. 

The volume of any prism is eqiuU to the product of 0$ 

base and altitude. 

Let ABCDE-K be any prism : then is its volume 
equal to the product of its base and altitude. 

For, through any lateral edge, as -4^, and the other lateral 
edges not in the same faces, pass the planes AHy AI^ dividing 
the prism into triangular prisms. These prisma "^iW «XV V^'^^ 
a oonunon altitude equal to that of the gv^en. ^mxcv. 
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Now, the volume of any one of the triaognlar prisms, as 
ASCS, is equal to half that of a porsllelopipedon coo- 
•tructed oa the edges BA, JiC, BG 
(P. VH^ C.) ; bat the Tolume of this par- 
allelopipedon is equal to the product of its 
\»ac and altitude (P. Xm., G. 8) ; and 
because the base of the prism is half 
that of the parallelopipedon, the volume 
of the prism is also equal to the pro- 
duct of its base aud altitude : hence, 
the Bum of the triangular prisms, which 
make up the given prism, is equal to the sum of their 
bases, which make up the base of the given prism, into 
their commoD altitude ; which tmw to be proved. 

Cor. Any two prisms are to each other as the products 
of their bases and altitudes. Piisttis h.i\ing equal biiscs are 
to each other as their altitudes. Pi-ianis having equal alti- 
tudes are to each other as their bases. 




PEOPOSmON XV. THEOREiL 

Two triangular pyramide having equal bases and equal altt- 
ludeSf are equal in volajne. 

Let S-ABC, and S-abc, he two pyramids having their 
equal bases ABO and abe in the same plane, and let AT 
be their common altitude : then will they be equal In vol- 



For, if they are not equal in volume, suppose one of 
them, as S-ABC, to be the greater, and let then- differ- 
ence be equal to a prism whose base ia ABC, and whose 
te ia Aa. 
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Divide the altitude AT into equal parti Ax, tey, &o^ 
eadi of which is less than Aa, and let k denote one of 
these part§ ; through the points of division pass planes par- 
allel to the pliine of the bases ; the sections of the two 
pyraniids, hj each of these planes, will be equal, namely, 
DEF to d^, QHI to ghi, Ac (P. m., C. 2). 





On the triangles ABC, DEF, &c., as lower bases, eon- 
Btmct exterior prisms whose lateral edges shall be parallel 
to AS, and whose altitudes shall be equal to k: and on the 
fariangles def, ghi, &g., taken as upper bases, construct inte- 
rior prisms, >rhose lateral ed£(es sliall be parallel to 8a, and 
whose allitndea shall be equal to k. It is evident that the 
■am of the exterior prisms is greater than the pyramid 
B-AJiC, and also that the sum of the interior prisms is less 
than the pyramid S-abc : hence, the difierence between the 
sum of the exterior and the' sum of the interior prisms, is 
greater than the difierence between the two pyramids. 

Now, beginning at the bases, the second exterior 
prim EFD-G, is equal to the first intenot '^nsui e^d-ou 
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because they have the same altitude k^ and their bases 
EFD^ rfdy are equal : for a lijce reason, tJie third exterior 
])rism HIO-K^ and the second interior prism hig-d^ are 
equal, and so on to the last in each set : hence, each of the 
exterior prisms, excepting the first BCA-D^ has an equal 
corresponding interior prism ; the prism BCA-D^ is, there- 
fore, the difference between the sum of all the exterior 
prisms, and the sum of all the interior prisms. But the 
difference between these two sets of prisms is greater than 
that between the two pyramids, which latter difference was 
supposed to be equal to a prism whose base is BCA^ and 
whose altitude is equal to Aa^ greater than h ; conse- 
quently, the prism BCA-D is greater than a prism having 
the same base and a greater altitude, which is impossible . 
hence, the supposed inequality between the two pyramids 
cannot exist ; they are, therefore, equal in volume ; which 
was to be proved. 

PROPOSITION XVI. THEOREM. 

Any triangular prism may he divided into three triangular 
pyramids^ equal to each other in volume. 

Let ABC-I) be a triangular 
prism : then can it be divided into 
three equal triangular pyramids. 

For, through the edge AC^ 
pass the plane ACIf\ and through 
the edge .EF pass the plane 
JSFC. The pyramids ACE-F and 
ECB-F^ have their bases ACE 
and EGD equal, because they are 
halves of the same parallelogram 
^^OJS; and they have a common 
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■Ititade, becaasc their bases are in the same plane A 7>, and 
ihdr vertices at tlie same point F ; hence, they are equal 
in Tolome {P. XV.). The pyramids ABC-F and DEF-C, 
ha»e their bases ABC and DEF, equal hecanse they are 
the bases of the given prism, and their .altitndos are equal 
because each is equal to the altitude of the prism ; they 
ire, therefore, eqnal in volume ; hence, the three pyramids 
bto vbich the prism is divided, are all eqnal in volimie ; 
MfcA too* to I 



Cvr. 1. A triaognlar pyramid is one-third of a prism, 
taring ao eqnal base and an equal altitude. 

Cor. 2. The volume nf a triangular pyramid is equal to 
ne-Uiird of the product of its base and altitude. 



PKOPOsrrioN xvu. iheoeem, 

I^ volume of any pyramid te eqv(U to one-third of (Ad 
product of it$ dose and altitude. 

let- S-ABCBE, be any pyramid: then is its volume 
eqnal to one-third of the product of its base and altitude. 

For, through any lateral edge, as SF, 
P»* the planes 8FB^ SEC, dividing the 
pyramid into triangular pyramids. The alti- 
^des of these pyramids will be equal to 
BBch other, because each is eqnal to that 
*f the given pyramid. Now, the volume 
rf eaiih triangular pyramid is equal to onc- 
tUrd of the product of Its base and alti- 
tadc {P. XVI, C. 2) ; hence, the sum of 
^^ volumes of the triangular pyramids, is 
*Val to one-third of the product of tbe ftma t^ ^C&eix \Ai«»> 




203 GEOMETRY. 

by their common altitude. But the sum of the triangular 
pyramids is equal to the given pyramid, and the sum of 
their bases is equal to the base of the given pyramid: 
hence, the volume of the given pyramid is equal to one- 
thiid of the product of its base and altitude ; which vxu to 
be proved. 

Cor. 1. The volume of a pyramid is equal to one-third 
of the volume of a prism having an equal base and an equal 
altitude. 

Cor. 2. Any two pyramids are to each other as llie 
products of their bases and altitudes. Pyramids having equal 
bases are to each other as their altitudes. Pyramids having 
equal altitudes are to each other as their bases. 

Scholium. The volume of a polyedron may be foimd by 
dividing it into triangular pyramids, and computing their 
volumes separately. The sum of these volumes will be equal 
to the volume of the polyedron. ^ , 

PROPOSITION XVm. TnEOSKM. 

Ths volume of a frustum of any triangular pyramid is 
equal to the sum of the volumes of three pyramids 
whose common altitude is that of the frustum^ and whose 
bases are the lower base of the frustum^ the upper base 
of the frustum^ and a mean proportional between the two 
bases. 

Let FOH-h be a fi ustum of any triangular pyramid : 

then will its volume be equal to that of three pyramids 

whose common altitude is that of the frustum, and whose 

bases are the lower base FOH^ the upper base fgh^ and 

I proportional between their bases. 



/ 
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For, through the edge FH^ pass the plane FMgy and 
throagh the edge fg, pass the plane fgH^ dividing the 
frustiun into three pyramids. The pjTO- 
niid g-FQS, has for its base the lower 
base FQS oi the frastum, and iu al- 
jtade is equal to that of the frustum, 
lecsnse its vertex g^ is in the plane of 
he upper base. The pyramid Jl-fgh, 
Iiw for its base the upper bat<e fgh of 
the fniBtnin, and its ^titude is equal to 
that of the frastnm, because its vertex 
lies in the plane of the lower base. 

The remaining pyramid may be regarded as having tho 
triangle FfH for its base, and the point g for its vertex. 
From g, draw gK parallel to fF, and draw also KII and 
^. Then will the pyramids K-FfH and g-Ifll, be equal; 
for they have a common base, and their altitudes are equal, 
because their vertices S and g are in a line parallel to 
the base (B. VL, P. XIL, C. 2). 

Noir, the pyramid K-FfH may be regarded as having 
FKR for its base and f for its vortex. From K, draw 
SL parallel to QH ; it will be parallel to gh : then wiH 
tbe triangle FKL be equal to fgh, for the side FK is 
equal to fg, the angle F to the angle /, and the angle K 
to the angle g. But, FKH is a mean proportional between' 
JffZ and Fan (B. IV., P. SXIV., C), or between fgh 
«nd FGn. The pyramid f-FKU, has, therefore, for its 
bro a mean proportional between the upper and lower bases 
of the frnstum, and its altitnde is equal to th.it of the fru^ 
two ; but the pyramid f-FKH is equal in volume to the 
Wrunid g-FfH: hence, the volume of the given frustum is 
•qnal to that of three pyramids whose common aliiimle is 
•qoal to that of the frustum, and whose bases are tho uij^et 
l"s% tbe lower base, and a mean -pro^TNAawi. '\i^"«%kvi. 
f^i le&teA toaa to 6e proved. 
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Cot. The volume of the frustum* of any pyramid U 
equal to the sum of the volumes of three pyramids whose 
common altitude is that of the frustum.^ and whose bases 
are tlie lower base of Vie frustum^ the upper base of the 
frustum^ and a mean proportional betioeen them. 

For, let ABCDE-e be a frustum of 
any pyramid. Through any lateral edge, as 
eE^ pass the planes eEBb^ eECc^ divid- 
ing it into triangular frustums. Now, the 
sum of the volumes of the triangular frus- 
tums is equal to the sum of three sets of 
pyramids, whose common altitude is that of 
the given frustum. The bases of the first 
set make up the lower base of the given 
frustum, the bases of the second set make up the upper base 
of the given frustum, and the bases of the third set make 
up a mean proportional between the upper and lower base 
of the given frustum : hence, the sum of the volumes of 
the first set is equal to that of a pyramid whose altitude is 
that of the frustum, and whose base is the lower base of 
of the frustum ; the sum of the volumes of the second set 
is equal to that of a pyramid whose altitude is that of the 
frustum, and whose base is the upper base of the frustum ; 
and, the sum of the third set is equal to that of a pyra- 
mid whose altitude is that of the frustum, and whose base 
is a mean proportional between the two bases. 

PROPOSITION XIX. THEOBEM. 

Bimilar triangular prisms are to e(zch other as the cubes cf 

their homologous edges. 

Let CBD'P^ cbd-py be two similar triangular prisms, 
and let i?(7, Jc, be any two homologous edges: then will 

the prism CBD-P be to tlie \)Tvsca. cbd-p^ «j^ BC^ Vi S? 
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For, the homologous angles i? and b are equal, and 
the &ces which bound them are sunilar (D. 16) : heuoe, 
these triedral angles may be 
applied, one to the other, so 
that the angle cbd will coin- 
cide with C2?2>, the edge ba 
with HA. In this case, the 
prism cbd'p will take the 
position Bcd'p. From A 
draw AH perpendicular to 

the common base of the prisms : then will the plane BAH 
be perpendicular to the plane of the common base (B. VL, 
P. XVI.). From a, in the plane BAH^ draw ah 
perpendicular to BII \ then will ah also be perpendicular 
to the base BDG (B. VL, P. XVH.) ; and AH^ ah, wiU 
be the altitudes of the two prisms. 

Since the bases CBD, cbd, are similar, we have (B. DT., 
P. XXV.), 





base CBD 



base cbd 



W^ 



cb • 



Now, because of the similar triangles ABIT, aBh, and of 
the similar parallelograms AC, ac, we have, 



AIT : ah : : CB : cb ; 
hence, multiplying these proportions term by term, we have, 



base CBD x AH : base cbd x ah 






CJf 



cb^. 



Bat, base CBD x AH is equal to the volume of the prism 
GDB-A, and base cbd y. ah is equal to the volume of 
the prism cbd-p ; hence, 



prism CDB-P : prism cbd-p : : Clf 
^Mck was to ie proved. 



d?\ 
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Cot, 1. Any two similar prisma are to each other as 
the cubes of their homologous edges. . 

For, since the prisms are similar, their bases are similar 
polygons (D. 16) ; and these similar polygons may each be 
diyided into the same number of similar triangles, similarly 
placed (B. IV., P. XXVL) ; therefore, each prism may be 
divided into the same number of triangular prisms, having 
their faces similar and like placed ; consequently, the tri- 
angular prisms are similar (D. 16). But these triangular 
prisms are to each other as the cubes of their homologous 
edges, and being like parts of the polygonal prisms, the 
polygonal prisms themselves are to each other as the cubes 
of their homologous edges. 

Cor. 2. Similar prisms are to each other as the cubes 
of their altitudes, or as the cubes of any other homologous 
lines. 



PROPOSITION XX. THEOREM. 

Similar pyramids are to each other as the cubes of their 

homologous edges. 

Let S-ABCDE^ and S-abcde^ be two similar pyrar 
mids, so placed that their homologous angles at the vertex 
shall coincide, and let AB and ah be 
any two homologous edges : then will the 
pyramids be to each other as the cubes 
of AB and ab. 

For, the face SAB^ being similar to 
l^a\ the edge AB is parallel to the 
edge ab^ and the face SBO being simi- 
lar to Sbc^ the edge BC is parallel to 
be ; hence, the planes of the bases are 

(B. VI, P. xm.). 
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Draw 80 perpendicular to the base ABGDE \ it will 
also be perpendicular to the base abode. Let it pierce tliat 
plane at the point o : then will SO 
be to /8i>, as i84 is to Sa (P. m.), S 

or as AB is to ah\ hence, 

\80 X \8o \ \ AB : ab. 

Bat the bases being similar polygons, we 
have (B. IV^ P. XXVIL), A 

base ABODE : base abode :: AW : a?. 




Multiplying these proportions, term by term, we have, 

base ABODE X \S0 : base abode x iSo :: AB^ : al\ 

But, base ABODE x \S0 is equal to the volume of the 
pyramid S-ABODE^ and base abode X ^So is equal to 
the volume of the pyramid S-abcde ; hence, 

pyramid S-AB ODE : pyramid 8- abode :: AB^ • off \ 
tohich foae to be proved. 



Cor, Similar pyramids are to each other as the cubes of 
their altitudes, or as the cubes of any other homologous 
lines. 
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OENEBAL FOBMULAS. 

If we denote the volume of any prism by Vj its base 
by Bj and its altitude by JTj we shall have (P. XIV.), 

r = B X n (1.) 

If we denote .the volume of any pyramid by FJ its 
base by -B, and its altitude by JX, we have (P. XVJI.), 

V=z iB X IT (2.) 

If we denote the volume of the frustum of any pyramid 
by Vy its lower base by Bj its upper base by ft, and 
its altitude by JT, we shall have (P. XVIH., C), 



V = i{B + b + -v/^ X b) X JOT . . (8.) 



REGULAR POLYEDRONS. 

A Begulab Polyedbok is one whose faces are all equal 
regular polygons, and whose . polyedral angles are equal, 
each to each. 

There are five regular polyedrons, namely : 

1. The Tktraedeon, or regular pyramid — a polyedron 
bounded by four equal equilateral triangles. 

2. The IIexaedboit, or cube — a polyedron bounded by 
six equal squares. 

3. The Ocfaedbon — a polyedron bounded by eight equal 
equilateral triangles. 

4. The DoDBCABDBOir — a polyedron bounded by twelve 
equal and regular pentagons. 
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5. The IcosASDBON — a polyedron bounded by twenty 
equal equilateral triangles. 

In the Tetraedron, the triangles are grouped about the 
poljcdral angles in sets of three, in the Octaedron they are' 
grouped in sets of four, and in the Icosaedron they are 
grouped in sets of five. Now, a greater number of equi- 
lateral triangles cannot be grouped so as to form a salient 
polyedral angle ; for, if they could, the sum of the plane 
angles formed by the edges would be equal to, or greater 
than, four right angles, which is impossible (B. YI., P. XX.). 

In the Hexaedron, the squares are grouped about the 
polyedral angles in sets of three. Now, a greater number 
of squares cannot be grouped so as to form a salient polye- 
dral angle ; for the same reason as before. 

In the Dodecaedron, the regular pentagons are grouped 
about' the polyedral angles in sets of three, and for the same 
reason as before, they cannot be grouped in any greater 
niimber, so as to form a salient polyedral angle. 

Furthermore, no other regular polygons can be grouped 
00 as to form a salient polyedral angle ; therefore, 

Ordy Jim regular polyedrons can be formed. 

14 V 
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1. A Cyuhseb is a voltune vhich may be generated by 
» rectangle reroIviDg about odo of its sides as an axis. 

Tins, if the rectangle ABCD be turned about the dde 
AB^ as an axis, it will generate the cylinder FOCQ-I'. 

The fixed line AS u called the axia 
of the cylinder; the curved surface generated 
by the side CD, opposite the axis, is called 
tha convex sttrface of the cylinder; the equal 
oiroles FQCQ, and ESDPy generated by 
the remaining «des BC and AB, are called 
ha»«a of the cylinder ; and the perpendicular 
distance between the planes of the bases, ia 
called the altitude of the cylinder. 

The line BC, which generates the convex snrfhce, 
any position, called an element of the ataface / the elements 
are all perpendicular to the planes of the bases, and any 
one of them is equal to tlie altitude of the cylinder. 

Any line of the generating rectangle ABCB, as IK^ 
which is perpendicular to the axis, will generate a circle 
whose plane ia perpendicular to the axis, and which is cqua 
to either base : hence, any section of a cylinder by a plan 
perpendicular to the axis, is a drcle equal to either base 
Any section, FCBE, made by a plane throngh the axis 
ia s rectangle double the generating rectangle. 




. IB, m 
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i. SnoLAs GrusDEBB are those tMcIi may be generated 
by mmilar rectangles revolmg about homologoos aidea. 

The axes of dmilar cylinders are proportional to the radii 
of their bases (B. IV., D. 1) ; they are also proportional to 
aoj other homologous lines ot the cylinders. 



3, A prism is e^d to be inacribed 
in a cylinder, when its bases are in- 
■cribed in the bases of the cylinder, 
la this case, the cylinder is said to 
be droomseribed abont the prism. 

The lateral edges of the inscribed 
pritm are elements of the snrfitce of 
iLe drcumscribing cylinder. 



a> 



/- 



i. A prism is sud to 
mHM about a cylinder, when its 

bawB are circumscribed about the bases of the cylmder. 
In this caoe, the cylinder is said to be inscribed in tAe 
prum. 

The straight lines trhich join the 
corresponding points of contact i 
upper and lower bases, are < 
the Bur&ce of the cylinder and to the 
literal &ces of the prism, and they 
are the only lines which are common. 
The lateral fiices of the prism are Baid 
t^ be tangent to the cylinder along 
these lines, which are then called de- 
"Wntt of contact. 

6. A CoHB is a volume which may be generated by a 
nght4ngled triangle revolmg about one of the aides adja- 
ciBt to the ri^ht angle, aa an axis. 





US Gt;OMETRT. 

Thus, if Uie triangle 8AS, right-angled at A, be turned 
■bout the ude 3A, as ad axis, it trill generate the cone 
8-CDBE. 

The fixed line SA, is called the a 

axU of iht cone ; the curved sur&ce 
genei-ated by the hypothcause SB^ is 
called the convex staface of tlte cone / 
the circle generated by the ude A3, ' 
is called C/ie base of tlie cone ; and 
the point S, is called the vertex of 
the cone y tlie distance from the vertex 
to any point in the circumference of the 

base, ia called the alant heiffhC of the cone / and the per- 
pendicutar distance from the vertex to the plane of the b&je, 
is called the altitude of the cone. 

The line SB, which generates the convex anr&ce, is, in 
any portion, called an element of tlie Bvrface ; the elements 
are all equal, and any one is equal to the slant height ; the 
axis is equal to the altitude. 

Any line of the generating triangle 3AB, as 03, 
which is perpendicular to the axis, generates a <nrcle w^heee 
plane is perpendiciilar to the axis : hence, any section of a 
cone by a plane perpendicular to the axis, is a circle. Any 
section SBC, made by a plane through the axis, is an 
isosceles triangle, double the generating triangle. 

6. A Tbumcated Conk is that portion of a cone included 
between the base and any plane which cuts the cone. 

When the cutting plane is parallel to the plane of the 
base, the truncated cone is called a FBusnnc of a Conk, and 
(he intersection of the cutting plane with t!<e cone Is called 
the upper base of the frustum ; the base of the cone is 
called the Icwer base of the frnatnin. 
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If the trapezoid JTOAJB^ right-an- 
gled A and (?, be revolved about 
A6y as an axis, it will generate a frus- 
tum of a cone, whose bases are ECDB 
and FKH^ whose altitude is AQ^ and 
whose slant height is BII. 



7. SiMiLAB Cones are those which may be generated 
by similar right-angled triangles revolving about homologous 
ndes. 

The axes of nmilar cones are proportional to the radii 
of their bases (B. IV., D. 1) ; they are also proportional to 
any other homologous lines of the cones. 



8. A pyramid is said to be irir 
scribed in a concj when its base is 
inscribed in the base of the cone, and 
when its vertex coincides with that of 
the cone. 

The lateral edges of the inscribed 
pyramid are elements of the surface of 
the circumscribing cone. 



9. A pyramid is said to be circumscribed about a conCy 
vhen its base is circumscribed about the base of the cone, 
and when its vertex coincides with that of the cone. 

In this case, the cone is said to be inscribed in the 
pl/ramid. 

The lateral faces of the circumscribing pyramid are tan- 
gent to the surface of the inscribed cone, along lines which 
ire called elements of contact. 




10 A frnstom of a pyramid is inscribed in a /rustian 
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^ a cone^ when its bases are inscribed in the bases of the 
frnstutn of the cone. 

The lateral edges of the inscribed frostom of a pyramid 

t 

are elements of the surface of the drcumscribing frustum of 
a cone. / 

11. A fi'ustum of a pyramid is circumscribed about 
firustum of a cone, when its bases are circumscribed aboul* 
those of the fiiistum of the cone. 

Its lateral faces are tangent to the sur&ce of the frustum 
f»f the cone, along lines which are called ekmerUs of contact. 

12. A Sphebb is a volume bounded by a surface, every 
point of which is equally distant from a point within called 
the centre, 

A sphere may be generated by a semicircle revolving 
about its diameter as an axis. 

13. A Radius of a sphere is a straight line drawn from 
the centre to any point of the surface. A Diameter is any 
straight line drawn through the centre and limited at both 
extremities by the surface. 

All the radii of a sphere are equal : the diameters are 
also equal, and each is double the radius. 

14. A Spherical Sector is a volume which may be gen- 
erated by a sector of a circle revolving about the diameter 
passing through either extremity of the arc. 

The surface generated by the arc is called the base o/^ 
the sector, 

15. A plane is Tastgent to a Sphere when it touches 
it in a single point. 

16. A Zone is a portion of the surface of a sphere 
incladed between two parallel planes. The bounding lines 
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oi tbe sections are called bates of the zone, and the distance 
between the planes is called the altitude of the zone. 

IS one of the phmes is tangect to the sphere, the zone 
htm bat one base. 

17. A Sphsbicai. SBeuEMT is a portion of a sphere !iw 
diidcd between two parallel planes. The secUons made by 
Hie planes are called bases of the segment, and the distance 
between them is called the altitude of the aegmerd. 

If one of the planes is tangent to -the sphere, the seg- 
ment has but one base. 



The Cyuitdeb, the Coite, and the I 
ctUed Thi Thbsb ItoniO) Bodies. 



PHZBK, are sometime! 



FBOFOSITION I. THEOBEU. 



Tht convex Butface of a cylinder is equal to the eirtsvm- 
fermce of its base multiplied by the altitude. 

Let ABD be the base of a cylinder whose altitude is 
B'. then will its oonrex sur&ce be equal to the circmiv- 
ferenee of its base multiplied by the altitude. 

For, inscribe within the cylinder a 
prism whose base is a regular polygon. 
The convex snriace of this prism will 
be equal to the perimeter of its base 
nraltipUed by its altitude (B. VII., P. L), 
viiaterer may be the number of sides 
of its base. But, when the number of 
Bdes is infinite {B. V., P. X. Sch.), the 
oonrez snr&ce of the prism coinddes with 
tint of the cylinder, the perimeter of 
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the base of the prisai coincides with tho cirouinfcrcDoe of 
the base of the cylinder, and the alUtnde of the prism ii 
the same as that of the cylinder : hence, the convex snrfaoe 
of the cylinder ia equal to the circnmference of its baae 
nialtiplied by the altitndo ; which was to be proved. 

Cor. The convex snr&cea of cylinders having eqnal alU- 
tndes are to each other as the (urciunferences of their bases. 



pitoposinoN n. TiiEonEM. 

17ie voltane of a cylinder is equal to the product of ilt 
baae and altitude. 

Let ABD be the base of a cylinder whoBe altitude is 
H ; then will its volume be eqnal to the product of its 
base and altitude. 

For, inscribe within it a prism whoso 
base is a regular polygon. The volume 
of this prism is equal to the product 
of its base and altitude (B. VTI., P. 
XIV.), whatever may be the number of 
sides of its base. But, when the num- 
ber of ddes is infinite, the prism coin- 
cides with the cylinder, the base of the 
prism with the base of the cylinder, and 
the altitude of the prism is the same 
84 that of the cylinder : hence, the volume of the cylinde- 
ia equal to the product of its base and altitude ; which leae 
to be proved. 

Cor. 1. Cylinders are to each other as the products of 
their bases and altitudes ; cylinders having equal bases are 
to each other as their altitudes; cylindeis having equal alti- 
tades are to each other aa their bases. 
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Cfyr. 2. Sindlar cylinders are to eacb other as the cubes 
of their altitndei, or as the oabcs of the radii of their 
bases. 

For, the bases are as the squares of their radii (B. V^ 
P. Xm.), and the cylinders b«ng simihu-, these radii are to 
each other as thdr altitudes (D. 2) : hence, the basca are 
I the sqnares of the altitudes ; therefore, the bases multiplied 
by the altitudes, or the cylinders themselves, are as the 
cnbeB of the altitudes. - 



PROPOSITION m. TITEOEEM. 

Th» convex tur/ace of a cone is egual to the circufnferenct 
of its hose multiplied by half the slant height. 

Let S-ACD be a cone whose base is AC2>, and whose 
ilant height is 8A : then will its convex surftce be equd 
to the drcumference of its hose multiplied by half the slant 
height. 

For, inscribe within it a right pyramid. 
The convex surfece of this pyramid is 
eqail to the perimeter of its base mul- 
tiplied by half the shut height (B. VIL, 
P- IV.), whatever may be the number 
offfldes of its base. But when the num- 
ber of rides of the base is infinite, the 
wnvor suHace coincides with that of the 
oenc, the perimeter of the base of the pyramid coinddes with 
^ circumference of the base of the cone, and the slant height 
of tlia pyramid is equal to the slant height of the cone : 
heuce, the convex surface of the cone is equal to the dr- 
'Simference of its base multiplied by half the shut height } 
"^i-'A tpos to be proved. 
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Tfie convex aiti^ace of a fhittum of a cons is equal to 
half the mtm of the drcumferencea of its two basca 
multiplied by the slant height. 

Let JiIA-I> be a frnstnm of a cone, BIA. and EGH 
its tvo bases, and EB its slant height : then is its convex 
surface equal to half the som of the circmnferenccB of its 
two bases multiplied by its dant height. 

For, inscribe within it the frnstuni 
of a right pyramid. The convex sur- 
fiioe of this irnstom is equal to half 
the smn of the perimeters of iu bases, 
multiplied by the slant height (B. VIL, 
P. IV., C), Thaterer may be the 
number of its lateral faces. But when 
the number of these &ceB is infinite, 

the convex surface of the fhistum of the pyramid coinddes 
with that of the cone, the perimeters of its bases coincide 
with the circamferenoes of the bases of the frustum of the 
cone, and its slant height is equal to that of the cone : 
hence, the convex sm^e of the frustum of a cone is equal 
to half the sum of the <9rcumference8 of its bases multiplied 
by the slant height ; which was to be proved. 

Scholium, From the extremities A and X>, and from 
the middle point /^ of a line AD, let the lines AO, J)C, 
and l^, be drawn perpendicular to the axis 00: then will 
Iff" be equal to half the sum of AO and BO. For, 
draw Bd and li, perpendicular to ^ O : then, because Al 
is equal to ID, we shall have At equal to id (B. IV., P. 
XV.}, and consequently to Is ; ttiat, ia, AO exceeds UT 
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as much as UST exceeds DC: hence, IK is equal to the 
half sum of AO and DC. 

Now, if the line AD be revolved about 0(7, as an 
ftzis, it will generate the sur&ce of a frustum * of a cone 
whose slant height is AD ; the point / will generate a 
^cumference which is equal to half the sum of the circum- 
erences generated by A and D : hence, if a straight lin$ 
^e revolved about another straight line^ it toiU generate a 
sur/(zce whose measure is equal to the prodicct of the gene- 
rating line and the circumference generated by its middle 
point. 

This proposition holds true when the line AD meets 
0C7, and also when AD is parallel to OC. 

PEOPOSinON V. THEOEEM. 

The vclums of a cone is equal to its base multiplied by 

one4hird of its altitude. 

Let ABDE be the base of a cone whose vertex is ^8^ 
and whose altitude is So : then will its volume be equal to 
the base multiplied by one-third of the altitude. 

For, inscribe in the cone a right 
pyramid. The volume of this pyramid 
is equal to its base multiplied by one- 
third of its altitude (B. VH., P. XVH.), 
whatever may be the number of its 
lateral £tces. But, when the number 
of lateral faces is infinite, the pyramid 
coincides with the cone, the base of 
the pyramid coincides with that of the 
cone, and their altitudes are equal : hence, the volume of a 
oone is equal to the base multiplied by one-third of the 
altitude; which was to he proved. 
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Cor. 1. A cone is eqnal to one-third of a cylinder hay- 
ing an eqnal base and an equal altitude. 

Cor. 2. Cones are to each other as the products of 
their bases and altitudes. Cones having equal bases are to 
each other as their altitudes. Cones having equal altitudes 
are to each other as their bases. 



PROPOSITION VI. THEORE^r. 

The volume of a frustum of a cone is equal to the sum 
of the volumes of three coneSj having for a common 
altitude t/ie altitude of the frustumy and for bases the 
lower base of the frustum^ the upper base of the frus 
tum^ and a mean proportional between the bases. 

Let JilA be the lower base of a frustum of a cone, 
JSGD its upper base, and OC its altitude : then will its 
volume be equal to the sum of three cones whose common 
altitude is OCj and whose bases ar6 the lower base, the 
upper base, and a mean proportional between them. 

For, inscribe a frustum of a right 
pyramid in the given frustum. The 
volume of this frustum is equal to 
the sum of the volumes of three 
pyramids whose common altitude is 
that of the frustum, and whose bases 
re the lower base, the upper base, 
and a mean proportional between the 
two (B. Vn., P. XVm.), whatever 

may be the number of lateral faces. But when the numbei 

of faces is infinite, the frustum of the pyramid coincides 

with the frustum of the cone, its bases with the bases of 

the cone, the three pyramids become cones^ and their altitudes 
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are equal to that of the frustum ; hence, the yolume of the 
firustum of a cone is equal to th^ sum of the volumes of 
three cones whose common altitude is that of the frustum, 
and whose bases are the lower base of the frustum, the 
apper base of the frustum, and a mean proportional between 
them ; which was to be proved. 



PEOPOsmoN vn. theorem. 

Any section of a apJiere made by a plane^ is a cirde. 

Let C be the centre of a sphere, CA one of its 
radii, and AMB any section made by a plane : then will 
this section be a circle. 

For, draw a radius CO perpen- 
dicular to the cutting plane, and let 
It pierce the plane of the section at 
0. Draw radii of the si)here to any 
two points My M\ of the cui-ve which 
bounds the section, and join these 
points with : then, because the radii 
QMy CM' are equal, the points 

2f, M\ will be equally distant from (B. VI., P. V., C.) ; 
bence, the section is a circle ; which was to be proved. 

Cor, 1. When the cutting plane passes through the centre 
of the sphere, the radius of the section is equal to . that of 
the sphere ; when the cutting plane does not p«iss through 
the centre of the sphere, the radius of the section will be 
less than that of the sphere. 

A section whose plane passes through the centre of the 
sphere, is called a great circle of the sphere. A section 
whose plane does not pass through the cenUe ot \^^ %^^\^ 
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is called a small circle of the sphere. All great circles of 
the same, or of equal spheres, are equal 

Cor. 2. Any great circle divides the sphere, and also 
the surface of the sphere, into equal parts. For, the parts 
may be so placed as to coincide, otherwise there would be 
some points of the sur&ce unequally distant from the centre, 
which is impossible. 

Cor. 3. The centre of a sphere, and the centre' of any 
small circle of that sphere, are in a straight line perpen- 
dicular to the plane of the circle. 

Cor, 4. The square of the radius of any small circle is 
equal to the square of the radius of the sphere diminished 
by the square of the distance from the centre of the sphere 
to the plane of the circle (B. IV., P. XI., C. 1) : hence, 
circles which are equally distant from the centre, are equal ; 
and of two circles which are unequally distant from the 
centre, that one is the less whose plane is at the greater 
distance from the centre. 

Cor. 6. The circumference of a great circle may always 
be made to pass through any two points on the surface of 
a sphere. For, a plane can always be passed through these 
points and the centre of the sphere (B. VI., P. 11.), and its 
section will be a great circle. If the two points are the 
extremities of a diameter, an infinite number of planes can 
be j>assed through them and the centre of the sphere (B. VI., 
P. I., S.) ; in this case, an infinite number of great circles 
can be made to pass through the two points. 

« 

Cor. 6. The bases of a zone are the circumferences of 
drcles (D. 16), and the bases of a segment of a sphere are 
drcleB. 
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PBOPOSITIOK Vm. THEOREM. 

Any plane perpendicular to a radiut of a sphere at its outm 
extremity, is tangent to ike sphere at that point. 

Let C be' the centre of a sphere, CA any radius, anci 
J/lAG a plane perpendicular to CA at A: then trill tbe 
plane ^AG be tangent to the sphere at A, 

For, from any other point of the 
plane, as M, draw the line MO: 
then because CA b a perpendicular 
to the plane, and CM an oblique 
Ibe, CM will be greater than CA 
(B. Vt, P. V.) : hence, the point M 
Ilea without the sphere. The plane 
FAG, thereibre, touches the sphere 

rt A, and consequently ia tangent to it at that point , 
tehich was to be proved. 

Scholium. It may be shown, by a course of reasoning 
analogous to that employed in Book III., Propositions XL, 
XIL, Xm., and XIV., that two spheres may have any one 
of six positions with respect to each other, viz. : 

1°, When the distance between their centres ia greater than 
the sum of their radii, they are aetemai, one to the other : 

2°. When tbe distance ia equal to the sum of their 
ndii, they are tangent, externally : 

3°. When this distance ia lesa than the sura, and greater 
tlian the difference of their radii, they intersect each other : 

4°. AVhen this distance ia equal to the difference of their 
nflii, l/tey are tangent internally : 

6*. When this distance is less than the difference of their 
frfii, one is wholly within the other : 

t'. When this distance ia equal to lero, thc^ Ka'M a 
o^man entire, or, are coneentric 
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DBFINmONS. 

1^. If a semi-circumference be divided into equal arcs, the 
chords of these arcs form'^hd^ of the perimeter of a regular 
inscribed polygon ; this haSP perimeter is called a regular 
semi-perimeter. The figure bounded by the regular semi- 
perimeter and the diameter of the semi-circumference is called 
a regular semi-polygon. The diameter itself is called the 
axis of the semi-polygon. 

2**. If lines be drawn from the extremi- 
ties of any side, and perpendicular to the 
axis, the intercepted portion of the axis is 
called the projection of that side. 

The broken line ABCDOP is a regu- 
lar semi-perimeter ; the figure bounded by 
it and the diameter AP^ is a regular 
serai-polygon, AP is its axis, UK is the 
projection of the side BC^ and the axis, 
AP^ is the projection of the entire semi-perimeter. 

* - 

PROPOSITION IX. LE3IMA. 

If a regular semi-polygon he revolved about its axis, the 

surface generated by the semi-perimeter toiU be equal to 

t/ie axis multiplied by the circumference of the inscribed 
circle. 

Let ABCDEF be a regular semi-polygon, AF its axis, 
and ON its apothem : then will the surface generated by 
the regular semi-perimeter be equal to AF x drc, ON", 

From the extremities of any side, as DE, draw DI 
and EH perpendicular to AF \ draw also NM perpen- 
dicular to AF, and EK perpendicular to DI. Now, the 
Bnr&ce generated by ED is equal to DE x drc. NM 
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(P. TV^ S.). But, because the trianglies EDK and ONM 
are similar (B. IV., P. XXL), we have, 

VJE : EK or in : I ON : NM : : circ.ON : circNM; 

wlxence, 

DB X circ. NM ^ JJET x circON ; 

tbat is, the snr&ce generated by any side 
IB equal to the projection of that side 
multiplied by the circumference of the in- 
scribed circle : hence, the sur£ice gene- 
rated by the entire semi-perimeter is equal 
to tbe sum of the projections of its sides, 
w the axis, multiplied by the circumfer- 
ence of the inscribed circle ; which was to be proved. 

Cor. The surface generated by any portion of the perim- 
eter, as CDE^ is equal to its projection PJ3^ multiplied 
by the circumference of the inscribed circle. 




PEOPOSinON X. THEOBEM. 

The surface of a sphere is equal to its diameter multiplied 
by the circumference of a great circle. 

Let ABODE be a semi-circumference, 
its centre, and AE its diameter: tjhen 
win the surface of the sphere generated 
by revolving the semi-circumference about 
AM^ be equal to AE x circ. OE. 

For, the semi-circumference may be re- 

S^rded as a regular semi-perimeter with an 

infinite number of sides, whose axis is AE^ 

wd the radius of whose inscribed circle 

*^ OE : hence (P. IX.), the surfiice generated by it is equal 

^ AE X eirc OE; which was to be ^yroved. 

16 
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Cor. 1. The circumference of a great circle is eqnal to 
2itOJE (B. v., P. XVI.) : hence, the area of the Burfeoe 
of the sphere is equal to 2 0J^ X 2ntO^ or to ^itOE^ 
that is, t?ie area of the surface of a sphere is equal to four 
great circles. 

Cor. 2. The surfece generated by any 
arc of the semicircle, as -BC, will be a 
zone, whose altitude is equal to the pro- 
jection of that arc on the diameter. But, 
the arc JBC ia sl portion of a semi- 
perimeter having an infinite number of 
sides, and the radius of whose inscribed 
circle is equal to that of the sphere : 
hence (P. IX., C), the sur&ce of a zone 
is equal to its altitude multiplied by the circumference of a 
great circle of the sphere. 

Cor. 3. Zones, on the same sphere, or on equal spheres, 
are to each other as their altitudes. 



PROPOSITION XI. LEMJilA. 

J^ a triangle and a rectangle having the same base and 
equal altitudes^ be revolved about the common base^ the 
volume generated by the triangle toiU be one-third of that 
generated by the rectangle. 

Let ABC be a triangle, and EFBC a rectangle, having 
the same base BC^ and an equal altitude AD^ and let 
tlieyn both be revolved about BC\ then will the volume 
generated by ABC be one-third of that generated by 
EFBC. 

For, the cone generated by the right-angled triangle 
ADB, is equal to one-third of the cylinder generated by 
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the rectangle ADBF (P. V., C. 1), and the cone generated 
by the triangle ADC, is equal to one-third of the cylinder 
generated by the rectangle ADCE, 

When AD falls within the triangle, the 
ram of the cones generated by ADB and 
ADO, is eqnal to the volume generated by 
tlie triangle ABO] and the sura of the 
cylinders generated by ADBF^xiH ADCE, 
is equal to the volume generated by the 
rectangle EFBC. 

When AD falls without the triangle, the difference of the cones 
generated by ADB and ADC, is equal to the volume generated by 
ABG\ and the difference of the cylinders 
generated by ADBF and ADCE, is equal 
to the volume generated by EFBCi hence, 
in either case, the volume generated by 
the triangle ABC, is equal to one-third of 
the volume generated by the rectangle 
EFBC; which was to be proved. 

Cor. The volume of the cylinder generated by EFBC, is 
equal to the product of its base and altitude, or to ir AD^ X BC: 
hence, the volume generated by the triangle ABC, is equal to 
itjff xBC. 




PROPOSITION XII. LEMMA. 

If an isosceles triangle be revolved about a straight line 
passing through its vertex, the volume generated will be 
*iQual to the surface generated by the base multiplied by 
one-third of the altitude. 

Let CAB be an isosceles triangle, C its vertex, AB its 
iase, CI its altitude, and let it be revolved about the line 6T, 
as an axis: then will the volume generated be equal to sw^f 
ABx ^ 01. There may be three cases : 
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1*". Suppose the base, when produced, to meet the axis at 
D\ draw AM, IK, and BN, 
perjiendicular to CD, and BO 
parallel to DO. Now, the 
volume generated by OAB is 
equal to the diflference of the 
volumes generated by OAD and 
OBD\ hence (P. XL, C), 

vol. OAB:=zintAM^x CD^i'icBN^x OD=\ie{AlP-'BN^)xCD. 

But, AM^ - BiP is equal to {AM + BN) {AM - BN), 
(B. IV., P. X.) ; and because AM + BN is equal to ^IK 
(P. IV., S.), and AM - BN to A 0, we have, 

vol OAB ^intlKx AOX OD. 
But, the right-angled triangles AOB and ODI are similar 
(B. IV., P. XVIII.; hence, 

AO I AB i: 01 : OD; or, AO X OD = AB X 01. 

Substituting, and changing the order of the factors, we have, 

vol. OAB = AB X2^ IKx yOI. 

But, AB X 2 «* IIT = the surface generated by AB ; hence, 

vol OAB = surf. AB X i 01. 

2^. Suppose the axis to coincide with one of the equal sides. 

Draw CT perpendicular to AB and AM, ^ 

and IjK perpendicular to OB. Then, 

vol OAB = i * AM^ xOB^^ne AMx 

AM X OB. 

But, since A MB and OiK are similar, ^ — jvt 

AM : AB : : 01 : OB; whence AM X OB = AB X 01 

Also, AM = 2 IK; hence, by substitution, we have, 

pol CAB = ^jB X « * IJK: X \ CI = 8urf. AB X t OL 




JR 
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3^. Suppose the base to "be parallel to the axis. 

Draw AM and BN perpendicular to the axis. The 
Tolume generated by GAB^ is equal ^ 
to the cylinder generated by the rectan- 
gle ABNMy diminished by the sum of 
the cones generated by the triangles 
CAM and BCN; hence. 




vol CAB = ^Cr X AB -^ne Cr X Al-^^^ne or X IB. 

But the sum of AI and IB is equal to ABi hence, we 
have, by reducing, and changing the order of the factors, 

vol CAB = AB X2^ ClXiOI. 

But AB X 2 * CT is equal to the surface generated by AB ; 
consequently, 

vol CAB = surf. AB X i CI; 

hence, in all cases, the volume generated by CAB is equal 
to surf. AB X i CI; wJiich was to le proved. 

V 

PROPOSITION XIII. LKMMA. 

If a regular semi-polygon be revolved about its axis, the volume 
. generated will be equal to the surface generated by the semi- 
perimeter multiplied by one-third of the apothem. 

Let FBDQ be a regular semi-poly- 
gon, FO its axis, 01 its apothem, and 
let the semi-polygon be revolved about 
I'(jr : then will the volume generated 
be equal to mrf. FDB O x \0I. 

For, draw lines from the vertices to 

the centre 0. These lines will divide 

the semi-polygon into isosceles triangles 

whose bases are sides o{ the semi-polygon, 

mid whose altitudes are equal to OX. 
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Now, the sum of the volumes generated by these triaih 
glcs is equal to the volume generated by the semi-polygon. 
But, the volume generated by any triangle, as OAB^ is 
equal to turf. AB x \ 01 (P. XU.) : hence, the volume 
generated by the semi-polygon is equal to turf. FBDG x \ 01; 
chich toot to be proved. 

Cor. The volume generated by a portion of the semi 
polygon, OABCy limited by radii OC, OA^ is equal to 
mirfABC x \0L 



PEOPOSmON XIV. THEORE^L 



The volume of a sphere is equal to its surface multiplied 

by one-third of its radius. 

Let ACE be a semicircle, AE its 
diameter, its centre, and let tlie semi- 
circle be revolved about AEi then will 
the volume generated be equal to the 
surface generated by the semi-circumfer- 
ence multiplied by one-third of the radius 
OA. 

For, the semicircle may be regarded 
as a regular semi-polygon having an infi- 
nite number of sides, whose semi-perimeter 
coincides ^dth the semi-circumference, and whose apothem is 
equal to the radius: hence (P. XIII.), the volume gene- 
rated by the semicircle is equal to the suiface generated by 
the semi-circumference multiplied by one-third of the radius ; 
which was to be proved. 

Cor. 1. Any portion of the semicircle, as OBC^ bounded 
by two radii, will generate a volume equal to the surface 
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generated hj the arc JBG multiplied by one-third of the 
radios (P. XIIL, C). But this portion of the semicircle is 
a circular sector, the volume which it generates is a spheri- 
cal sector, and the surface generated by the arc is a zone : 
bonce, the volume of a spJierical sector is equal to the zone 
which forms its base multiplied by one-third of the raditis 

Cor. 2. If we denote the volume of a sphere by V\ 
and its radios by i?, the area of the surface will be equal 
to 4^Ii^ (F. X., C. 1), and the volume of the sphere will be 
equal to 4^Ii^ x ^H; consequently, we have, 

Again, if we denote the diameter of the sphere by 2>, we 
shall have H equal to ^j9, and IP equal to }I>\ and 
consequently, 

hence, the volumes of spheres are to each other as the cubes 
of their radiij or as the cubes of their diameters. 

' Scholium. If the figure EBDF, formed 

by drawing lines from the extremities of the ^^-^ 

arc BD perpendicular to CA^ be revolved y^r 

about CAy as an axis, it will generate a seg- ^/ \ 
ment of a sphere whose volume may be found /^^^-^TnT 

by adding to the spherical sector generated by L ^^^ 

CD By the cone generated by CBEy and sub- I ^,,---'" 

iracting from their sum the cone generated jy- 

by CDF. If the arc BD is so taken that the 
points E and F fall on opposite sides of the centre Cy the 
latter cone must be added, instead of subtracted: zone BD 
= 2^ CD X EF; hence, 

segment EBDF=: ^ * (2 W^ X EF^ BE^ X GE^dT xO¥^. 
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PROPOSITION XV. THEOREM 

The surface of a sphere is to the entire surface of the 
circumscribed cylinder^ including its basesj as 2 is to S : 
and the volumes are to each other in the same ratio. 

Let PMQ be a semicircle, and PADQ a rectangle, 
whose sides PA and QD are tangent to the semicircle at 
P and Q, and whose side AD^ is tangent to the semi- 
circle at -K If the semicircle and the rectangle be revolved 
about PQy as an axis, the former will generate a sphere, 
and the latter a circumscribed cylinder. 

1°. The surfiice of the sphere is to the entire surface of 
the cylinder, as 2 is to 3. 

For, the surface of the sphere is 
equal to four great circles (P. X., C. 1), 
the convex sur&ce of the cylinder is 
equal to the circumference of its base 
multiplied by its altitude (P. I.) ; 
that is, it is equal to the circumfer- 
ence of a great circle multiplied by 
its diameter, or to four great circles 
(B. v., P. XV.) ; adding to this the 

two bases, each of which is equal to a great circle, we have 
the^ entire surface of the cylinder equal to six great circles : 
hence, the surface of the sphere is to the entire surface of 
he circumscribed cylinder, as 4 is to 6, or as 2 is to 3 ; 
which was to he proved, 

2°. The volume of the sphere is to the volume of the 
cylinder as 2 is to 3. 

' For, the volume of the sphere is equal to ^ *kR^ (P. XIV., 
C. 2) ; the volume of the cylinder is equal to its base 

Itiplied by its altitude (P. H.") \ iSaaX. Ss^ \\. ^ ^c^jial to 




BOOK VIII. 233 

rip X 2jB, or to f itH^ : hence, the volume of the sphere 
is to that of the cylinder as 4 is to 6, or as 2 is to 3 ; 
which was to he proved. 

Cor. The surface of a sphere is to the entire sur&ce of 
a drcmnscribed cylinder, as the volome of the sphere is to 
volume of the cylinder. 

Scholium. Any polyedron which is circumscribed about a 
sphere, that is, whose faces are all tangent to the sphere, 
may be regarded as made up of pyramids, whose bases are 
the faces of the polyedron, whose common vertex is at the 
centre of the sphere, and each of whose altitudes is equal 
to the radius of the sphere. But, the volume of any one 
of these pyramids is ec^ual to its base multiplied by one- 
third of its altitude : hence, the volume of a circumscribed 
polyedron is equal to its surface multiplied by one-third of 
the radius of the inscribed sphere. 

Now, because the volume of the sphere is also equal to 
its surface multiplied by one-third of its radius, it follows 
that the volume of a sphere is to the volume of any cir- 
cumscribed polyedron, as the surface of the sphere is to the 
Bor&ce of the polyedron. 

Polyedrons circumscribed about the same, or about equal 
spheres, are proportional to their surfaces. 



GENERAL FORMULAS. 

If we denote the convex surface of a cylinder by /S, its 
volume by Fi the radius of its base by i2, and its alti* 
tude by J7, we have (P. L, 11.), 

8 = 2ifR X n (1.) 

V= *IPxH V»^ 



I 



281 GEOMETRY. 

If we denote the convex surface of a cone by 8, ita 
volume by FJ the radius of its base by jB, its altitude by JB^ 
and its slant height by iT, we have (P. III., V.), 

S z=z ^HxJT (3.) 

F=l*iPxiJT (4.) 

If we denote the convex surface of a frustum of a cone 
by Sy its volume by F", the radius of its lower base by JB> 
the radius of its upper base by Ii\ its altitude by ITj and its 
slant height by IT, we have (P. IV., VI.), 

/S = «'(^ + ^') xiT (6.) 

F= J«^(iP + iJ" + iJxiJ') X JET. . . (6.) 

If we denote the surface of a sphere by Sj .its volume 
by Vj its radius by JB, and its diameter by 2>, we have 
(P. X., C. 1, XIV., C. 2, XIV., C. 1), 

S = 4ci22 (7.) 

F = i*i23 = |*i>' (8) 

• 
If we denote the radius of a sphere by JB, the area of 
any zone of the sphere by 5, its altitude by JCT, and the 
.volume of the corresponding spherical sector by F, we 
shaU have (P. X., C. 2), 

S = 2irli X JCr .......... (9.) 

F= iirlPx IT (10.) 

Ii we denote the volume of the corresponding spherical 
segment by F, its altitude by ff, the radius of its upper base 
by J?', the radius of its lower base by JB", the distance of 
its upper base from the centre by ff', and of its lower base 
from the centre by H", we shall have (P. XIV., S.) : 

F=^r(3i?X fi+ JJ'*H'i^K'*XH">i • • <,1M 
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SPHEBIOAL GEO MET BY, 
DEFINITIONS. 

1. A Sphebical Angle is an angle included between the 
arcs of two great circles of a sphere meeting at a point. The 
arcs are called sides of the angle^ and their point of 
intersection is called the vertex of the angle. 

The measure of a spherical angle is the same as that of 
the diedral angle included between the planes of its sides. 
Spherical angles may be acutey rigJU, or obtuse. 

2. A Sphebical Polygon is a portion of the surface of 
a sphere bounded by three or more arcs of great circles. 
The bounding arcs are called sides of the polygon, and the 
points in which the sides meet, are called vertices of the 
polygon. Each side is supposed to be less than a semi-cir- 
cumference. 

Spherical polygons are classified in the same manner as 
plane polygons. 

3. A Sphebical Tbiangle is a spherical polygon of three 
sides. 

Spherical triangles are classified in the same manner as 
plane triangles. 

4. A LiTNE is a portion of the surface of a sphere bounded 
ky two semi-circumferences of great circles. 

6. A Sphebical Wedge is a portion of a sphere bounded 
^y a lune and two semicircles^ which intersect in a diameter 
^ the sphere. 
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6. A Spherical Pybahid is a portion of a sphere 
bounded by a spherical polygon and sectors of circles whose 
oominon centre is the centre of the sphere. 

The spherical polygon is called the base of the pyramid, 
and the centre of the sphere is called the vertex of the 
pyramid, 

7. A PoLB OF A CiBCLB is a point on the surface of 
the sphere, equally distant from all the points of the cir 
cumference of the circle. 

8. A Diagonal of a spherical polygon is an arc of a 
great circle joining the vertices of any two angles which are 
not consecutive. 



PROPOSITION L TTIEORE^I. 

Any aide of a spherical triangle is less than the sum of 

the other two. 

Let ABC be a spherical triangle situated on a sphere 
whose centre is : then will any side, as AJB^ be less 
than the sum of the sides AO and BG. 

For, draw the radii OA^ OB^ and 
00 1 these radii form the edges of a 
triedral angle whose vertex is 0, and 
the plane angles included between them 
are measured by the arps AB^ ACj 
and BG (B. m., P. XVH., Sch.). 
But any plane angle, as AOBj is less 
than the sum of the plane angles AOG 
and BOG (B. VI., P. XIX.) : hence, 

the arc AB is less than the sum of the arcs AO ani 
'"'^; tffAich teas to be proved. 
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Cor, 1. Any ride AB^ of a spherical polygon ABCDE^ 
18 less than the sum of all the other sides. 

For, draw the diagonals AC and AD^ dividing the 
polygon into triangles. The arc AB is less than the sum 
of AC and J?(7, the arc AC is 
less than the sum of AD and 2>(7, 
aod the aro AD is less than the 
sum of DE and EA ; hence, AB 
is less than the sum of BC^ CD^ 
DE, and EA. 

Cor, 2. The arc of a small circle, on the surface of a 
sphere, is greater than the arc of a great circle joining its 
two extremities. 

For, divide the arc of the small circle into equal parts, 
and through the two extremities of each part, suppose the 
arc of a great circle to be drawn. The sum of these arcs, 
whatever may be their number, will be greater than the arc 
of the great circle joining the given points (0. 1). But when 
this number is infinite, each arc of the great circle will coin- 
cide with the corresponding arc of the small circle, and 
their sum is equal to the entire arc of the small circle, which 
is, consequently, greater than the arc of the great ciicle. 

Cor, 3. The shortest distance from one point to another 
on the surface of a sphere, is measured on the arc of a 
great, circle joining them. 

PROPOSITION n. THEOREM. 

The eum of the aides of a spherical polygon is less than 

the circumference of a great circle. 

Let AJBCDE be a spherical polygon rituated on a 
spbere whose centre is : then will the sum of its rides 
be lea than the circamference of a great c^d^« 
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For, draw tho radii OA, OB, OC, OD, and OE: 
these radii form tho edges of a polyedral angle Whose vertex 
is at Of and the angles included between 
them are meoanred by the arcs AB, BC, 
CJ>, J}Ey and EA. Bat the 8am of 
these angles is less than four right angles 
(B. VT., P. XX.) : hence, the sum of the 
arcs which measure them is less than the 
<»rcnmfereDce of a great inrcle ; u/ticA too* 
(0 h« proved. 




PKOPOSinON UL 



J^ a diameter of a sphere he ^awn perpendicular to the 
plane of any circle of the epkere, its extremities loiU be 
poles of that circle. 

Let be the centre of a sphere, FN'O «aj drcle of 
the sphere, and BE a diameter of the sphere perpendicular 
to the plane of E2fO : then will the eztremities B and E, 
be poles of the circle FNO-. 

The diameter BE, being 
perpcndicnlar to the plane of 
FNO, must pass through 
the centre (B. VIII,, 
P. Vn, C. 3). If arcs of 
groat circles BN^ BE, BG, 
&c., be drawn from B to 
different points of the dr- 
oumference EN^Gj and chords 
of these arcs be drawn, these 
chords will be equal (B. VI., 

P. v.), consequently, tlie arcs themselves will be eqnaL But 
tbesa aroa ore th« shortest ^ea tihsX cbil ^ draim from the 
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point 2>, to the different points of the circumference (P. L, 
0. 2) : hence, the point D^ is equally distant from all the 
points of the circumference, and consequently is a pole of 
the circle (D. 7), In like manner, it may be shown that 
the point E is also a pole of the circle : hence, both D^ 
and E^ are poles of the circle FNG ; which was to be 
proved. 

Cor. 1, Let AMB be a great circle perpendicular to 
DE\ then will the angles DCM^ ECM, &c., be right 
angles ; and consequently, the arcs DM^ EM^ &c., will 
each be equal to a quadrant (B. HI., P. XVII., S.) : hence, 
the two poles of a great circle are at equal distances from 
the circumference. 

Cot. 2. The two poles of a small circle are at unequal 
distances from the circumference, the sum of the distances 
being equal to a semi-circumference. 

Cor. 3. If any point, as Jf, in the circumference of a great 
circle, be joined with either pole, by the arc of a great circle, 
such arc will be perpendicular to the circumference AMB, since 
its plane passes through CD, which is perpendicular to AMB. 
Conversely: if MUhe perpendicular to the arc AMB, it will pass 
through the poles D and B: for, the plane of MN being per- 
pendicular to AMB and passing through C, will contain CD, 
which is perpendicular to the plane AMB (B. VL, P. XVIIL). 

Cor. 4. If the distance of a point D, from each of the points 
A and M, in the circumference of a great circle, is equal to a 
quadrant, the point D, is the pole of the arc AM. 

For, let C be the centre of the sphere, and draw the 
radii CD, CA, CM. Since the p .gles A CD, MCD, are 
right angles, the line CD is perpendicular to the two 
straight lines CA, CM: it is, tl jrefore, perpendicular to U\q.\l 
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plane (B. VI., P. IV.) : hence, the point D, la the pole of 
the arc AM, 

Scholium. The properties of these poles enable us to 
deecribe arcs of a circle on the surface of a sphere, with 
the same facility as on a plane surface. For, by turning 
the arc DF about the point 2>, the extremity F will 
describe the small circle FNG ; and by turning the quad* 
rant DFA round the point 1>, its • extremity A will 
describe an arc of a great circle. 



PROPOSITION IV. THEOREM. 

T?ie ' angle formed by two arcs of great cirdesj is equal to 
that f(yrmed by the tangents to these arcs at their point 
of intersection^ and is measured by the arc of a great 
circle . described from the vertex as a pole^ and limited 
by the sides^ produced if necessary. 

Let the angle BAC be formed by the two arcs AB^ 
AC I then is it equal to the angle FAG formed by the 
tangents AF^ AOj and is measured by the arc BF of 
a great circle, described about JL as a pole. 

For, the tangent AFj drawn in the 
plane of the arc AB, is perpendicular 
to the radius A ; and the tangent 
AGi drawn in the plane of the arc 
AC^ is perpendicular to the same radius 
A : hence, the angle FA G is equal 
to the angle contained by the planes 
ABBJI, A CFJT (B. VI., D. 4) ; which 
is that of the arcs ABj AC. Now, if. 
the arcs AB and AF auQ both quad- 
roDta, the lines 02>, OE^ wc^ ^t^ndicular to OA^ and 
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the anglo DOE is eqnal to the angle of the planes ABDH^ 
' ACER: hence, the arc DE is the measure of the an^le 
contained \)j these planes, or of the angle CAB ; which 
wu to be proved. 

Cor. 1. The angles of spherical triangles may be com 
pared by means of the arcs of great circles described from 
their vertices as poles, and included between their sides. 

A spherical angle can always be constructed equal to a 
given spherical angle. 

Cot. 2. Vertical angles, such as 
A.CO and BCN are equal; for 
either of them is the angle formed 
by the two planes ACB^ OGNl 
When two arcs ACB, OCIT, in- 
tersect, the sum of two adjacent 
ttgles, as ACO^ OCB^ is equal 
to two right angles. 







PROPOSITION V. THEOREM. 



V from the vertices of the angles of a sphericcU triangle^ 
08 polesj arQ8 be described forming a spherical trianghi 
the vertices of the angles of this second triangle toiU be 
respectively/ poles of the sides of the first. 

Prom the vertices 4, B^ C, 
M poles, let the arcs EF^ FD^ 
•ED, be described, forming the 
trbngle DFEx then will the 
vertices wD, JEJ and jFJ be 
WBpectively poles of the sides 
-Be, AC, AB. 

For, the point A being 

16 
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the pole of the arc EF^ the distance AE^ is a quadrant; 
the point C being the pole of the arc DE^ the distance 
(72^ is likewise a quadrant : hence, the point J? is at a 
quadrant's distance from the points A and (7: hence, it is 
the pole of the 9io AG (P. lEL, C. 4). It may be sliown, 
in like manner, that D is the pole of the arc 2?C, and 
F that of the arc AB ; which toas to be proved. 

Scholium, The triangle ABC^ may be described by 
means of DEF^ as DEF is described by means of ABC. 
Triangles thus related are called polar iriangleSj or supple- 
mental triangles. 



PROPOSITION VI. THEORE^L 

Ant/ anglcy in one of two polar triangles^ is measured fty a 
semp-circum/erence^ minus the side lying opposite to it in 
the other triangle. 

Let ABC^ and EFD^ be any two polar triangles: 
then wiU any angle in either triangle be measured by a 
semi-circumference, minus the side lying opposite to it in the 
other triangle. 

For, produce the sides AB^ 
ACy if necessary, till they 
meet EF^ in G^ and iZ; the 
point A being the pole of 
the arc GH^ the angle A is 
measured by that arc (P. IV.). 
But, since E is the pole of 
AH^ the arc EH is a quad- 
rant ; and since F is the 

pole of AG^ FG is a quadrant: hence, the sum of thp 
MH" and QF^ is equ^ to ^ ^mvm<saTn£erence. But, 
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the snm of the arcs EH and GF^ is equal to the gum 
of the arcs EF and GH \ hence, the arc GH, which 
measures the angle -4, is equal to a semi-circumference, 
minus the arc EF. In like manner, it may be shown, that 
any other angle, in either triangle, is measured by a semi- 
circumference, minus the side lying opposite to it in the 
Other triangle ; which was to be proved. 



y*^ 
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Scholium. Besides the triangle DBF^ 
three others may be formed by the inter- 
section of the arcs DF, EF, DF. But 
the proposition is applicable only to the 
central triangle^ which is distinguished 
from the other three by the circumstance, 
that the two vertices, A and B, lie on the 
same side of BC\ the two vertices, B 
and Ey on the same side ^i AC\ and 
the two vertices, C and Fy on the same side of AB. 



PROPOSITION Vn. THEOREM. 

If from the vertices of any two angles of a spherical tri- 
angle^ as poleSy arcs of circles be described passing 
through the vertex of the third angle ; and if from the 
second point in which these arcs intersect^ arcs of great 
circles be drawn to the vertices^ used as poles^ the parts 
of the triangle thus formed wiU be equal to those of the 
given triangle^ each to each. 

Let ABG be a spherical triangle situated on a sphere 
whose centre is 0, CED and GFD arcs of circles 
deacribed about B and A as poles, and let DA and 
"DB he aroB of great circles : then vnSl \Xi^ ^«c\a q^ ^^ 
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triangle ABD be equal to those of the given triangle 
AJJCy each to each. 

For, by constraction, the side AD 
is equal to ACj the side DJ3 is 
equal to J3Cj and the side AD is 
common : hence, the sides are equal, 
each to each. Draw the radii OA^ 
OB, OC, and OB. The radii OA, 
OB, and 0(7, will form the edges 
of a triedral angle whose vertex is 
; and the radii OA, OB, and 
edges of a second triedral angle whose vertex is also at O ; 
and the plane angles formed by these edges will be equal, 
each to each : hence, the planes of the equal angles are 
equally inclined to each other (B. VL, P. XXI.). But, the 
angles made by these planes are equal to the corresponding 
spherical angles; consequently, the. angle BAB is equal to 
BAC, the angle ABB to ABC, and the angle ADB 
to ACB: hence, the parts of the triangle ABB are equal 
to the parts of the triangle A CB, each to each ; which 
was to be proved. 



• 

OB, will form the 



Scholium 1. The triangles ABO and ABB, are not, 
in general, capable of superposition, but their parts are 
symmetrically disposed with respect \^ AB. Triangles which 
have all the parts of the one equal to all the parts of the 
$ihery each to eacJi, but not capable of superposition, are 
called, symmetrical triangles. 

Scholium % If symmetrical triangles are isosceles, they 
ean be so placed as to coincide throughout: hence, they are 
9qual in area. 
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PROPOSITION VnL THEOREM. 

jy tiffo spherical triangles^ on the eame^ or on equal spheres^ 
have two aides and the included angle of the one equal 
to two sides and the included angle of the other^ each 
to each^ the remaining parts are equals each to each. 

Let the spherical triangles ABC and EFOy have the 
ride jEF equal to AB^ the side EO equal to AC^ and 
the angle FEO equal to BAC : then will the side FO be 
equal to BC^ the angle EFO to ABC^ and the angle 
EOF to ACB. 

For, the triangle EFG may 
be placed upon ABC^ or upon 
Its symmetrical triangle AD By so 
as to coincide \vith it throughout, 
as may be shown by the same ])/ / \^ q, 
conrse of reasoning as that em- 
ployed in Book L, Proposition V. : 
hence, the side FQ is equal to 

J?C; the angle EFG to ABC^ and the angle EOF to 
A CB ; which was to be proved. 





PROPOSITION IX THEOREM. 

Tf two spherical triangles on the samcy or on equal spheres^ 
have two angles and the included side of the one eqiud 
to two angles and the included side of the otlier^ each 
to each^ the remaining parts will be equals each to each 

Let the spherical triangles ABC and EFG, have the 
angle FEO equal to BAC^ the angle EFG equal to 
ABC, and the dde EF equal to AB\ XXi^xv ^^r^ *Oca 
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dde HQ be equal to AC^ the mde FQ to ^(7, and 
the angle FGE to BCA. 

For, the triangle EFO may 
be placed upon ABC^ or upon 
its symmetncal triangle ADB^ bo 
« to coincide with it throughout, 
as may be shown by the same D(^ / )q O^ 
course of reasoning as that em- 
ployed in Book L, Proposition 
VL : hence, the side EO is equal 

to ^(7, the side FG to BC^ and the angle FGE to 
BCA \ which was to be proved, 

PROPOSITION X. THEOREM. 

J^ two spherical triangles on the same^ or on eqital spheres^ 
?iave their sides eqiialy each to eachy their angles will be 
eqiuzlj each to each^ the equal angles lying opposite the 
equal sides. 

Let the spherical triangles EFG and ABC have the 
side EF equal to AB^ the side EG equal to ACy and 
the side FG equal to BC: then will the angle FEG be 
equal to BAC^ the angle EFG to ABCy and the angle 
EGF to ACBy and the equal angles will lie opposite the 
equal sides. 

For, it may be shown by the 
same course of reasoning as- that 
employed in B. I., P. X., that the 
triangle EFG is equal in all 
respects, either to the triangle \ / y^ ^' 

ABC^ or to its synimotrical tri- 
angle ABD : hence, the angle 
FEGf opposite to the side FG^ is equal to the angle BAO^ 
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0|q>osite to BC i the angle EFG^ opposite to EG^^ is equal 
to the angle ABC^ opposite to AC \ and the angle EGF^ 
opposite to EF^ is equal to the angle ACBy opposite to 
^B ; which toas to be proved. 



PROPOSITION XL THEOBEM. 



^ 

X 




Tn any isosceles spherical triangle^ the angles opposite the 
equal sides are equal ; and conversely^ if two angles of 
a spherical triangle are equal, the triangle is isosceles. 

V. Let ABC be a spherical triangle, having the side 
AB equal to AC: then will the angle C be equal to 
the angle B. 

For, draw the arc of a great circle 
from the vertex A, to the middle point 
2>, of the base BC: then in the two 
triangles ABB and ADC, we shall have 
the side AB equal to AC, by hypothe- 
sis, the side BD equal to DC, by con- 
struction, and the side AD common ; 
consequently, the triangles have their angles equal, each to 
each (P. X.) : hence, the angle C is equal to the angle 
B ; which was to be proved. 

2°. Let ABC be a spherical triangle having the angle 
C equal to the angle B : then will the side AB be 
equal to the side AC, and consequently the triangle will 
be isosceles. 

Fer, suppose that AB and A C are not equal, but that 
one of them, as AB, is the greater. On AB lay off the 
arc BO equal to AC, and draw the arc of a great circle 
from to C '. then in the triangles ACB and OBC^ 
we shall have the side AC equal to OB, \>^ e«iTiV\xvxa>C\^\^ 
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the cdde JBC common, and the bduded angle ACB equal 
to the included angle OBC^ by hypothesLi « hence, the 
remainmg parts of the triangles are equal, 
each to each, and consequently, the angle 
OCB is equal to the angle ABC. But, 
the angle ACB is equal to ABC^ by 
hypothesis, and therefore, the angle OCB 
is equal to ACB^ or a part is equal to 
the whole, which is impossible : hence, the 
sapposition that AB and AC are un- 
equal, is absurd ; they are therefore equal, and consequently, 
the tnangle ABC is isosceles ; ijohich was to be proved. 

Cor. The triangles ABB and ABCj having all of 
their parts equal, each to each, the angle ABB is equal 
to AB (7, and the angle BAB is equal to BA C ; that 
iBf if an arc of a great circle he drawn, from the vertex 
of an isosceles spherical triangle to the middle of its base^ 
it will be perpendicular to the bascj and wiU bisect the verti- 
cal angle of the triangle. 



PROPOSITION Xn. THEOREM. 

In any spherical triangle^ the greater side is opposite the 
greater angle ; and conversely^ t/ie greater angle is oppo- 
site the greater side. 

1°, Let ABC be a spherical triangle, in which the angle 
A IS greater than the angle B : then will the side B 
be greater than the side AC. 
For, draw the arc ABy 
making the angle BAB equal 
to ABB: then will AB be 
equal to BB (P. XL). But, 
sum of AD and BG ia 
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greater than AC (P. I.) ; or, patting for AD its equal 
J52>, we hare the sum of BD and -D(7, or BC^ greater 
than AC\ which was to be proved. 

2°. In the triangle ABCy let the side BC he greater 
than AG: then will the angle A be greater than the 
angle B. 

For, if the angles A and B were equal, the sides BC 
and AG would be equal ; or if the angle A was less 
than the angle J3, the side BG would be less than AC^ 
either of which conclusions is contrary to the hypothesis: honoe^ 
the angle A is greater than the angle B ; which was to be proved. 

PBOPOSmciT xni. theorem. 

jy two triangles on the same^ or on equal spheres^ are 
mutually equiangular^ tJiey are also mutually equilateral. 

Let the spherical triangles A and J?, be mutually equi- 
angular : then will they also be mutually equilateral. 

For, let P be the polar triangle of A^ 
and Q the polar triangle of B : then, be- 
cause the triangles A and B are mutually 
equiangular, their polar triangles P and Q^ 
must be mutually equilateral (P. VL), and con- 
sequently mutually equiangular (P. X.). But, 
the triangles P and Q beiug mutually equi- 
angular, their polar triangles A and J5, are 
mutually equilateral (P. VI.) ; which was to be proved. 

Scholium. This proposition does not hold good for plane 
triangles, for all similar plane triangles are mutually equi- 
angular, but not necessarily mutually equilateral. Two 
spherical triangles on the same or on equal spheres, cannot 
be similar without being equal in all tTieir ij^Mctsu 
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PROPOSITION XIV. THEOBEIC 

The mm of the angles of a spherical triangle is less than 
six right angles^ and greater than two right angles. 

Let ABC be a spherical triangle, and DJEF its polar 
triangle : then will the sum of the angles Aj J3, and Cj 
be less than six right angles and greater than two. 

For, any angle, as A^ be- 
ing measured hj a semi-cir- 
enmference, minus the side 
Hlf (P. VI.), is less than two 
right angles: hence, the sum 
of the three angles is less than 
six right angles. Again, be- 
cause the measure of each angle 
is equal to a semi-circumference 
minus the side lying opposite 

to it, in the polar triangle, the measure of the sum of the 
three angles is equal to three semi-circumferences, minus the 
sum of the sides of the polar triangle DEF. But the 
latter sum is less than a circumference ; consequently, the 
measure of the sum of the angles A^ 2?, and (7, is 
greater than a semi-circumference, and therefore the sum of 
the angles is greater than two right angles : hence, the sum 
of the angles A^ J3, and (7, is less than six right angles, 
and greater than two ; which was to be proved. 

Cor. 1. The sum of the three angles of a spherical tri- 
angle is not constant, like that of the angles of a rectilineal 
triangle, but varies between two right angles and six, with- 
out ever reaching either of these limits. Two angles, there- 
IbrOf do not serve to determine the third. 
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Cor. 2. A spherical triangle may have two, or ei^en three 
of its angles right angles ; also two, or even three of its 
an'^les obtuse. 

Cor. 3. If a triangle, ABCy is li-rectangulaVy 
that is, has two right angles B and C, the vertex 
A will be the pole of the other side BC, and 
ABy ACj will be quadrants. 

For, since the arcs AB and AC are perpen- 
dicular to BCy each must pass through its 
pole (P. III., Cor. 3) : hence, their intersection A is that pole, 
and consequently, AB and AC are quadrants. 

If the angle A is also a right angle, the triangle ABC 
is tri-rectangular ; each of its angles is a right angle, and 
its sides are quadrants. Four tri-rectangular triangles make 
up the surfiice of a hemisphere, and eight the entire surface 
of a sphere. 

Scholium, The right angle is taken as the unit of mea- 
sure of spherical angles, and is denoted by 1. 

The excess of the sum of the angles of a spnerical tri- 
angle over two right angles, is called the aphericcd excess. 
li we denote the spherical excess by E^ and the three 
angles expressed in terms of the right angle, as a unit, by 
A^ J3j and (7, we shall have, 

i:=A + B+C'-2. 

The spJurical excess of any spherical polygon is equal to 
the excess of the sum of its angles over two right angles 
taken as many times as the polygon has sides, less two. 
If we denote the spherical excess by E^ the sum of the 
angles by 8^ and the number of sides by ti, we shall 

have, 

-» = /8 — 2(n - 2) = /8 - £» + 4. 
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PROPOSITION XV. THEOEEM. 

Any lune, is to the surface of the sphere, ai> the arc which 
tneasHres its angle is to the circuwference of a great 
circle ; or, as the angle of the lune is to four right 

angles. 

Let AMBN be a Inne, and MCN the angle of the Inne, 
then will the area of the hme be to the surface of the sphere, 
OS the arc MN is to the circumference of a great circle 
MNFQ; or, as the angle MCN is to four right angles 

(B. iiL, P. xvn., C. 2). 

In the first place, suppose the aro 
MN and the circumfereBce MNPQ 
to be commensurable. For example, 
let them be to each other as S is 
to 48. Divide the drcumferenco 
MNPQ into 48 ' equal parts, be- 
ginning at M ; MN will contain 
five of these parts. Join each point 

of division mth the points A and J5, by a quadrant : 
there will be -formed 96 equal isosceles spherical triangles 
(P. Vn., S. 2) on the surface of the sphere, of which the 
lone will contsun 10 : hence, in this case, the area of the 
lune is to the surface of the sphere, as 10 is to 96, or 
as C is to 48 ; that is, as the aro MN is to the drcum. 
(erence MNPQ, or as the angle of the lune is to fo 
tight angles. 

In like manner, the same relation may be shon-n to 
exist when the aro MN, and the drcimiferenco MNPQ 
are to each other as any other whole numbers. 

If the aro MN, and the circumfei-ence MNPQ, are not 
"•taanensarable, the same relation may be shown to exist by 
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a course of reasoning entirely analogous to that employed 
in Book IV., Proposition III. Hence, in all cases, the area 
of a lune is to the surface of the sphere, as the arc meas- 
uring the angle is to the circumference of a great circle; 
or, as the angle of the lune is to four right angles ; wliich 
was to be jpraved. 

Car. 1. Lunes, on the same or on equal spheres, are to 
oach other as their angles. 

Car, 2. If we denote the area of a tri-rectangular triangle 

by Tj the area of a lune by X, and the angle of the 

lone by Ay the right angle being denoted by 1, we shall 

have, 

Z : ST : : A : 4; 
whence, 

Z = Tx 2A ; 

hence, the area of a lune is equal to the area of a th- 
rectangular triangle multiplied by twice the angle of the 
lune. 

SchaUum. The spherical wedge, whose angle is MClTy 
is to the entire sphere, as the angle of the wedge is to four 
right angles, as may be shown by a course of reasoning 
entirely analogous to that just employed : hence, we infei 
that the volume of a spherical wedge is equal to the lune 
which forms its base, multiplied by one-third of the radius. 



PROPOSITION XVL THEOREM. 

Symmetrical triangles are equal in area. 

Let ABO and DEF be symmetrical triangles, the 
ttde DE being equal to AB^ the side DF to AC^ and 
the ASLe JSF to BO : then wiU tixe ^itVaxi^^ \^ ^^i^^c^s^xiv 
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For, conceive a small circle to be diawn through Aj B^ 
and C^ and let F be its pole ; draw arcs of great circles 
from P to A^ 2?, and (7: these 
arcs will be equal (D. 7). Draw 
the arc of a great circle FQ^ 
making the angle DFQ equal to 
A Cr, and lay off on it, FQ 
equal to CP; draw arcs of great 
circles QD and QF, 

In the triangles PAG and 
FDQ, we have the side FD 

equal to A (7, by hypothesis ; the side FQ equal to PC 
by construction, and the angle DFQ equal to AOP^ by 
construction : hence (P. VIII.), the side DQ is equal to 
APj the angle FDQ to PAC^ and the angle FQB to 
APC. Now, because the triangles QFD and PAG are 
isosceles and equal in all their parts, they may be placed so 
as to coincide throughout, the base FD falling on AG^ 
DQ on GP^ and FQ on AP: hence, they are equal in area. 

If we take from the angle DFE the angle DFQ, and 
from the angle AUB the angle AGP, the remaining 
angles QFE and PCB, will be equal. In the triangles 
FQB and PCB, we have the side QF equal to PG, 
by construction, the side FE equal to BG, by hypothesis, 
and the angle QFB equal to PGB, from what has just 
been shown : hence, the triangles are equal in all theii' 
parts, and being isosceles, they may be placed s-j as t/i 
coincide throughout, the side QE falling on PG, and th* 
side QF on PB ; these triangles are, therefore, equal in 
area. 

In the triangles QDE and PAB, we have the sides 
QD, QE, PA, and PB, all equal, and the angle DQF 
equal to APB, because they are the sums of equal angles: 
\ the triangles are equal m «S\. \ISifeYt ^^a^a^ ^sA 
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because they . are isosceles, they may be so placed as to 
coincide throughout, the side QD falling on PB^ and the 
dde QE on PA ; these triangles are, therefoie, equal in 
mrea. 

Ilence, the sum of the triangles QFD and QFJS^ is 
equal to the sum of the triangles PAG and PBG, If 
from the former sum we take away the triangle QDJSj 
there will remain the triangle DPJS; and if from the latter 
sum we take away the triangle PAB^ there will remain 
the triangle ABC : hence, the triangles ABC and DUI' 
are equal in area ; which was to be proved. 

Scholium. If the point P falls within the triangle ABCj 
the point Q will fall within the triangle DEF. In this 
case, the triangle DEF is equal to the sum of the triangles 
QFDy QFE, and QDE^ and the tiiangle AB C is equal 
to the sum of the equal triangles PAC^ PBC^ and PAB ; 
the proposition, therefore, still holds good. _ 

PROPOSITION XVII. THEOREM. 

J^ the circumferences of two great circles intersect on t/ie 
surface of a hemisphere^ the sum of t/ie opposite triangles 
thus fortified^ is equal to a lune whose angle is equal to 
that formed by the circles. 

Let the circumferences AOB^ COD^ 
intersect oh the surface of a hemis- 
phere : then will the sum of the oppo- 
Bile triangles -40(7, BOD^ be equal 
to the lune whose angle is BOD. 

For, produce, the arcs OB^ OD^ 
on the other hemisphere, till they meet 
at N. Now, since A OB and OBN 
tare semi-oiroumferences, if we take away \3aa c«aim<stv. \'«s\ 




S56 



GEOMETRY. 



0J5, we shall have BN equal to AO. For a like tea- 
SOD) we have DN equal to CO^ and BD equal to ACi 
hence, the two triangles AOQ^ BDIT^ 
have their sides respectively equal : 
they are therefore symmetrical ; con- 
sequently, they are equal in area 
. (P. XVI.). But the sum of the tri- 
angles BDK^ BOB J is equal to 
the lune OBNBO^ whose angle is 
BOD I hence, the sum of AOG and 
BOD is equal to the lune whose 
angle is BOD; which toas to be proved. 

Scholium, It is evident that the two spherical pyramids, 
which have the triangles AOC^ BODj for bases, are 
together equal to the spherical wedge whose angle is BOD. 




PROPOSITION XVin. THEOREM. 

The area of a epfterical triangle is equal to its spherical 
excess multiplied by a tri-rectanffular triangle. 

Let ABC be a spherical triangle: then will its sur&ce 

be equal to 

{A + B +C -2) X T. 

For, produce its sides till they meet 
the great circle DEFQ^ drawn at plea- 
sure, without the triangle. By the last 
theorem, the two triangles ADEy AQII^ 
are together equal to the lune whose 
angle is A ; but the area of this lune 
is equal to 2AxT (P. XV., C. 2) : 
hence, the sum of the triangles ADE and AQM^ is equal 
to 2A X 21 Jn like manneT, it. 1^2117 \>^ f&iQ»^RTi tl^ the 
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waax of the triangles SFQ and SID, is equal to 2B x T, 
«icL that the sum of the triangles CIH and CFE, is 
eqaal to 2G x T. 

But the sum of these six triangles exceeds the hemis- 
phere, or fotir times T^ by twice the triangle ABC. We 
diall therefore have, 

2 X area ABC ^ 2A x T+ 2B x T+ 2(7 x T- AT; 

or, by reducing and factoring, 

area ABC = {A + B + C - 2) x T ; 
which uoaa to be proved. 

Scholium I. The same relation which exists between the 
spherical triangle ABC, and the tri-rectangular triangle, 
exists also between the spherical pyramid which has ABC 
for its base, and the tri-rectangular pyramid. The triedral 
augle of the pyramid is to the triedral angle of the tri- 
rectangular pyramid, as the triangle ABC to the tri-rectan- 
gular triangle. From these relations, the following conse- 
quences are deduced : 

1®. Triangular spherical pyramids are to each other as 
their bases ; and since a polygonal pyramid may always be 
divided into triangular pyramids, it follows that any two 
spherical pyramids are to each other as their bases. 

2®. Polyedral angles at the centre of the same, or of 
equal spheres, are to each other as the spherical polygons 
intercepted by their faces. 

Scholium 2. A triedral angle whose faces are perpen- 
dicular to each other, is called a right triedral angle ; 
and if the vertex be at the centre of a sphere, its faces will 
intercept a tri-rectangular triangle. Tlie n^V. \.mvk\iX. \ixi^^ Hsji 
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taken as the unit of polyedral angles, and the tri-rectangulsr 
spLerical triangle is taken as its measure. If the vertex of 
a polyedral angle be taken as the centre of a sphere, the 
portion of the surface intercepted by its faces will be the 
measure of the polyedral angle, a tri-rectangular triangle of 
ffao same sphere, being the unit. 



PROPOSITION XIX THEOREM. 

The area of a spherical polygon is equal to its spherical 
excess multiplied by the trurectangular triangle. 

Let ABODE be a spherical polygon, the sum of whose 
angles is S^ and the number of whose sides is n : then 
will its area be equal to 

(/8 - 2n + 4) X T. 

For, draw the diagonals -4(7, -42>, 
dividing the polygon into spherical tri- 
angles : there will be w — 2 such tri- 
angles. Now, the area of each tri- 
angle is equal to its spherical excess 
into the tri-rectangular triangle : hence, 
the sum of the areas of all the triangles, or the area of the 
polygon, is equal to the sum of all the angles of the tri- 
angles, or the sum of the angles of the polygon diminished 
by 2(n — 2) into the tri-rectangular triangle ; or, 

area ABODE = [5 - 2(n - 2)] x T ; 
whence, by reduction, 

I 

area ABODE = (S - 2n + 4) x T\ 
toAich tMM to be proved. 
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geio:bal scholiuk. 

Prom any point on a hemisphere, two arcs of a great cir- 
cle can always be drawn which shall be perpendicular to the 
circumference of the base of the hemisphere, and they will in 
general be unequaL Now, it may be proved, by a course of 
reasoning analogous to that employed in Book L, Proposition 
XV.: 

1^ That the shorter of the two arcs is the shortest arc 
that can be drawn from the given point to the droimi- 
ference ; 

2^. That two oblique arcs drawn from the same point, to 
points of the circumference at equal distances from the foot 
of the perpendicular, are equal : 

8^. That of two oblique arcs, that is the longer which 
meets the droomferenoe at the greater distance from the foot 
of the perpendicular. 

This property of the sphere is used ir the discussion of 
triang^ in Bf^erioal trigonometry. 
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INTRODUCTION TO TRIGOKIJSOTSJyork 
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L Thb Logasithm of a number is the exponent of the 
power to which it is necessary to raise a fixed number, to 
produce the given number. 

The fixed number is called the base of the system. Any 
positive number, except 1, may be taken as the base of a 
systeoL In the conmion system, the base is 10. 

2. If we denote any positive number by n, and the 

corresponding exponent of 10, by as, we shall have the 

exponential equation, 

10* = w (1.) 

In this equation, a; is, by definition, the logarithm of fi, 
which may be expressed thus, 

X = logn. (2.) 

3. From the definition of a logarithm, it follows that, the 
logarithm of any power of \^ is equa} to the exponent of 
that power: hence the formula, 

log (10)' =^ (8.) 

If a number is an exact power of 10, its logarithm is 
a whole numier. 
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If a number is not an exact power of 10, its logarithm 
will not be a whole number, but will be made up of cm 
entire part plus a fractional part^ which is generally expres- 
sed decimally. The entire part of a logarithm is called t?ie 
characteristic^ the decimal part, is called the mantissa. 

4. If, in Equation (3), we make p successiyely equal 
to 0, 1, 2, 3, Ac, and also equal to — 0, — 1, — 2, — 8, 
Ac, we may form the following 

TABLB. 

log 1 = 

log 10 = 1 log .1 = — 1 

log 100 = 2 log .01 = — 2 

log 1000 = 8 log .001 = — 8 

Ac, Ac Ac, Ac 

If a number lies between 1 and 10, its logarithm lies 
between and 1, that is, it is equal to pltis a dec^ 
mal ; if a number lies between 10 and 100, its logarithm 
is equal to 1 j^us a decimal ; if between 100 and 1000, 
its logarithm is equal to 2 pltis a decimal ; and so on : 
hence, we have the following 

BULB. 

77ie characteristic of the logarithm of an entire number ia 
positive^ and numerically 1 less than the number of plctees 
qf figures in the given number » 

If a decimal fraction lies between .1 and 1, its loga 
rithm lies between — 1 and 0, that is, it is equal to — 1 
plus a decimal ; if a number lies between .01 and .1, its 
logarithm is equal to — 2, plus a decimal ; if between .001 
and .01, its logarithm is equal to — 3, plus a decimal ; 
ad BO on : hence, the foUowing 
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BULB. 

The cJiaracteristic of the logarithm of a decimal fraction 
is negative^ and numerically 1 greater than the number 
of 0^8 that immediately follow the decimal point. 

The characteristio alone is negative, the mantissa being 
always positive. This £ict is indicated by writing the neg- 
ative sign over the characteristic : thus, 2.371465, is eqtiiv- 
alent to — 2 + .371465. 

It is to be observed, that the characteristic cf the logarithm 
of a mixed number is the same as that of its entire part. 
Thus, the mixed number 74.103, lies between 10 and 100; 
hence, its logarithm lies between 1 and 2, as does the logarithm 
oi 74. 



GENEBAL PBIN^OIPLES. 

6. Let m and n denote any two numbers, and a: 
and y their logarithms. We shall have, from the defini 
tion of a logarithm, the following equations, 

10* = m. (4.) 

10^ = n. (5.) 

Multiplying (4) and (6), member by member, we have, 

lO'"*"^ = mn ; 
whence, by the definition, 

85 + y = log (mn) (6.) 

Tliat is, Mtf logarithm of the product of tteo numbers is 
ejual to the sum of the logartthms of t?ie nutnber^* 



• INTKODUOTION. 

6. DiTiding (4) bj (6), member by member, we iam, 

10-' = *" ; 

» 

whence, by the definition, 

« - y = log (^j (7.) 

That is, the logarithm of a quotient is equal to the loga^ 
rUhm of the dividend diminished hy that of the divisor. 



T. Raismg both members of (4) to the power denoted 
by Pj we have, 

10*' = m'; 

whence, by the definition, 

ajp = logm' (8.) 

That is, the logarithm of any power of a number is equal 
to the logarithm of the number multiplied by the esiponeni 
qf the power. 

8. Extracting the root, indicated by r, of both members 
of (4), we have, 

whence, by the definition, 

- = logty/mT • • • • (9.) 



That is, the logarithm of any root of a number is eguaX 
to the logarithm of the number divided by the index of the 
root. 

The preceding principles enable ns to abbreviate the oper 
ations of multiplication and division, by converting them into 
tiie ampUr ones of additaon and vaiVAxM&Qn^ 



n^ 
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TABLE OF LOGARITHMS. 

9. A Table of Looarithms, is a table containing a set 
of numbers and their logarithms, so arranged, that having 
giyen any one of the numbers, we can find its logarithm; 
or, having the logarithm, we can find the corresponding 
number. • 

In the table appended, the complete logarithm is given 
for all numbers from 1 up to 10,000. For other numbers, 
the mantissas alone are given ; the characteristic may be found 
by one of the rules of Art 4. 

Before explaining the use of the table, it is to be shown 
that the mantissa of the logarithm of any number is not 
changed by multiplying or dividing the number by any exact 
power of 10. 

Let n represent any number whatever, and 10' any 
power of 10, p being any whole number, either positive 
or negative. Then, in accordance with the principles of Arts. 
6 and 8, we shall have, 

log (n X loO = log w + log 10' = /> + log n ; 

but /> la, by hypothesis, a whole number : hence, the dedp 
mal part of the log {n x 10') is the same as that of log n ; 
which wdB to be proved. 

Hence, in finding the mantissa of the logarithm of a num- 
ber, we may regard the number as a decimal, and move the 
dedmal point to the right or left, at pleasure. Thus, the 
i^ayitiiMft of the logarithm of 456357, is the same as that of 
the number 4663.67 ; and the mantissa of the logarithm of 
a.00867, is tjie same as that of 200S.51. 
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MANNEB OF USmG THE TABUfi. 

1^. 2h find the logarithm of a number less than 100. 

10. Look on the first page, in the column beaded ^^N," 
fbr the given number ; tbe number opposite is the logarithm 
required. Thus, 

• log 67 = 1.826075. 

8*. To find the logarithm of a number between 100 cmd 

10,000. 

11. Find the characteristic by the first rule of Art. 4, 
To find the mantissa, look in the column headed ^^N," 

for the first three figures of the number ; then pass along 
a horizontal line until you come to the column headed with 
the fourth figure of the number ; at this place will be found 
four figures of the mantissa, to which, two other figures, 
taken fVom the column headed ^^0," are to be prefixed. If 
the figures found stand opposite a row of six figures, in tbe 
column headed ^^0," the first two of this row are the ones 
to be prefixed ; if not, ascend the column till a row of six 
figures is found ; the first two, of this row, are the ones to 
be prefixed. 

I^ however, in passing back firom the four figures, first 
found, any dots are passed, the two figures to be prefixed 
must be taken fi*om the Ime immediately below. If the 
figures first found fall at a place where dots occur, the dots 
must be replaced by O's, and the figures to be prefixed m^ 
be taken from the line below. Thus, • 

Log 8979 = 8.953228 
Log 8098 — 8.491081 
Log 2188 =: ^,^\^^Vl 
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8^. To find the logarUhm of a number greater than 10,000u 

12. Fiud the cbaracteristio by the first rule of Art. 4. 

To find the mantissa, place a decimal point after the fourth 
figure (Art. 9), thus converting the number into a mixed 
number. Find the mantissa of the entire part, hj the me- 
thod last pven. Then take from the column headed "D," 
the corresponding tabular diff^erence^ and multiply this by the 
decimal part and add the product to the mantissa just found. 
The result will be the required mantissa. 

It is to be observed that when the decimal part of the 
product just spoken of is equal to or exceeds .5, we add 
1 to the entire part, otherwise the decimal part is rejcctedi 



BXAMPLB. 

1. To find the logarithm of 672887. 

The characteristic is 5. Placing a decimal point after the 
fourth figure, the number becomes 6728.87. The mantissa 
of the logarithm of 6728 is 827886, and the corre«ponding 
number in the colunm "D" is 65. Multiplying 66 by .87, 
we have 56.55 ; or, since the decimal part exceeds .5, 57. 
We add 57 to the mantissa already found, giving 827048, 
and we finally have, 

log 672887 = 5.827043. 

The rnumbers in the column "D** are the differences be- 
Mrcen the logarithms of two consecutive whole numbers, and 
are found by subtracting the number mder the Jieading " 4 * 
firom that under the heading "6." 

In the example last given, the mantissa of the logarithm 
of 6728 is 827886, and that of 6720 is 827951, and 
ihcir difference is 65 ; 87 hundredllaa oi >i5Kia ^:iSKt«wi<^ V 
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6? : henoe, the mantissa of the logarithm of 6728.87 is fomid 
by adding 57 to 827886. The principle employed is, that 
the differences of nmnbers are proportional to the differences 
of their logarithms, when these differences are small 



4®. To find the logarithm of a decimal. 

13. Find the characteristic by the second rule of Art. 4, 

To find the mantissa, drop the decimal point, thus reduo- 

mg the decimal to a whole number. Find the mantissa of 

the logarithm of this number, and it will be the mantissa 

required. Thu8| 

log .0327 = 2.514648 
log 378.024 = 2.677620 



fS^» To find the number corresponding to a given logarithm. 

14. The rule is the reverse of those just given. Look 
in the table for the mantissa of the given logarithm. If it 
cannot be found, take out the next less mantissa, and also 
the corresponding number, which set aside. Find the differ- 
ence between the mantissa taken out and that of the given 
logarithm ; annex as many O's as may be necessary, and 
divide this result by the corresponding number in the column 
**D." Annex the quotient to the number set aside, and then 
point off, from the left hand, a number of places of figures 
equal to the characterististic plus 1 : the result will be the 
iramber required. If the characteristic is negative, the result 
will be a pure decimal, and the number of O's which im- 
mediately follow the decimal point will bo one less than the 
number of units in the characteristia 
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BZAHPLES. 

1. Let it be required to find the number corresponding 
to the logarithm 5.233568. 

The next less mantissa in the table is 233504 ; the oor- 
responding number is 1712, and the tabular differenee is 
268. 

OPEBATION. 

Given mantissa, 233568 

Next less mantissa, • • » 233504 « « 1712 

253 ) 6400000 ( 25296 

• '• The required mumber is 171225.296. 

The number corresponding to the logarithm ¥.233568 is 
.0171226, 

2. What is the number corresponding to the logarithm 
2.786407 ? Ans. .06101084. 

8. What is the number corresponding to the logarithm 
1.846741 ? Ans. .702668. 



MULTEPLIOATION BT MEANS OP LOGARITHMS. 

16. From the principle proved in Art. 6, we deduce the 
following 

BULE. 

^nd the hgarithma of the factors^ and take their sum, 
then find the number corresponding to the resulting logarithm^ 
and it tffill be the product required. 
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BZAHPLB8. 

1. Multiply 28.14 by 5.062. 

OPERAnOK. 

log 28.14 • • * 1.364363 
log 5.062 • • • 0.704322 



2.068685 ••• 117.134?, produot 



8. I^d the oontinaed product of 8.002, 507.16, and 
a0314728. 

OPESATIOK. 

log 3.002 • • * 0.501287 

log 507.16 . . . 2.776091 
log 0.0314728 * * * 2.407936 

1.865314 .*. 73.3354, product. 

Here, the 2 cancels the + 2, and the 1 carried from 
the decimal part is set down. 

3. Find the continued product of 3.586, 2.1046, 0.8372, 
and 0.0294. Ans. 0.1857615. 



DIVISION BY MEANS OF LOGABiniMS. 

16. From the principle proved in Art. 6, we haye the 
following 

BULB. 

Mnd the logarithms of the dividend and divisor^ and 
subtract the latter from the former ; then fnd the number 
corresponding to the resulting logarithm^ and it wiU be tike 
fuotient required. 
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BZAHPLES. 



1. Biyide 24163 by 4567. 



OPXRAnOK. 



log 24163 • • • 4.383161 
log 456? • • • 3.650631 



0.723520 .•. 6.59078, quotient 



2, Divide 0.7438 by 12.0476. 



log 0.7438 
log 12.9476 



... 



OPERATION. 



1.871456 
1.112189 



2.769267 .'. 0.067447, quotient. 



Here, 1 taken from 1, gives 2 for a result. The 
iabtraction, as in this case, is always to be performed in the 
algebraic sense. 



3. Divide 37.149 by 623.76. 



Ans. 0.0709274. 



The operation of division, particularly when combined with 
that of multiplication, can often be simplified by using the 
prindple of 



TBDB ABITHMETIOAL COMPLBMENT. 

17. The ABTrHMETiCAL Complement of a logarithm is the 

result obtained by subtracting it from 10. Thus, 8.130466 

tt the arithmetical complement of 1.869644. The arithmetical 

complement of a logarithm may be written out by commenO' 

ing <a the left hand and subtracting eocK jlgure ^tottv ^<^ 

18 
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imiil the last significant figurt is reached^ which must be 
taken from 10. The arithmetical complement is denoted by 
the sTmboI (a. c). 

Let a and h represent any. two logaritlims whateyer, 
and a — £ their difference. Since we may add 10 to, 
and subtract it from, a — ft, without altering its value, wo 
have, • 

a — ft = a + (10 - ft) - 10. . . . (10.) 

But, 10 — ft is, by definition, the arithmetical complement 
of ft : hence. Equation ( 10 ) shows that the difference be- 
tween two logarithms is equal to the firsts plus the arithr 
meticcU complement of the second^ minus 10. 

Hence, to divide one number by another by means of 
the arithmetical complement, we have the following 

BULE. 

Mnd the logarithm of the dividend^ and the arithmetical 
complement of the logarithm of the divisor^ add them toge^ 
theTj and diminish the sum by 10 ; th^ number correspond 
ing to the resulting logarithm toiU be the quotient required 





BXAHPLBS* 


1. Divide 827.5 


by 22.07.' 




operahok. 


log 827.5 « 


• . 2.615211 


(a. 0.) log 22.07 * 


* - 8.656198 




1.171409 



.*. 14.839, quotient 



2. Divide 87149 by 528.76. 



Am. 0*0709273. 
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8. Multiply 858884 by 5672, and divide the pioduct 
by 89721. 

OPERATION. 

• 

log 858884 *: • ' • 5.554954 

log 5672 • • • 3.753736 

(a. c)log 89721 .* • • 5.047106 

4.366796 .'. 22688, result 



4. Solve the proportion, 

3976 : 7952 : : 6903 : x. 

Applying logarithms, the logarithm of the 4th term, is equal 
to the sum of the logarithms of the 2d and 3d terms, minus the 
logarithm of the Ist : Or, the arithmetical complement of the Ist 
termj plus the logarithm of the 2d term, plus the logarithm of the 
3d term, minus 10, is equal to the logarithm of the Uh term. 

OPEBATION". 

(a. c.) log 3976 . . . 6.400554 

log 7952 . . . 3.900476 

log 6903 . . . 3.771073 

log a; . . . 4.072103 .-. a; = 11806 

The operation of subtracting 10, is performed mentally. 
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RAISING OF POWERS BY MEANS OF LOGARITHMS. 
18. From Article 7, we have the following 

RULE. 

Find the logarithm of the number, and multiply it hy the 
easponent of the power; then find the number corresyondinq ta 
the resuUiftff logarithm^ and it mil be tTie poioer ret^MiAT^ 
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SXAMPLS8. 



If find the 6th power of 9. 



log 9 



• * • • 



OPSSATIOlf. 

0.954243 
5 

4.771215 .•. 69049, pow«r, 



8. Find the 7th power of 8. 



Ana. 2097152. 



BXTRACTma BOOTS BY MEANS OF LOGABITHMS. 

19. From the principle proved in Art. 8, we have the 
following 

BULE. 

Find the logarithm of the number^ and divide it by the 
mdex of the root / then find the number corresponding to 
the resulting logarithm^ and it wiU be the root required. 

EXAMPLES. 

t 

1. Find the cube root of 4096. 

The logarithm of 4096 is 3.612360, and one-third of 
this is 1.204120. The corresponding number is 16, which 
ib the root sought. 

When the characteristic is negative cmd not divisible by 
the index^ add to it the smallest negative number that u>iU 
make it divisible^ and then prefix the same number^ with a 
plus signj to the mantissa, 

2. Find the 4th root of .00000081. 

The logarithm of .00000081 ,is Y.908485, which is equal 
to 8 + 1.908485, and one-fourth of this is 2.477121. 

The number corresponding to this logarithm is 09 : 
hence, ,03 is the root requkei. 



PLANE TKIGONOMETRY. 



20 Plaits Tbigonometbt is that branch of Matbematief 
which treats of the solution of plane triangles. 

In every plane triangle there are six parts : three sides 
and three angles. When three of these parts are given, one 
being a side, the remaining parts may be found by comput- 
ation. The operation of finding the unknown parts, is called 
the solution of the triangle. 




21. A plane angle is measured by the arc of a circle 
mcluded between its sides, the centre of the circle being at 
the vertex, and its radius being equal to 1. 

Thus, if the vertex A be taken 
as a centre, and the radius AJB be 
equal to 1, the intercepted arc JBC 
will meaaure the angle A (B. m., P. 

xvn., S.). 

Let AJB CD represent a circle whose radius is equal to 
1, and ACj BD^ two diameters per- 
pendicular to each other. These dia- 
meters divide the circumference into 
four equal parts, called quadrants / and 
because each of the angles at the cen- 
tre is a right angle, it follows that a 
Tight anffle ia measured by a guod- 
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rant An acute angle is measured bj €m are less than a 
quadrant^ and an obtuse angle^ bj an are greater than a 
fuadrant, 

22. In Geometiy, the unit of angular measure is a right 
angle / so in Trigonometry, Uie primary unit is a qundranti 
which is the measure of a right angle. 

For convenience, the quadrant is divided into 90 equal 
parts, each of which is called a degree ; each degree into 
60 equal parts, called « minuJtes ; and each minute into 60 
equal parts, called secohds. Degrees, minutes, and seconds, 
are denoted by the symbols ®, ', ". Thus, the expression 
70 22' 33", is read, 7 degrees^ 22 mintaes^ and 33 seconds. 
Fractional parts of a second are expressed decimally. 

A quadrant contains 324,000 seconds, and an arc of 1^ 
22' 33" contains 26553 seconds ; hence, the angle measured 
by the latter arc, is the /f^^fytii part of a right angle. 
In like manner, any angle may be expressed in terms of a 
right angle. 

23. The complement of an are is the difference between 
that arc and 90°. The complement 

of an angle is the difference be- 
tween that angle and a right angle. 

Thus, JSB is the complement of 
AJS!, and JF!2? is the comolement 
of AH In like manner^ JSOB 
is the complement of AO^^ and 
JF0J3 is the complement of A OK 

In a right-angled triangle, the 
acnte angles are complements of each other. 




£4. The supplemjint cf an arc \& \]ii<^ d^erenoe between 
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that arc and 180^. The supplement of an angle is the di£ 
ference between that angle and two right angles. 

Thus, JEO is the supplement of AJS, and JP(7 the 

> 

supplemeat of AF, In like manner, JSOG is the supple 
ment of A OB, and FOG the supplement of A OH. 

In any plane triangle, either angle is the supplement of 
the sum of the other two. 



25. Instead of employing the arcs themselves, we usually 
employ certain functions of the arcs, as explained below. 
A function of a quantity is somethiug which depends upon 
that quantity for its yalue. 

The following functions are the only ones needed for solv- 
mg triangles : 

26. The sine of an arc is the distance of one extremity 
of the arc from the diameter, through the other extremity. 

Thus, PM is the sine of 
AMf and P'M' is the sine of 
AM'. 

If AM is equal to M'G, 
AM and AM' will be supple- 
ments of each other ; and be- 
cause MM' is parallel to ACj 
PM will be equal to P'M' 
(B. L, P. XXTTT.) : hence, the 
sine of an arc is equal to ths 
sine of its supplement. 

27. The cosine of an arc is the sine of the complement 
of the arc. 

Thus, NM is the cosine of AM^ and NM* is the 
cofflne of AM'. These lines are respectively equal to OP 
and 0P\ 
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It is evident, from the eqnal triangles of the figure, that 
tJki$ cosine of an are is equal to the cosine of its supple- 
ment. 




28. The tangent of an arc is the perpendicular to the 
radius at one extremity of the arc, limited by the prolon* 
gation of the diameter through the other extremity 

Thus, AT \a the tangent of 
the arc AM, and AT'" is 
the tangent of the arc AM\ 

If AM is equal to M'G, 
AM and AM' will be supple- 
ments of each other. But AM'" 
and AM' are also supplements 
of each other : hence, the arc 
AM is equal to the arc AM'"^ 
and the corresponding angles, 

AOM and AOM'", are also equaL The right-angled tri- 
angles AOT and AOT'", have a common base AG, and 
the angles at the base equal ; consequently, the remaining 
parts are respectively equal : hence, AT is equal to AT'". 
But AT is the tangent of AM, and AT'" is the tangent 
of AM' : hence, tJie tangent of an arc is eqiud to the tan- 
gent of its supplement. 

It is to be observed that no account a taken of the alge* 
braio signs of the cosines and tangents, the numerical values 
•lone being referred to. 

29 The cotangent oi an arc is the tangent of its com- 
plement. 

Thus, BT' is the cotangeni of the arc AM^ and BT" 
is the cotangent of the are AM'. 

The sine, cosine, tangent, and cotangent of an arc, a, 
BTCf for convenience, Written on a, ca^^ o^ tasi a> and cot a. 
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These fiinctions of an arc have been defined on the Bup- 
position that the radius of the arc is equal to 1 ; in this 
oase, thej may also be considered as functions of the angle 
which the arc measures. 

Thus, PM, iOf, AT, and BT, are respectively the 
ftino, codne, tangent, and cotangent of the angle AOM, as 
well as of the arc AM. 




SO. It is often convenient to nse some other radius than 
1 ; in such case, the functions of the arc, to the radius 1, 
may be reduced to corresponding functions, to the radius J2. 

Let AOM represent any angle, 
AM an arc described from as 
a centre with the radius 1, PM 
its one ; A*M' an arc described 
from as a centre, with any ra- 
radius JZ, and P*M' its sine. 
Then, because 0PM and OP'M' 
are similar triangles, we shall have, 

OM : PM : : OM' : P'M\ or, 1 : PM : : 2i : P'M' ; 

whence, 

PM = ^^^, and, P'M' =: PM x P ; 

and omilarly for each of the other frmctions. 

That is, a/iy /unction of an are whose radius is 1, is 
equal to the corresponding /unction o/ an arc whose radius 
U Itj divided by that radius. Also, any function qf an 
care whose radium is J2, is equal to the corresponding /uru> 
Hon of an arc whose radius is 1, mvltiplied by t/ie ra^ 
dius JZ. 

By making these changes in any formula, the formula wiD 
be rendered homogeneous. 
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TABLE OP NATUBAL SINES. 

31. A Natural Sine, Cosms, Tangent, ob Cotangkht, 
is the sine, cosine, tangent, or cotangent of an arc whose 
radios is 1. 

A Table of Natubal Sines is a table hj means of which 
ihe natural sine, cosine, tangent, or cotangent of any arc, 
may be found. 

Such a table might be nscd for all the purposes of tri- 
gonometrical computation, but it is found more conyenient to 
employ a table of logarithmic ones, as explained in thA next 
article. 

TABLE OP LOGARITHMIO SINES. 

32. A LooABirHMio Sine, Cosine, Tangent, or Cotan- 
olBNT is the logarithm of the sine, cosine, tangent, or cotan- 
gent of an arc whose radius is 10,000,000,000. 

A Table of LooARirHMio Sines is a table from which the 
logarithmic sine, cosine, tangent, or cotangent of any arc may 
be found. 

The logarithm of the tabular radius is 10. 

Any logarithmic function of an ar6 may be found by mul- 
tiplying the corresponding natural function by 10,000^000,000 
(Art. 80), and then taking the logarithm of the result ; or 
more simply, by taking the logarithm of the corresponding 
natural i^ction, and then adding 10 to the result (Art. 5). 

33. In the table appended, the logarithmic functions arc 
given for every minute from 0° up to 90®. In addition, 
their rates of change for each secondj are ^ven in the 
oolunin headed "D," 

The method oi computing the numbers in the colunm 
headed ^^P," will be undeistooA. {com ^ c&si-^le example. The 
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logarithmio sines of 27° 34', and of 27° 35', are, respect- 
ively, 9.665375 and 9.665617. The diference between their 
mantissas is 242 ; this, divided by 60, the number of sec- 
onds in one minute^ gives 4.03, which is the change in the 
mantissa for 1", between the limits 27® 34' and 27° 35'. 

For the sine and cosine, there are separate columns of 
differences, which are written to the right of the respective 
X)]uams ; but for the tangent and cotangent, there is but a 
ungle column of differences, which is written between them. 
The logarithm of the tangent increases, just as fast as that 
of the cotangent decreases, and the reverse, their sum being 
always equal to 20. The reason of this is, that the product 
of the tangent and cotangent is always equal to the square 
of the radius ; hence, the sum of their logarithms must 
jdways be equal to twdce the logarithm of the radius, or 20. 

The angle obtained by taking the degrees from the top 
of the page, and the minutes from any line on the lefl hand 
of the page, is the complement of that obtained by taking 
the degrees from the bottom of the page, and the minutes 
j&om the same line on the right hand of the page. But, 
by definition, the cosine and the cotangent of an arc are, 
respectively, the sine and the tangent of the complement of 
that arc (Arts. 26 and 28) : hence, the columns designated 
sine and tang, at the top of the page, are designated coaihe 
and eotang at the bottom. 

USE OF THE TABLE. 

To find the logarithmic functio^ia of an arc which ta ex- 
pressed in degrees and minutes. 

34. If the arc is less than 45®, lOok for the degrees at 
the top of the page, and for the minutes in the left hand 
^omn ; then follow the corresponding YioraoiiXaJL ^5ai^ nS^ '^^s^ 
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oome to the oolimm designated at the top hj aine^ cosine^ 
tang^ or cotang^ as the case may be ; the number there 
found is the logarithm required. Thus, 

log sin 19° 65' . . . 9.532312 
log tan 19* 65' • • • 9.569097 

If the angle is greater than 45°, look for the degrees at 
the bottom of the page, and for the minutes in the right 
hand column ; then follow the corresponding horizontal line 
backwards till you come to the colunm designated at the bot- 
tom by aine^ cosine^ tang^ or cotang^ as the case may be ; 
the number there found is the logarithm required. Thus, 

log cos 62° 18' • • . 9.786416 

log tan 62° 18' • • • 10.111884 ^ 

% 

To find the logarithmic functions of an arc which is eov 
preased in degrees, minutes^ and seconds, 

35. Find the logarithm corresponding to the degrees and 
minutes as before ; then multiply the corresponding number 
taken from the column headed "D," by the number of sec- 
onds, and add the product to the preceding result, for the 
sine or tangent, and subtract it therefrom for the cosine or 
cotangent. 

EXAMPLES. 

1. Find the logarithmic sine of 40° 26' 28". 

OPBBATION. 

log sin 40° 26' 9.811952 

Tabular difference 2.47 
No. of seconds 28 

Product • • • 69.16 to be added • • 69 

log mn 40° 26' 28" • 9.812021 
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Hie same rule is followed for decimal parts^ as in Art. 12. 

2. Find the logarithmic cosme of 53^ 40' 40''. 

OPEBATION. 

log COS 63** 40' 9.772675 

Tabular difference 2.86 

No. of seconds 40 

Product • • • 114.40 to be subtracted 114 

log COS 63*> 40' 40" 9.772561 

If the arc is greater than 90°, we find the required 
fimction of its supplement (Arts. 26 and 28). 



8. Find the logarithmic tangent of 118«> 18' 25". 

OPERATION. 
180° 

Given arc 118° 18' 25" 

Supplement 61° 41' 35" 

log tan 61° 41' 10.268556 

Tabular difference 5.04 
No. of seconds 35 

Product • • • 176.40 to be added • 176 

' log tan 118° 18' 26" 10.268732 



4. Bind the logarithmic sine of 32° 18' 35". 

Ana. 9.727945. 

6. Find the logarithmic cosme of 95° 18' 24". 

Ana. 8.966080. 

d. VmA the logarithmic cotangent of 125° 23' fiO". 

Ans. 9.851619. 
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Sh find t/is arc corresponding to any logarithmic function. 

36. This is done by reversing the preceding rule : 
Look in the proper coliuun of the table for the given log- 
ai*ithm ; if it is found there, the degrees are to be taken 
from the top or bottom, and the minutes from the left or 
right hand column, as the case maj be. If the given log- 
arithm is not found in the table, then find the next less 
logarithm, and take from the table the corresponding degrees 
and minutes, and set them aside. Subtract the logarithm 
found in the table, from the given logarithm, and divide the 
remainder by the corresponding tabular difference. The quo 
tient will be seconds, which must be added to th^ degrees 
and minutes set aside, in the case of a sine or tangent, and 
subtracted^ in the case of a cosine or a cotangent. 

SXAHPLBS. 

1. Find the arc corresponding to the logarithmio 
ane 9.422248. 

OPERATION. 

Given logarithm • • • 9.422248 

Next less in table • • • 9.421857 • • • 16** 19' 

Tabular difference 7.68) 391.00(61", to be added. 

Hence, the required arc is 15° 19' 61 "• 

2. Find the arc corresponding to the logarithmic 
cosine 9.427485. 

OPERATION. 

Given logarithm • • • 9.427486 

Next less m table • • 9.427854 . . . 74*" 29'. 

Tabular difference 7.58 ) 131.00 ( 17 , to be snbt 

^eiice, the reqmred arc \a *l^ ^%' 4a". 
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8. Find the arc corresponding to the logarithmio 
rioe 9.880064. Ana. 49° 20' 50". 

4. Find the arc corresponding to the logarithmio 
cotangent 10.008688. Ans. 44° 26' 37". 

5. Find the arc corresponding to the logarithmic 
oosmo 9.944699. Ana. 28° 19' 46'^ 



SOLUTION" OP RIGHT-ANGLED TRIANGLES. 

37. In what follows, we shall deingnate the three angles 
of every triangle, by the capital letters A^ J?, and (7, A 
denoting the right angle ; and the sides lying opposite the 
angles, by the corresponding small letters a, 6, and c. 
Since the order in which these letters are placed may be 
changed, it follows that whatever is proved with the letters 
placed in any given order, will be equally true when the 
letters are correspondingly placed in any other order. 

Let CAB represent any triangle, 
right-angled at A. With C as a 
centre, and a radius (7Z>, equal to 1, 
describe the arc -Dff, and draw QF 
and DE perpendicular to CA : then 
will FQ be the sine of the angle (7, CF will be its 
cosine, and DE its tangent. 

Since the three triangles CFG^ CDE^ and CAB are 
umilai (B. IV., P. XVJU.), we may write the proper 
ttons, 




FD 



CB : AB 
CB : CA 
CA : AB 



Ca : FG, 
CO : CF, 
CD : BE, 



or. 



or. 



or. 



a : e : : 1 : sin O 

a ; i : : 1 : coa O 



98 
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henoe, we have (B. IL, P. L), 



e = a an G • • • (1.) 



• • • 



ft = a cobG 
I 

zs b tan (7 • • • ( 3.) 



(2.) Y .*. -{oobC 
tan (7 



Bin C/ = — 
a 

b 



— _ » 



a 
e 



(4.) 
(6.) 

(6.) 



Translating these formulas into ordinary language, we have 
the following 

PEIN0IPLE8. 

!• The perpendicular of any right-angled triangle is egueu 
to the hypothenuee into the sine of the angle at the base, 

2. The base is equal to the hypothenuse into the cosine 
of the angle at the base. 

3. The perpendicular is equal to the base into the ta9^ 
gent of the angle at the base. 

4. The sine of the angle at the base is equal to the 
perpendicular divided by the hypothenuse. 

5. The cosine of the angle at the base is equal to the 
base divided by the hypothenuse. 

6. The tangent of the angle at the base is equal to the 
perpendicular divided by the base. 

Either nde about the right angle may be regarded as the 
base; in which case, the other is to be regarded as the 
perpendicular. We see, then, that the above principles are 
sufficient for the solution of every case of right-angled tri- 
angles. When the table of logarithmic sines is used, in the 
solution, Formulas ( 1 ) to ( 6 ) must be made homogeneousi 

iUibistituting for on C, qoa C^ «si^ tAa (7> respeotiyely, 
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sin G 



cos G 



and 



tan G 



JR being equal to 



10,000,000,000, as explained in Art. 30, 



Making these changes, and reducing, we have, 



e = 



* = 



e = 



a sin G 
a cos G 
h tan G 



• • • 



• • 



• • 



(1) 

(8.) 



. (0.) 



sin (7 = 



cos (7 = 



tan(7 = 



Ho 
a 

a 

Re 
b 



(10) 
(11.) 
(12.) 



In applying logaritlims to these formulas, remember, that 
the sym of the logarithms of the two terms which multiply 
together, is equal to the sum of the logarithms of the other 
two terms, and that the required term comes last in the 
operation. Also, that the logarithm of B is 10, and the 
arithmetical complement of iti, is 0. 

There are four cases. 

CASE I. 

Given the hypotlienuse and one of the acute angles, ta find 

the remaining parts. 

38. The other acute angle may be found by subtracting 
the given one from 90° (Art. 23). 

The sides about the right angle may 
be found by Formula? (7) and (8). 



EXAMPLES. 




C — I 



1. Given a = 749, and G = 47** 03' 10"; required 
B, c, and t. 

OPERATION". 

J5 = 90** - 47** 03' 10" = 42** 56' 60". 

Applying logaritbma to formula {Jl\ ^^ Vw^^ 

19 
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log a + log sin C — 10 = log c; 

log a (749) • . . . 2.874482 

log sin O (47° 03' 10") . 9.8C4501 

log c . 2.738983 . • . c = 548.255. 

Applying logarithms to Formula (8), we have, 

log a + log cos C — 10 = log 6; 

log a (749) .... 2.874481 

log cos G (47° 03' 10") • 9.833354 

log 5 ....... 2.707835 .'. t = 510.31. 

Ans. 5 = 42° 50' 50", 5 = 510.31, and c = 548.255. 

2. Given a = 439, and i? = 27° 38' 50", to find 
O, c, and b. 

OFEEATION. 

C = 90° - 27° 38' 50" = 02° 21' 10" ; 

log a (439) .... 2.042405 

log sin C (02° 21' 10") . 9.947340 

log c 2.589811 .'. c = 388.875. 

log a (439) .... 2.042405 

log cos C (02° 21' 10") . 9.000543 

log 5 2.309008 .-. ft = 203.708. 

Ans. C = 02° 21' 10", i = 203.708, and c = 388.875. 

3 Given a = 125.7 yds., and B = 75° 12', to find 
the other parts. 

^us. O = 14° 48', 6 = YiX^ ^^%.^ «xi(L c = 32.11: yda 



T 
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CASE II. 

Given one of the sides about the right angle and one of 
t}i>e acute aiigleSy to find the retnaining ^>ar^5. 

39. T!ie other acute angle may be foiinil by subtracting 
the given one iVoni 00°. 

The hypotlienuse 'may be found by Formula ( 7 ), and 
the unknown^ side about the right angle, by Formula (8). ^ . 

EXAM PLBS. 

1. Given c = 66.293, and (7 = 64° 27' 39", to find -B, 
0, and b. 

OrERATION. 

* 
i? = 90*" — j54° 27' 39" = 36** 32' 21". 

Applying logarithms to Formula (7), we have, 

log c + 10 — log Tsiu = log a ; 

but, 10 — log sin (7 = (a. c.) of log sin G\ whence, 

log c (5G.293) . • • 1.750454 

(a. c.) log sin (54** 27' 30") • 0089527 

log a 1.830081 ••. a = C9.ia 

Applying logarithms to Formula (8), we have, 

log a + log cos C — 10 = log 6 ; 

log a (09.18) . . . 1.839981 

log cos C (54° 27' 39") . 9.704370 

log 4 1.C04351 .-. 5 = 40.211^ 

Ans. JB = 35'' 32' «1", a = GO.IS, mx^ 1) = ^S^SKNSA 

■J 
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2. Given e = 368, and i? = 28° 47', to find Ci a. 
and 6 

OPERATION. 

(7 = 90** — 28«> 47' = 61** 13'. 
We have, as before, 

log c + 10 — log sin (7 == log a ; 

log c (358) . . . 2.553883 

(a. c.) log sin G (61° 13') • . 0.057274 

loga. ...'.. . 2.C11157 .*. a = 408.466; 

Alaa, log a + log cos (7 — 10 = log 5 ; 

log a (408.4G6) • • 2.611157 

log cos G (61*» 13') . . 0.682505 

\oz b 2.293752 .'. b = 196.670, 



Ana. G = 61° 13', a = 408.466, and ft = 196.676. 

8. Given b = .152.67 yds., and G = 50*» 18' 32", to 
find the other parts. 

Am. B = 39° 41' 28", c = 183.96, and a = 239.05. 

4. Given c = 379.628, and (7 = 39° 26' 16", to find 
jS| a, and b. 

Am. B = 60° 33' 44", a = 697.613, and * = 461.66, 

CASE m. 

Qiven tJie two sides cibout the rig\t angle, to find the re 

maining parts. 

40. The angle at the base may be found by Fommia 
(12 )f and the solution may \)e com^\eX»^\ ^ m C«ae IL 
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EXAMPLES. 

1. Given b = 26, and c = 15, to find (7, -B, and a. 

OPERATION. 

Applying logarithms to Formula (12), we have, 

log (J + 10 — log b = log tan 0; 

log c (15) .... 1.170091 
(a. c.) log b (2G) .... 8. 585027 

log tan O . . . 9.701118 .-. C7 = 29° 68' 64"; 

J? = 90** — P -= 00° 01' 06 '. . 
As in Case II., log c + 10 — log sin = log a ; 

log c . • (15) . . 1 176091 
(a. c) log sin C (29° 68' 64") 0..301271 

log a 1.477362 .•. a = 30.017. 

Ans. C = 29° 68' 64", £ = 60° 01' 06", and a - 30.017. 

2. Given b = 1052 yds., and c = 347.21 yds., to find 
Jff, (7, and ' a. 

B = 71° 44' 05", C = 18° 15' 55", and a = 1107.82 yds. 

8. Given b = 122.416, and c = 118.297, to find B, 
6", and a. 

B = 45° 68' 60", (7 = 44° 1' 10", and a = 170.236 

4. Given b = 103, and c = 101, to fird B, C 
and a. 

B = 46*» 33' 42", O = 44* 2ft' Itf % WiSL a = \«w«w»J^, 
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CASE rvr. 

€Hvm the hypothenuBe and either side about the right nnglc^ 

to find the remaining parte, 

41. Tlie angle at the base may be found by one of 
Formulas (10) and (11), and the remaining side may then 
be found by one of Formulas ( 7 ) and ( 8 ). 

EXAMPLES. 

1. Given a = 2391.76, and h = 385.7, to find (7, 
Bf and c 

OPERATION. 

Applying logarithms to Formula (11), we have, 
log S + 10 — log a = log cos C\ 

log h (385.7) • • • 2.686250 
(a. C.) log a (2391.76) • • 6.621282 

log cos (7 • • . 9.207532 .•. C7 = 80<> 48' 11''; 

i? = 90*» - 80** 43' 11" = 9° 16' 19". 

From Formula ( 7 ), we have, 

log a + log sin (7 — 10 = log e\ 

log a (2391.76) • 8.378718 

log sm C (80*» 43' 11") 9.994278 

log c 8.372996 .'. c = 2360.46. 

dns. ^ = 9** 16' 49", C —%^ 4^' 11"^ and c = 2360.45. 
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2. Given a = 127.174 yds., and c = 125.7 yds., to find 
C By and h 

9 

OPERAXIOK. 

From Formula (10), we have, 

log (J + 10 — log a = log sin (7; 

log c (125.7) . . . 2.099335 
(a. c.) log a (127.174) . . 7.895G02 

log sin C ... 9.994937 .-. (7 = 81^ 16' 6"; 

5 = 90° - 81*^ 16' 6" = 8° 43' 54". 

From Formula (8), we have, 

log a + log cos (7 — 10 = log J ; 

log a (127.174) • 2.104398 

log cos (7 (81*> 16' 6") . 9.181292 

log ^ 1.285690 .'. h = 19.8. 

Am. -B = 8° 43' 54", C = 81** 16' 6", and ft = 19.3 yds. 



3. Given a = 100, and h = 60, to find -B, (7, and c 



Ans. B = 86° 62' 11", C = 63«> 7' 49", and c = 80. 



4. Given a = 19.209, and c = 16, to find jB, (7, 
and b. 

Am. B = ^^"^ 39 30" C = ^V» ^^' ^^*' i >> — ^ 
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SOLUTION OP OBLIQUE-ANGLED TRIANGLES. 

42, In the solution of oblique-angled triangles, four cases 
may arise. We shall discuss these cases in order. 



CASE L 

Qxven one side and two angles^ to determine the remaining 

parts. 

43. Let ABC represent any 
oblique-angled triangle. From the 
vertex (7, draw CD perpendicular 
to the base, forming two right- 
angled triangles A CD and BCD, 
Assume the notation of the figure. 

From Formula ( 1 ), we have, 




(72> = ft sin A, 



and 



CD = a miB\ 



Equating these two values, we have, 

ft sin ^ = a sin i? ; 
whence (B. 11., P. 11.), 

a : ft : : sin ul : sin j&. • • ( 13.) 

Since a and ft are any two sides, and A and B the 
anglps lying opposite to them, we have the following princi- 
ple : 

Tlie sides of a plane triangle are proportional to the 
sines of their opposite angles. 

It is to be observed that Formula ( 13 ) is true for any 
value of the radius. Hence, to solve a triangle, when a side 
two anglea are given: 



• 
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Fbet find the third angle, by subtracting the sum of the 
given angles from 180^ ; then find each of the required sides 
by means of the principle just demonstrated. 

EXAMPLES. 

1. Given B = 68° 07', C = 22° 37', and a = 408, to 
find A^ 6, and c. 

OPERATION. 

B 68° 07' 

C 22° 37' 

A . . . 180° — 80° 44' = 99° 16'. 

To fiiid ft, write tho proportion, 

sin ^ : sin J? : : a : b \ 

tliat is, the sine of the angle opposite the given stde^ is to 
the sine of the afigle opposite the required side, as the given 
*ide IS to t/ie required side. 

Applying logarithms, we have (Ex. 4, P. 15), 

(a/c.) log sin A + log sin j5 + log a — 10 = log J, 

(a.c.) log sin A (99° IC) ... 0.005705 • 

log sin B (58° 07') . . . 9.928972 

log a . . (408) .... 2.G10G60 

log S 2.545337 .-. J = 351.024. 

I^ hke manner, sin A : Bin : : a : c; 

^^y (a. c.) sin A + log sin C + log a — 10 = log c. 

(^ c.) log sin A {or 10') . . . 0.005705 

log sin O (22° 37') . . . 9.5849G8 

log a . . (408) .... 2.C10GC0 

logo 2.201333 .'. (J = 158.976. 

^M A = 99'' IG'y b = 351.0^^4, aiL9L c =^ \^^srv 
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2. Given A = 88** 25', i? = 67*" 42', and c = 400, 
to find (7, a, and b. 

Am. C = 83<> 63', a = 249.9*4, 6 = 840.04. 

8. Given A = 16<> 19' 61", (7 = 72<> 44' 05", and 
c = 250.4 yds, to find B^ a, and & 

Am. B = 91*^ 56' 04", a = 69.328 yds., h = 262.066 yda. 

4. Given B = 51<» 15' 35", C = 87° 21' 25", and 
a = 305.296 ft., to find A^ 6, and c. 

Am. A = 91*» 23', h = 238.1978 ft., c = 185.3 ft. 



CASE n. 

Given two sides and an angle opposite one of them^ to find 

tlie remaining parts. 

44. The solution, in this case, is commenced by finding 
& second angle by mertns of Formula (13), after which we 
may proSced as in Case I. ; or, the solution may be con^ 
pleted by a continued application of Formula ( 13 ), 

BXAMPLBS. 

1. Given A = 22*» 37', h = 216, and a = 117, to 
find By (7, and o. 

From Formula (13), wo have, 

a : b : : sin ul : sin i? ; 

that is, the aide opposite the given angle^ is to the side op- 
posite the required angle^ <zs the sine of the given angle is 
'£ sine of the required angle. 
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Whence, by the application of logaritlims, 

(a. c.) log a + log S + log sin A — 10 = log sin B ; 

(a.,c.) log a . . (117) . . 7.031 814 

log S . . (216) .. . 2.034454 

log sin A (22** 37') . . 0.5840G8 

log sin i? .... 9.851230 .-. B = 45** 13' 55", 

and B' = 134° 40' 05". 

Hence, we find two values of />, which are supplements of 
each other, because tlie sine of any angle is equal to the 
gine of its supplement. This would seem to indicate that 
the problem admits of two solutions. It nov remains to 
determine under what conditions there will be two solutions^ 
one solution^ or no solution. 

There may be two cases : the given angle may be (ic9itef 
or it may be obtuse. 

First Case. Let ABC re^ 
present the triangle, in which the 
angle A^ aud the sides a and 

h are given. From C let tall "** -7..-''' 

a perpendicular upon AB^ pro- 
longed if necessary, and denote its length by p. We shall 
have, from Fonuula ( 1 ), Art. 37, 

p = b «in A \ 

■ 

from which the value of p may be computed. 

If a is intermediate in value Ijetween p and ^, there 
will be two solutions. For, if with 6^ as a centre, and a 
as a radius, an arc be described, it will cut the line ^B 
in two points, B and B\ each of which being joined with 
C7, will give a triangle which will conform to the conditions 
of the problem. 




40 
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In tills case, the angles B' and 7?, of the two triaDgles 
AB'O and ABC^ will be supplements of each other. 

C 
If o = jo, there will be but 

one solution. For, in this case, 

the arc will be tangent to Ali^ 

ho two pohits B anil B' will 

unite, and there will be but a single triangle formed. 

In this case, the angle ABC will be equal to 90*^. 

If a is greater than both p 
and 5, there will also be but one 
solution. For, although the arc 
cuts AB in two points, and con- 
sequently gives two triangles, only 
one of them conforms to the con- 
ditions of the problem. 

In this case, the angle ABO will be less than -4, and 
consequently acute. 



If a < Jf>, there will be no 
solution. For, the arc can neither 
out AB^ nor be tangent to it. 





Second Case. "Wlien the given angle A is obtuse, the 
angle ABC will be acute ; the 
side a >nll be greater than ft, 
and there will be but one sota- 
Hon. 

< — 

in the example under considera- 
tion, there are two solutions, the 

first corresponding to B = 46® 13' 65", and the second to 
^' zzz 234^ 46' 06". 
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In the first case, wo have, 

A '22° 37' 

B 45° 1 3^ 55'' 

C . 180° - 67° 50^ 55^' = 112° 09' 05\ 

To find c, we have, 

sin B : Bin : : b : c; and 

(a. c.) sin J? + log sin C + log 5 — 10 = log c ; 

(a. c.) log sin B ( 45*» 13' 55") . 0.1487G4 

log sin (112° 09' 05") . 9.9GG700 

log J ... (216) . . . 2.334454 

log c . ..... 2.440918 .-. c = 281.785. 

Ans. B = 45° 13' 55", C = 112° 09' 05", and c = 281.785. 

In the second case, we have, 

A : 22° 37' 

B' 134° 46' 05" 

180° - 157° 23^ 05" = 22°,36' 55"; 

and as before, 

(a. c.) log sin B' (134° 46' 05") . 0.148764 

log sin ( 22° 36' 55") . 9.584943 

log J . . . (216) . . . 2.334454 

log (J 2.068161 .-. c = 116.993. 

Ans. B = 134^ 46' 05", C = 22*^ 36' 55", and c = 116.993. 

2. Given A = 32°, a = 40, and 5 = 50, to find 
Bf (7, and c. 

B - 41° 28' 59", G = 106*^ 31' 01", c = 72.368 
Aim. ' 

158° 31' 01", (7 = 0^ ^« ?>^" , c = ^^.'SS^^. ^ 
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3. Given A = 18<> 62' 13", a = 2Y.466 yda., and 
b = 13.189 yds., to find JS^ C, and c. 

Ans. J5 = 8° 5G' 06", C = 152** 11' 42", c = 39.011 yds, 



4. Given A = 32<> 15' 26", b = IYO.21 ft., and 
a = 94.047 ft., to find 7i, (7, and c. 

Ana. B = 90% (7 = 67*^ 44' 34", c = 149.014 ft^ 



CASE in. 

Oiven two sides and their included angle^ to find the n^ 

maining parts. 

45. Let ABC represent any 
plane triangle, AB and 2iO any /\ ^^•^ A 
two sides, and A their included 
angle. With ^ as a centre, ^ , 

and AC^ the shorter of the two ^^^ — ..:-^ & ® 

sides, as a radius, describe a semi- 
circle meeting AB in Tj and the prolongation of AB 
in E, Draw CI and EC^ and through J draw III 
parallel to EC. 

Since the angle CAE is exterior to the triangle CBA^ 
we have (B. I., P. XXV., C. G), 

CAE = (7 + B. 

But the angle C/J is half the angle CAE\ . 
hence, CIA = J ((7 + i?). 

Since -4(7 is equal to -4/^, the angle AFC is equal to the 
angle C\ hence, the angle B plus FAB is equal to (7; 
or FAB is equal to C — B. But /CZT = is equal to one- 
half at FAB; 

^ncc, ICU = :^ (,C - E^. 
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Since the angle ECI is inscribed in a semicircle, it is a 
right angle (B. III., P. XVIIL, C. 2); hence, CE is per- 
pendicular to CI, at the point C, But since HI is parallel 
to CE, it will also be perpendicular to CL 

From the two right-angled triangles ICE and ICH, we 
nave (Formula 3, Art. 37), 

arc = 7(7 tani(<7 + -B), and iZT = 7(7' tan ^((7 - i?); 

hence, from the preceding equations, we have, after omitting 
, the equal factor IC (B. 11., P. VH.), 

EC : in : : tan \{C ^- B) : tan ^((7 - B). 

The triangles ECB and IIIB being similar, their homo- 
logous sides are proportional ; and because EB is equal to 
All + ^ (7, and IB ' to AB — AC^ we shall have the 
proportion, 

EG : IM :: AB -^ AC : AB ^ AC. 

Combining the preceding proportions, and substituting for 
AB and AC their representatives c and ^, we have, 

o + b : c-ft :: tanj((7fi?) : tani((7-i?) . . (14.) 

Hence, we have the following principle : 

In any plane triangle^ the sum of the aides inchtding 
either angle^ is to their difference^ as the tangent of half 
the sum of the two other angles^ is to the tangent of half 
their differeyice. 

Tlie half sum of the angles may be found by subtracting 
the gi^wi angle from 180**, and dividing the remainder by 2 
the half difference may be found by means of the principle 
just demoDistrated. Knowing the half %\xx3Dl wi^ xX^v^ \v5^ 
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difference the greater angle is fonnd by adding the half 
dififereiice to the half sum, and the less angle is found by 
subtracting the half difiference from the half sum. Then the 
solution IS completed as in Case L . 



EXAMPLES. 

1. Given e = 640, b = 450, and A = 80**, to find 
B^ C, and a. 

OPERATION. 

c -f- ft = 990 ; c - ft'= 90 ; i (C+i?) = ^(180° - 80*») = 50°. 
Apply mg logarithms to Formula (14), we have, 

(a. c.) log {c+l) + log (c - J) + log tan J ((7 + -B) - 10 = 

log tan MC - B). 

(a. c.) log {c •\-h) . . (990) 7.0043G5 

log {c-l) . . ( 90 ) 1.954243 

logtaui ((7+^) (50°) 10.076187 

log tan i {G - B) 9.034795 .-. \ (a-^)=G** 11'; 

(7 = 50° + G° 11' = 5G° 11'; B = 50° - 6° 11' = 43* 49'. 

From Formula (13), we have, 

sin (7 : sin -4 : : (J : a; whence, 

(a. c.) log sin C (5G° 11') . 0.080492 

log sin A (80°) . . 9.993351 

log c . . . (540) . . 2.732394 

log a 2.80G237 .-. a = 640.083. 

Am. 5 = 43^ 40'', C ^ b^° 11', a = 640.082. 
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2. Given e = 1686 yds., b = 960 yds., and A = 128° 04', 
to find i?, (7, and a. 

Ans. B = 18** 21' 21", G = 33*> 34' 39", a = 2400 yds. 



8. Given a = 18.Y39 yds., h = 7.642 yds., 
(J — 46° 18 28", to find A^ -B, and c. 



and 



Ana. A = 112° 34' 13", B = 22° 07' 19", c = 14.426 yds 

4. Given a = 464.7 yds, h = 289.3 yds*, and 
C = 87° 03' 48", to find A^ i?, and c. 

^/W. J = 60° 13' 39", B = 32° 42' 33", c = 634.66 yds. 

5. Given a = 16:9584 fk., h = 11.9613 ft., and 
G = 60° 43' 36", to find A^ i?, and c. 

Am. a = 76° 04' 10", B =z 43° 12' 14", e = 15.22 ft. 



6. Given a = 3754, b = 3277.628, and (7 = 57° 53' 17", 
to find Ay By and o. 

^»«. u4 = 68° 02' 25", B = 54° 04' 18", c = 3428.512. 

CASE IV. 

Given the three sides of a triangle^ to find the remaining 

parts.* 



46. Let ABG represent any 
plane triangle, of which BG is 
the longest side. Draw AJD per- 
pendicular to the base, dividing it 
into two segments CD and BB. 



^ 




* The angles may be found by Formula (^) or (U)), Lemma. 

109, and 110, MenaunLtlou. 

20 



Pa^ef 
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From the right-angled triangles CAJD and BAD, wd 
have. 

Iff = AG* - DC*, and Iff = Iff - Bff-y 

Equating these values of AD y we haye, 
whence, by transposition, 

J^* - A^ = ..Da* - .5:5«. 

Factoring each member, we have, 

{AC '\- AB) {AC-- AB) = {DC + BB) {DC ^ BB). 

Converting this equation ^into a proportion (B. 11., P. 11.), ^ 
we have, 
BC-hBB : AC + AB :: AC-AB : BC^BJ); 

or, denoting the segments by 8 and «', and the mdes 
of the triangle by a, ^, and c, 

8 + 8' : b + c :: ft — c : « — «'; ( 16.) 

that is, if in any plane triangle, a line be drawn from the 
vertex of the vertical angle perpendicular to the base, divid- 
ing it into two segments ; then. 

The sum of the two segments^ or the whole hase^ is to 
the sum of the two other sides^ as the jdifference of these 
sides is to the difference of the segments. 

The half difference added to the half sum, gives the 
greater, and the half differcuce subtracted from the half s^jm 
gives the less segment We shall then have two right- 
angled triangles, in each of which we know the liypothenuse 
and the base ; hence, the angles of these triangles may be 
^"ndy and consequently, those of the ^ven triangle. 
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EXAMPLES. 

1. Given a = 40, b =z 84, and e == 25, to find Ai 
B, and C. 

OPERATION. 

Applying logarithms to Formula (15), we have, 

(a. c.) log (« + O + log (J + c) + log (J — c) = log (« — «'); 

(a. e.) log {s + «')•• (40) . . 8.397940 

log (S + o) . . (59) . . 1.770852 

log (S - c) . . ( 9) . . 0.954243 

log («-«') 1.123035 .-. «-«'=13.275. 

«=J(« + «')+J(«-«^ = 26.0375 
«' = J (« + «') - J (« - «') = 13.3025 

From Formula (11), we find, 

log « + (a. c.) log 5 = log COS (7 . • . (7 = 38° 25' 20", and 
log s + (a. c.) log c = log COB i? .-. B= 57° 4r 25" 

9G° 00' 45" 

^ = 180^ - 96*> 06' 45" = 83*> 63' 15". 



2. Given a = 6,. ^ & = 5, and o = 4, to find A, 
B, and a. 

Ans. A = 82<> 49' 09", B = 65<> 46' 16", C = 4P 24' 36" 

3. Given a = 71.2 yds., b = 64.8 yds., and c = 87. 
yda., to find A^ i?, and C. 

Ans. A = 88° 44' 32", B = 64** 4ft' 5ft" ^ C = ^V ^'^^ ^^'^ 
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PROBLE^IS. 

1. . Kuo^dng the distance AB^ 
qual to 600 yards, and the angles 
^AG ziz 67^ 35', ABC = 64° 61', 
bid the two distances AG and 
BC. 

An$. AG = 643.49 yds., JSG = 600.11 yds. 

2. At what horizontal distance from a column, 200 feet 

high, will it subtend an angle of 31° 17' 12" ? 

Arts. 329.114 ft. 

8. Required the height 
of a hill'D above a hor- 
ieontal piano ABj the dis- 
tance between A and 2? 
being equal to 975 yards, 
and the angles of elevation at A and B being respect 
ively 15° 36' and 27° 29'. Ans. DG = 687.61 yds. 




4. The distances AG and BG 
are found by measurement to be, res- 
pectively, 588 feet and 672 feet, and 
their included angle 65° 40'. Requir- 

ed the distance AB. 

Ans. 692.967 ft. 



6. Being on a horizontal plane, and wanting to ascertain 

the height of a tower, standing on the top of an inaccessible 

hill, there were measured, the angle of elevation of the top 

of the hill 40°, and of the top of the tower 61° ; then 

'^fisniihg in a direct line 1^0 fee\ ^«i>i)Ki«t ^xom \Xxft. bilL, the 
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angle of elevation of the top of the tower was 33° 46' • 
required the height of the tower. Am. 83.998 ft. 

6. Watiting to know the horizontal distance between two 
inaccessible objects £J and TFJ the 
following measurements were made : 



AJ3 = 636 yards 

BAW = 40° 16' 

viz : < WAE = 67° 40' 

ABE = 42° 22' 

EBW = 71° 07'. 

Required the distance EW. 




Ans, 939.634 yda 




Y. Wanting to* know the 
horizontal distance between 
two inaccessible - objects A 
and B^ and not finding any 
station from which both of 
them could be seen, two 
points C and 2>, were chosen 
at a distance from each other 

equal to 200 yards ; from the former of these points, A 
could be seen, and from the latter, B ; and at each of the 
points C and 2>, a staff was set up. From C, a dis- 
tance CE was measured, not in the direction Z>(7, equal 
to 200 yards, and from 2>, a distance DE^ equal to 200 
yards, and the following angles taken : 

« 

AEO = 83° 00', ^BE = 64° 30', AOB z= 63*» 30' 
BBC = 166° 26', ACE = 64° 31', £EI> = 88° 30' 



Required th^ distance AB. 



AnA^ S4.5 AAX '^ds^ 



80 
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8. Tlie distances AB^ ACj and 
BC, between the points -4, By and 
C, are- known ; viz. : AB = 800 yds., 
AC z= 600 yds., and BC = 400 yds. 
Prora a fourth point P, the angles 
APO and BPO are measured ; 

viz. : APC = 33° 45', 

and BPC - 22<> 30'. 




Required the distances AP^ 



BP, and CP. 

(AP : 

Ans. I BP : 

CP : 



710.193 yds. 

934.291 yds. 

1042.522 yds. 



This problem is used in locating the position of buoys in 
maritime surveying, as follows. Tliree points -4, By and 
(7, on shore are known in position. The surveyor stationed 
at a buoy P^ measures the angles APC and BPC. The 
distances APy BPy and CP, are then found as follows : 

Suppose the circumference of a circle to be described 
through the points Ay By and P. Draw CPy cutting 
the circumference in By and draw the lines BB and DA. 

The angles CPB and BABy being inscribed in the 
same segment, are equal (B. HI., P. XV 111., 0. 1) ; for a 
like reason, the angles CPA and DBA are equal : hence, 
in the triangle ADBy we know two angles and one side ; 
we may, therefore, find the side DB. In the triangle A CBy 
we know the three sides, and we may compute the angle J?, 
Subtracting from this the angle DBAy we have the angle 
BBC. Now, in the triangle BBCy we have two sides 
and their included angle, and we can find the angle DCB. 
Finally, in the triangle CPBy we have two angles and one 
ride, from which data we can find CP and BP. In like 
manner^ we can find AP. jb 



ANALYTICAL TRIGONOMETRY. 



47. Analytical Trioonombtrt is that branch of Mathe- 
matics which treats of the general properties and relationfl 
of trigonometrical functions. 

DEFmrnoNS and oenebal principles. 




48. Let ABCD represent a cir- 
cle whose radius is 1, and suppose 
its circumference to be divided into 
four equal parts, by the diameters 
AC and BD^ drawn perpendicular to 
each other. The horizontal diameter 
ACy is caUed the initial diameter ; 
the vertical diameter BDy is called 

the secondary diameter ; the point A^ from which arcs are 
usually reckoned, is called the origin of arcs, and the point 
J?, 90** distant, is called the secondary origin. Arcs esti- 
mated from A^ around towards B, that is, in a direction 
contrary to that of the motion of the hands of a watch, are 
considered positive ; consequently, those reckoned in a con 
trary direction must be regarded as negatii;e. 

The arc AB, is called the ^r«^ quadrant; the arc BCy 
the second qimdrant ; the arc CD, the third qvadrant ; 
and the bto DA^ the fourth quadrant. T!\i^ ^ws\\» \jX. ^\^^ 
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an arc terminates, is called its extremity^ and an arc is said 
to be in that quadrant in which its extremity is situated. 
Thus, the arc AM is in the first 
quadrant^ the arc AM' in the seo 
ondy the arc AM'' in the thirds 
and the arc AM'" in the fourth. 




tn 



49. The complement of an arc 
has been defined to be the differ- 
ence between that arc and 90*^ (Art. 
28) ; geometrically considered, the 

complement of an arc is the arc included between the extremity 
of the arc and the secondary origin. Thus, MB is the 
complement of AM ; M'B^ the complement of AM' ; 
M"B^ the complement of AM'\ and so on. When the 
arc is greater than, a quadrant, the complement is negative, 
according to the conventional principle agreed upon (Art. 48). 

The supplement of an arc has been defined to be the 
difference between that arc and 180° (Art. 24) ; geometrically 
considered, it is the arc included between the extremity of 
the arc and the left hand extremity of the initial diameter. 
Thus, MG is the supplement of AM^ and M"G the sup- 
plement of AM'', The supplement is negative, when the 
arc is greater than two quadrants. 



50. The sine of an arc is 
the distance from the initial 
diameter to the extremity of the 
arc. Thus, PM is the sine 
of AM, and JP"M" is the 
sine of the arc AM", The 
term distance, is used in the 
sense of shortest or perpendicu- 
lar distance. 
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61. T7ie cosine of an arc is the distance from the sec- 
ondary diametef to the extremity of the arc : thus, NM 
lA the cosine of AM^ and NM* is the cosine of AM'. 

The cosine may be measured on the initial diameter : 
thus, OP is equal to the cosine of AM^ and OF' to the 
cosine of AM'. 

52. The versed-sine of an arc is the distance from the 
sine to the origin of arcs : thus, PA is the versed-sine of 
AMj and P'A is the versed-sine of AM'. 

53. The co-versed-sine of an arc is the distance from 
the cosine to tJie secondary origin : thus, NB is the co- 
versed-sine of AMy and N"B is the co-versed-sine of AM". 

54. Th^ tangent of an arc is that part of a perpen- 
dicular to the initial diameter^ at the origin of arcs^ in- 
cluded between tlie origin and the prolongation of sthe diam- 
eter through the extremity of the arc : thus, AT is the 
tangent of AM^ or of AM"^ and AT'" is the tangent 
of AM', or of AM'". 

55. The cotangent of an arc is that part of a perpen- 
dicular to the secondary diameter^ at the secondary origin, 
included between the secondary origin and the prolongation 
of tlie diameter through the extremity of the arc : thua, 
BT' is the cotangent of AM, or of AM", and BT'* 
is tlie cotangent of AM', or of AM'". 

56. The secant of an arc is the distance from the cen^ 
Ure of the arc to the extremity of the tangent : thus, OT 
is the secant of AM, or of AM", and OT'" is the se- 
cant of AM', or of AM'". 

67. Th;e cosecant of an arc ts tht ctutauce fT^ywx. tW. 
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centre oj t/ie arc to the extremity of the cotangent : thM, 
07" is the cosecant of AM, or of AM'\ and OT" ia 
the cosecant of AM', or of AM"'. 

TUe term co, in combination, ia equivalent to complement 
qf / thus, the cosine of an arc ia the same as the tine of 
the eompUmenl of that arc, the cotangent ia the same aa 
the tangent of the complement, and bo on. 

The eight trigonometrical function* above defined are aim 
called circular funotiont. 

EVLEB FOB DETEBMINIHO THE ALOEB&AIO BIOHS 07 CIKODLAB 

raNonoss. 



68. AU distances estimated upwards are regarded as pos- 
itive ; consequently, ail distances estimated downwards naiet 
be considered negative, 

Thua, AT, PM, NB, P'M', 



are positive, and AT'", P' 
P"M", &c., are negative. 



■M'" 




^ All distances estimated towards 
the right are regarded aa positive ; 
consequently, all distances estitnat- 
ed towards the left miist be cor^ 
aidered negative. 

Thus, NM, BT', PA, ic, 
are positive, and N'M', BT", Ac, are negative. 

AU distances estimated from the centre in a direction to 
towards the extremitg of the arc are regarded as positive ; 
eoneeqiiently, all distances estimated in a direction from th* 
tecond extremity of the are must be considered negative. 

Thus, OT, regarded aa tlie aecant of AM, 
ia a direction towards JIf, and ia poaiUve ; bat OT, 
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gsrded as the secant of AM*\ is estimated in a direction 
from M'\ and is negative. 

These conventional rules, enable us at once to give the 
proper sign to any function of an arc in any quadrant. 

59. In accordance with the above rules, and the defiiii- 
ions of the circular functions, we have the following prind 
>Ies : 

The Bine is positive in ^ the first and second quadrants^ 
and negative in the third and fourth. 

The cosine is positive in the first and fourth quadrants^ 
and negative in the second and third. 

The versed^ine and the co^ersed-sine are always positive. 

The tangent and cotangent are positive in the first and 
third quadrants^ and negative in the second and fourth. 

The secant is positive in the first and fourth quadrants^ 
and negative in the second and third. 

The cosecant is positive in the first and second quadrants^ 
and negative in the third and fourth. 



LIMinNG VALUES OF THB CIRCULAR FUNCTIONS. 



60. The limiting values of the circular functions are those 

4 

values which they have at the beginning and end of the 
different quadrants. Their numerical values are discovered 
by following them as the arc increases from 0° around to 
860°, and so on around through 450°, 640°, <fcc. The signs 
of these values are determined by the principle, that the sign 
of a varying magnitude up to the limits is the sign at the 
limit. For illustration, let us examine the limiting values of 
the sine and tangent. 
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If we suppose the arc to be 0, the sine will be ; a& 
the arc increases, the sine increases until the arc becomes 
equal to 90°, when the sine becomes equal to +1, which is 
its greatest possible value ; as the arc increases from 90% 
the sine goes on diminishing until the arc becomes equal to 
180°, when the sine becomes equal to -f ; as the arc 
increases from 180°, the sine becomes negative, and goes on 
increasing numerically, but decreasing algebraically^ until the 
arc becomes equal to 270°, when the sine becomes equal to 
— 1, which is its least algebraical value ; as the arc increases 
from 270°, the sine goes on decreasing numerically, but in- 
creasing algebraically y until the arc becomes 360°, when the 
sine becomes equal to — 0. It is — 0, for this value of 
the arc, in accordance with the principle of, limits. 

The tangent is when the arc is 0, and increases till 
the arc becomes 90°, when the tangent is + co ; in passing 
through 90°, the tangent changes from -f co to — co , and 
as the arc increases the tangent decreases, numerically, but 
increases algebraically, till the arc becomes equal to 180°, 
when the tangent becomes equal tp — ; from 180° to 
270°, the tangent is again positive, and at 270° it becomes 
equal to + co ; from 270° to 360°, the tangent is again 
negative, and at 360° it becomes equal to — 0. 

If we still suppose the arc to increase after reaching 360°, 
the functions will again go through the same changes, that 
is, the functions of an arc are the same as the functions 
that are increased by 360°, 720° Ac. 

By discussing the limiting values of all the circular func 
tions we are enabled to form the foUowing table : 
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TABLE I. 



Arc = 


^ 0. 


Arc = 


90*. 


Arc = 


l8o^ 


Arc = 270". 


Arc = 360^ 


sin 


- 


sin 


= 1 


sin 


= 


sin = — 1 


sin =—0 


cos 


= 1 


cos 


= 


cos 


=-1 


cos =—0 


cos = 1 


y-sin 


= 


v-sin 


= 1 


v-sin 


= 2 


v-sin = 1 


v-sin = 


co-y-6in 


= 1 


co-vngin 


= 


co-v-sin 


= 1 


co-v-sin = 2 


c-v-sin = 1 


tan 


= 


tan 


= CO 


tan 


= -0 


tan = CO 


tan = —0 


cot 


= CO 


cot 


= 


cot 


= — CO 


cot =0 


cot = — CO 


sec 


= 1 


sec 


= CO 


sec 


= -1 


sec = — CO 


sec = 1 


coflec 


= c» 


cosec 


= 1 


cosec 


= CO 


cosec = — 1 


cosec = — CO 



<t 



RPXATIONS BETWEEN THE CIKCULAR FUNCTIONS OF ANY ARC. 



61. Let AM represent any arc de- 
noted by a. Draw the lines as repre- 
sented in the figure. Then we sliall 
have, by definition 

OM = OA = 1; PM = 0]!^ = sin a ; 
NM = OP = cos a ; PA = ver-sin a ; 
N'B = co-ver-sin a ; AT = tan a ; 
BT' = cot a ; OT =: sec a ; and OT' z= cosec a. 




From the right-angled triangle OPM^ we have, 



PJf* + OP = OM' , or, sin^a + cos^a = 1. . ( 1.^ 

The symbols sin^a, cos^a, &c., denote the square of the 
sine of a, the square of the cosine of a, &c. 
From Formula ( 1 ) we have, by transposition, 



dn^a = 1 — cos^a , ( 2 ) ; and coa^a •= 1 — ein^a, . (3.) 
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We have, from the figure, 
PA = OA^ OF, 
or, ver-sin a = 1 — cob a. . . (4.) 

and, ITB = 0£ - ON, 

or, co-ver-sin a = 1 — sin a. • • (5.) 

From the nmilar triangles OAT and 0PM, we have, 

OP : PM : : OA : AT, or, cob a : sin a :: 1 : tan a; 

1. . sin a . - 

whence, tan a = (6.) 

^ cos a ^ ' 

From the similar triangles ONM and OBT', we have, 

ON : iOf : : OB : JBT", or, sin a : cos a : : 1 : cot a ; 

u . cosa ... 

whence, cot a = — (7.) 

^ sm a ^ ' . 

Multiplying (6) and (7), member by member, we have, 

tan a cot a = 1 ; (8.) 

whence, by division, 

^ tan a = — - — ; • ( 9.) and cot a = ^ . . ( lo.) 

^ cota'^' tana ^ ' 

From the similar triangles 0PM and OAT, we have, 

OP : OM w OA \ OT, or, cos a : 1 : : I : sec a 

•006^ seo a = (11.) 

\ 
\ 
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From the similar triangles ONM and OBT\ we have, 

ON : OM : : OB : 0T\ or, sin a : 1 : : 1 : co-seoa; 

1 



whence, 



co-sec a — -r 



sin a 



(12.) 



From the right-angled triangle OAT^ we have, 
OP = 03* -h J^?^; or, sec^a = 1 + tan^a. . (13.) 

Prom the right-angled triangle OBT\ we have, 
OT^ = 01? -f BT^\ or, co-sec^a = 1 + cot^a. . /(14.) 

a 

It is to be observed that Formulas (6), (7), (12), and 

(U), may be deduced from Formulas (4), (6), (11), and 

(13), by substituting 90° — a, for a, and then making the 
proper reductions. 



Collecting the preceding Formulas, we have the following 
table: 

TABLE II. 



(1.) 


8iD*a + C06*a 
sin 'a 


= 


1 — coB*a. 


(9.) 


tan a 


= 


1 

cot a 




(8.) 


C08*a 


= 


1 — Bin'o. 


(10.) 


cot a 


» 


I 
tau a * 




(4.) 


vor-«iQ a 
co-ver-«ui a 


s. 


1 — COB a. 
1 — sin a. 


(11.) 


sec a 


= 


1 
COB a 




(«.) 


tan a 


^ 


sin a 


(12.) 


cosec a 


ss 


1 
SID a 




cos a 




(».) 


c«t a 


• 


cos a 
sin a * 


(18.) 


8ec*a 


= 


1 -ftan'o. 




(•) 


tan c oot a 


^J5 


1. 


(14. 


coflec*a 


^JJ 


1 -»- cot*a. 


\ 



V 
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FUKCnONB OF KEOATITB ABOS. 

62. Let AM''\ estimated from A towards 
nuraericjally equal to AM ; then, 
if we denote the arc AM by a, "p" 
the arc AM''' will be denoted 
by — a (Art. 48). 

All the functions of AM"\ 
will be the same as those of 
ABM"'\ that is, the functions of 
— a are the same as the func- 
tions of 360** — a. 

From an inspection of the fig- 
ure, we shall discover the following relations, viz. : 



2>, be 




sin (— a) = — sin a ; cos (— a) = 
tan (—«) = — tan a ; cot (— a) = 
sec ( - a) = sec a ; cosec (— a) = 



cos a ; 

— cot a ; 

— cosec CL, 



FUNCTIONS OP ARCS FORMED BY ADDING AN ARO TO, OR SUB- 
TRACTING IT FROM ANY NUMBER OF QUADRANTS. 

63. Let a denote any arc less than 00^. From what 
Las precedc(f, we know that, 



sin (90® — a) = cos a ; 
tan (90° — a) = cot a ; 



cos (90** — a) = Gon a. 
cot (90®.— a) = tan a. 



sec (90° — a) = cosec a ; cosec (90® — a) = sec a. 



Now, suppose that BM' = a, then will AM' = 90® -f a 
e see from the figure tliat^ 
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KM' = sm a, P'M' = cos a, BT" = tan a, 
AT'" = cot a, OT" = sec a, OT'" = coseo a» 
without reference to their signs. 

By a simple inspection of the figure, observing the nd 
for signs, we deduce the following relations : 

rin (90** + a) = cos a, cos (90® + a) = — sin a, 

tan (90® + a) = — cotan a, cot (90® + a) = — tan a, 
sec (90® + a) = — coseo a, coseo (90® + a) = sec a. 

Again, suppose 

M'C = ulJf = a ; then will AM' = 180® - a. 

We see from the figure that, 

P'M' = an a, OP' = cos a, AT" = tan a, 

^y = cot a, OT" = sec a, 0^'" = coseca, 



without reference to their ngns : hence, we have, as before* 
the following relations : 

sin (180® — a) = sin a, cos (180® — a) s= — cos a, 
tan (180® — a) = — tan a, cot (180® — a) = — cot a, 
sec (180® — a) = — sec a, cosec (180 — a) = cosec a, 

By a similar process, we may discuss the remaining arcs 

in question. Collecting the results, we have the following 

toble : 

21 
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TABI.K III. 





Apo = 90* + a. 




Arc = 270* - a. 


Bin => 


cos a, COB = — sin a, 


sin = 


— cos a, COB = — Bin a, 


taii = 


— cot a, cot = — tan a, 


tan = 


cot a, cot =s tan a, 


Beo = 


— cosec a, 00860 = sec a. 


sec = 


— cosec a, cosec = — sec a. 




Arc = 180* - a. 




Arc = 270* 4 a. 


Bin == 


Bin a, cos = — cos a, 


sin = 


— cos a, cos = sin a, 


tans 


— tan a, cot . = — cot o^ 


tan = 


— cot a, cot = — tan «, 


Beo = 


— sec a, cosec = cosec a. 


sec = 


cosec a, cosec = — sec a. 




Arc =* 180* + a. 




Arc = 860* — a. 


Bin = 


— sina, cos =— cosa, 


sin t= 


— sin «, COB = cos €1, 


tan = 


tan a, cot = cot a, 


tan = 


— tan a, cot = — cot €i, 


Bee = 


— sec a, cosec = — cosec a. 


sec = 


sec a, cosec = — cosec a. 



It will be observed that, when the arc is added to, or 
subtracted from, an even number of quadrants, the name of 
the function is the same in both columns ; and when the 
arc is added to, or subtracted from, an odd number of quad- 
rants, the names of the flmctions in the two columns are 
oontrary : in all cases, the algebraic sign is determined by 
the rules already given (Art. 68). 

By means of this table, we may find the functions of 
any arc in terms of the functions of an arc less than 90* 
Thus, 

sin 116<> = sin ( 90*» + 26<>) = cos 26% 

an 284*» = sin (270<> + 14*») = — cos 14% 

sin 400*» = sin (360^ + 40<>) = sin 40% 

tan 210® = tan ^ISO*" + ViP\ = tan 80*" " 
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PARnCTJLAB VALUES OF CERTAIN FUNCTIONS. 

/ 

61. Let MAM' be any arc, denoted 
by 2a, M'M its chord, and , OA a 
radius drawn perpendicular to M'M: then 
wiU PM = PM\ and AM = AM' 
(B. m, P. VI.). But PM is the sine 
of AM^ or, PM = sin a : hence. 

sin a = ^M'M ; 

that is, the sine of an arc is equal to one Iwlf the chord 
of twice the arc. 

Let M'AM = 60° ; then will AM = 30°, and M'M 
will equal the radius, or 1 : hence, we have, • 

sin 30° = i ; 

that is, th^ sine of 30° is equal to half the radius. 
Also, 

cos 30° = -/l — sin2 30© __ |y^; 
hence, 

sin 30° 



tan 30° = 



cos 30° 



=^- 



Again, let M'AM = 90° : then will AM = 46% and 
M'M = y/2 (B. v., P. m.) : hence, we have, 

an 46° = iv^; 
Also, 

COS 46° = -/I - sin^ 45° = ^yT; 



henoei 



an 45° 

tan 45° = —^ = 1. 

cos 46° 



llanj other jDomdrical valaes might \>e AeflraLOi^ 



ei 
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FORMCTLAS EXPRESSING RELATIONS BETWEEN THE CIRCULAK 

FUNCTIONS OF DIFFERENT ARCS. 

65. Let ^fB and BA represent two arcs, having the 
oommon radius 1; denote the first by 
% and the second by b: then, MA=a-hb. 
From M draw MP perpendicular to CA, 
and MX perpendicuhir to CB ; from 
K draw NF' perpendicular to CA, and 
NL parallel to AC. 

Then, by definition, we shall have, 

PM = sin {a + h), NM = sin a, and CN = cos a. 

From the. figure, we have, 

PM = ML + LP. (1). 

Since the triangle MLN is similar to CP^N (B. IV., 
P. 21), the angle LMN is equal to the angle P*CN\ hence, 
from the right-angled triangle MLNy we have, 

ML = MN cos 5 = sin a cos 5. 

From the right-angled triangle CP'JV (Art. 37), we have, 

NP' = ON sin J; 

or, since NP' = LP^ LP = cos a sin J. 

Substituting the values of PJ/", MLy and ZP, in Equa- 
tion (1), we have, 

sin (a + () = sin a cos } + cos a sin }; • (£l.)« 

that is, the sine of the sum of two arcSf ii equal to the 
Bine of the first into the cosine of the second^ plus the cO' 
*s of the first into the sine of the %ecoud« 
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Since the above formula is true for any values of a and 
ft, we may substitute — ft, for ft ; whence, 

sin (a — ft) = sin a cos ( — ft) + cos a sm ( — ft) ; 
but (Art. 62), 

cos ( — ft) = cos ft, and, sin ( — ft) = — sin ft ; 
hence, 

sm (a — ft) = sin a cos ft — cos a sin ft ; • ( 3.) 

that is, t?ie sine of the difference of two arcsy is equal tc 
the sine of the first into tJie cosine of the second^ minus the 
cosine of the first into the sine of the second. 

If^ in Formula ( 3 ), we substitute (90° — a), for a, we 
have, 

OB (90°— a— ^ = sm (90°— a) cos ft— cos (90°— a) sin ft ; • (2.) 

but (Art. 63), 

am (90°— a — ft) = sin [90°— (a + ft)] = cos (a + ft), 
and, 

sin (90® — a) = cos a, cos (90° — a) =.sin a ; » 

hence, by substitution in Equation (2), we have, 

cos (a + ft) = cos a cos ft — sin a sin ft ; • ( (9.) 

that is, the cosine of the sum of two arcs^ is equal to the 
rectangle of their cosines^ minus the rectangle of their si^es, 

ICf in Formula (0), we substitute —ft, for ft, we find 

oos (a — ft) = cos a cos ( — ft) — sin a sin ( — ft), 
or, 

ooB (a — ft) = 006 a cos ft -f Gon a ^ b \ « « V^^ 
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that is, the cosine of the difference of two arca^ is equal 
to the rectangle of their cosines^ plus the rectangle of their 
sines. 

If we divide Formula ( ^ ) by Formula ( (8 )> member by 
uembcr, we have, 

sin {a -^ b) __ sin a cos b -!- cos a sin b 
cos (a -f b) cos a cos & — sin a sin d 

Dividing both terms of the second member by cos a cos J, 
recollecting that the sine divided by the cosine is equal to 
the tangent, we find, 

/ . T\ tan a + tan b , ,^ . 

tan (a + *) = ^ — j- ; . . . . (a.) 

^ ' 1 — tan a tan 6 ^ ' 

that is, the tangent of the sum of two arcs^ is equal to tlie 
sum of their tangents^ divided by 1 minus the rectangle of 
their tangents 

If, in Formula ( 2J ), we substitute — 5, for 5, recollect- 
ing that tan (— J) = — tan ft, we have, 

• _ 

/ » \ tan a — tan o , ^^x 

tan (a — ft) = z ;••••( ff.) 

^ ^ 1 + tan a tan ft* ^ ' 

that is, the tangent of the difference of two arcs^ is e(/u(d 
to the difference of their tangents^ divided by 1 plus the 
rectangle of their tangents. 

In like manner, dividing Formula (®) by Formula (41), 
fficmber by member, and reducing, we have, 

X / . x\ cot a cot ft — 1 -^ * 

cot (a + ft) = — ;^ -r- ; . . (a.) 

' cot. a -V <»^ b ' ^ ' 
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and thenoey by the substitution of —5, for 5, 

^ . -. cot O cot ft + 1 /,r. V 

cot (a — *) = — —r — • . . . . (ia.) 

^ ' cot i) — cot a' ^^ 

FUNCTIONS OF DOUBLE ARCS AND HALF ABCS. 

66. I^ in Formulas (^), (9), (a), and (O), we 
make a = ft, we find, 

sin 2a = 2 on a cos a ; • • • • (^^) 

cos 2a = (cos2(^— sin^a ; . . . • (9'.) 

2 tan a /r-*/\ 

*^° 2« = ^— i^ ; (a'.) 

^ ^ cot^a — 1 / ^# X 

^^'^^ = -y^^rr (®-) 

Substituting in ( ®'), for cos^a, its value, 1 — sin^a ; and 
afterwards for sin^o, its value, 1 — cos^o, we have, 

cos 2a = 1 — 2 sin^o, 
cos 2a = 2 cos^a — 1 ; 

whence, by solving these equations. 



/ 1 - cos 2a ^ -, . 

Bin a = V/ o >••••(*•) 



cos 



/ 1 + cos 2a ,^. 

« = V 2 ^^^ 



We also have, from the same equations, 

1 — cos 2a = 2 sin*a ; (8.) 

1 + COB 2a = 2 cos^o. • • • • • • VsO\ 
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Dividing Equation (^% first by Equation (4), and then 
by Equation ( 3 ), member by member, we have, 

rin 2a . , ^ . 

= tan a ; • 5.) 



1 + cos 2a 

Bin 2a 
1 — cos 2a 



= cot a. (6.) 



Substituting ^o, for a, in Equations ( 1 ), ( 2 ), ( 5 ), 
and (6)9 we have^ 



1 / 1 — cos a i r^„ \ 

■^ 4« = V 2 5 • • • (^ •) 



1 Al + cos a , _ ,. . 

COB ia = ^Z 2 » • • • ( ® •) 



*-*« = rf^' • • • • ^^"> 



* 1 sm a # ^/. V 

cot ia = ^ (Ca".) 

1 — cos a ^ ' 



Taking the reciprocals of both members of the last two 
formulas, we have also, 



. , 1 + cos a • ^ - 1 — cos a 

cot M = — ; , and, tan fa = — ; 

sm a " . sma 

4 



ADDrnONAL FORMULAS. 

67. If Formulas (ii) and (Q) be first added, member 
to member, and then subtracted, and the same operations be 
&naed upon ((9) and ^\!>V ^^ ^^'^ obtain^ 
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on (a + J) + gin (a — 5) = 2 sin a cos & ; 

sin (a + ft) — sin (a — 5) = 2 Cos a sin & ; 
ooB {a + b) + cos (a — J) = 2 cos a cos b ; 
cos (a — 6) — cos (a + J) = 2 sin a sin 6. 

If in these we make, 

a + 6 = 2?, and a — ft = g', 
whence, 

a = i(i> + ^), ft = i{p-q); 

and then substitute in the above formulas, we obtain, 

, mn p + Bin q = 2 sm ^ (^ + g') cos ^ (^ — g') • ( \^.) 

sin /> — sin J = 2 cos ^ (^ + ^) sin ^ (^ — g') • ( a.) 

oosp + cos y = 2 cos i (jt> + g^) cos i {p — q) • (Sa.) 

008 g' — cos/? = 2 sin i (/> + 3^) sin ^ (^ — 3^) • ( a.) 

From Formulas (a) and (US), by divimon, we obtain, 

gin jt? -> sin g __ cos i{p-\-q) sin i(/>— 3^) _ tan j ip—q) ^ . - ^ 
rin2? + 6in J "* mni{p-\'q) cosi(jt>— 3) ~ tani(/?-t-3j * ^ *' 

That is, the sum of the sines of two arcs is to their dif* 
ference^ as the tangent of one half the sum of the arcs is 
to the tangent of one half their difference. 



^^ ' ' 
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Also, in like maimer, we obtain, 

^p±^g ^ gn Kp+g) cos i(j,-g) ^ ^^^^ ^ . (j,) 
coBp + cosq coHi{p+ q) cos i{j>^q) "^ *^ ^ ' 

Bin p- sin q ^ cos Up+g) sin Up-g) ^ ^ _ 

COfcj:; + co8 2' cos J(^-f^) cos J(^— j) » vr 2/ \ / 

^{p+9) "" sill i(i>+^) oosi(/>+^) " coslip+q) * ^ '^ 

sm;?~8in g _ sin i(;?— <y) cos i(p+q) _ an i(/?— g^) ^ . v 
si^ (i^+3^) ~ sini(^-f ^) cosi(pH-^) "" mni(p+q) * ^ *^ 

sin (;?-y) _ sini(;>--g)cosj(/>-g) _ cos i(/>-y) ^ ,^. 
sin^ — sin g' sin Op—q) cos iCp+fi'j cos i(j>+q) * 



all of which give proportions analogous to that deduced from 
Formula (1). 

Since the second members of (6) and (4) are the same, 
we have, 

sinjt) — sin J' _ Bin{p+q) ^ , . 

sin {p—q) ~~ einp + sin y ' * ^ *' 

That is, the sine of the difference of two area is to the 
difference of the sines as the sum of the sines to the sint 
qf the sum. 

All of the preceding formulas may be made homogeneous 
in terms of iJ, H being any radius, as explained in Art. 
80 ; or, we may simply introduce i?, as a factor, into each 
term as many times as may be necessary to. render all of 
its terms of the same degree. 
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METHOD OF COMPUTING A TABLE OF NATUBAL BINES. 

68. Since the length of the semi-circumference of a circle 
whose radius is 1, is equal to the number 3.14159265 . . • , 
f we divide this number by 10800, the number of minutes 
n 180% the quotient, .0002908882..., will be the length 
)f the arc of one minute / and since this arc is so small 
that it does not differ materially, from its sine or tangent, 
this may be placed in the table as the sine of one minute. 

Formula ( 3 ) of Table 11., gives, 

cos 1' = y/l — sbn' = .9999999577 • • (1.) 

Having thus determined, to a near degree of approximar 
tion, the sine and cosine of one minute, we take the first 
formula of Art. 67, and put it under the form, 

sin (a + 5) = 2 sin a cos ft — sin (a — J), 
and make in this, b = l\ and then in succession, 

a = 1', a = 2', a = 8', a = 4', &o^ 

and obtain, 

mn 2' = 2 sin 1' cos 1' — sm = .0005817764 . . . 

nn 8' =: 2 sin 2' cos 1' — sin 1' = .0008726646'. . . 

sin 4' = 2 sin 3' cos 1' — sm 2' = .0011636526 . . . 

sin 5' = <&o., 

thus obtwiing the sine of every number of degrees and 
minutes from 1' to 45°. 



T2 ANALYTICAL TRIGONOMETRY 

The cosines of the corresponding arcs may be computed 
by means of Equation ( 1 ). 

Ilaviug found the sines and cosines of arcs less than 45% 
those of the arcs between 45° and 90°, may be deduced, 
by considering that the sine of an arc is equal to the cosme 
of its complement, and the cosine equal to the sine of the 
complement. Thus, 

sm S0° = sin (90° — 40°) = cos 40°, cos 50° = sin 40% 

in which the second members are known from the previous 
computations. 

To find the tangent of any arc, divide its sine by its , 
cosine. To find the cotangent, take the reciprocal of the 
corresponding tangent. 

As the accuracy of the calculation of the sine of any arc, 
by the above method, depends upon the accuracy of each 
previous calculation, it would be well to verify the work, by 
calculating the sines of the degrees separately (after having 
found the sines of one and two degrees), by the last pro- 
portion of Art. 67. Thus, 

an 1° : sin 2° — sin 1° : : sin 2° + sin 1° : sin 3" ; 
on 2*> 2 sin 8° — sin 1° : : sin 3° + rin 1<> : sin 4° ; &a 
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69. Spherical Trigonombtiit is that branch of Mathe- 
matics which treats of the solution of spherical triangles. 

In every spherical triangle there are six parts : three sides 
and three aifgles. In general, any three of these parts being 
given^ the remaining parts may be found. 

GENERAL PRINOIPLES. 

70. For the purpose of deducing the formulas required 
in the solution of spherical triangles, we shall suppose the 
triangles to be situated on spheres whose radii are equal 
to 1. The formulas thus deduced may be rendered applica- 
ble to triangles lying on any sphere, by making them homo- 
geneous in terms of the radius of that sphere, as explained 
in Art. 30. The only cases considered will be those in 
which each of the sides and angles is less than 180°. 

Any angle of a spherical triangle is the same as the die* 
dral angle included by the planes of its sides, and its mea 
nire is equal to that of the angle included between two 
right lines, one in each plane, and both perpendicular to 
their common intersection at the same point (B. VI., D. 4), 

Tlie radius of the sphere being equal to 1, each side of 
the triangle will measure the angle, at the centre, subtended 
by it. thus, in the triangle ABGy t\i^ vdl^qs %X» A N& 



u 
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the same as that included between the planes AOG and 

AOB \ and the side a is the 

measure of the plane angle BOC^ 

O being the centre of the 

spliere, and OB the radius, equal 

to I. 




71. Spherical triangles, like 
plane triangles, are divided into 
two classes, right-angled spherical 

triangles^ and oblique-angled spherical triangles. Each class 
will be considered in turn. 

We shall, as before, denote the angles by the capital 
letters -4, J5, and C, and the opposite sides by the small 
letters a, 5, and o. 



FORMULAS USED IN SOLVING RIGHT-ANGLED SPHERICAL 

TRIANGLES. 

72. Let CAB be a spherical triangle, right-angled at A, 
and let be the centre of the 
sphere on which it is situated. 
Denote the angles of the triangle 
by the letters -4, i?, and (7, 
and the opposite sides by the 
letters a, 5, and e, recollecting 
that B and C may change 
places, provided that h and e 
change places at the same time. 

Draw OA^ OB^ and 0(7, each of which will be equal 

to 1. From J5, draw BP perpendicular to OA^ and 

from P draw PQ perpendicular to 0(7 ; then join the 

points Q and i?, by the line QB. The line QB will be 

J>eipeiidicular to 00 (,B. Yl., P. TL>j, wA >\v';i %sv^Va PqB 




I • 
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will be equal to the inclination of the planes 0CJ3 and 
OCA ; that is, it will be equal to the angle C. 
TVo have, from the figure, 

PB = sin (?, OP = cos c, QB = sin a, OQ = cos a. 
Also, YTn = cos C'y and ^^ = sin J. 

From the right-angled triangles OQP and C-P-^> "^^ hare, 
OQ = OP cos AOG'y or, cos a = cos c cos J . (1.) 

PB = C^ sin PQB; or, sin c = sin a sin C7 . (2.) 

OP 

Multiplying both terms of the fraction ^Td ^7 OQ, and 

remembering that cot a = tan (90° — a), we have, 

1^ = II X ^; or, cos = tan (90° - a) tan i. . (3.) 

OP 

Multiply both terms ol the fraction ^p, by PB, and 

remembering that cot G = tan (90° — 0), we have, 

OP P7J QP 

%P ^ 'OP^TB' ^^* sin 5 = tan c tan (90°- 0). (4.) 

If, in (2), wo change c and (7, into b and 7>, we 

have, 

sin 5 = sin a sin 2/ (6.) 

If, in (3), we change b and (7, mto e and J?, we 

have, 

008 i? = tan (90°— a) tan c • • • • (6. 

I^ in (4), we change 5, e, and (7, into c, 5, and 

J3, we have, 

nn 6 = tan 5 tan (90°— J5) . . . . (Y.) 
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Multiplying ( 4 ) by ( 7 ), member by member, we hare^ 

8in 5 sin c = tan J tan c tan (90°--i?) tan (90°— (7). 

Dividing both, members by tan b tan c, we have, 
cos b cos = tan (90°— i?) tan (90°— (7) ; 

and substituting for cos b cos c, its vdue, cos (z, takfio 
from ( 1 ), we have, 

cos a = tan (90° -i?) tan (90**— (7) • • (8.) 

Formula (6) may be written under the form, 

» 

-. cos a Aa 

cos Jj = -; • 

sm a cos e 

Substituting for cos a, its value, cos b oos c, taken trom 
(1 ), and reducing, we have, 

^ cos b sin e 

cos 2? = ~. • 

sm a 

Again, substituting for sin e, its value, sin a sin C, taken 
from ( 2 ), and reducing, we have, 

m 

COS i? = COS 5 sin (7 • • • • (9.) 

Changing JB, J, ahd C, in (9), into (7, c, and JB, wt 
have, 

COS C7 = cos c edn JS • • • • (10.) 

These ten formulas are sufficient for the solution of any 
rrgbt-angled spherical tnau^^ ^\\»Xa^^t« . 
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NAPIER^S CIRCULAR PARTS. 

73. TJie tino sides about the right anglcy 
it>e complements of their opposite angles^ mid 
the comjAemcnt of the hgpcthenuse, are called 
Napier'? Circular Parts. 

If we take miy three of the five parts, as 
shown in the figure, they will either be 
adjacent to each other, or one of them will be separated from 
each of tlio other two, by an intervening part. In the first case, 
the one lying between the other two parts, is called the middle 
part, and the other two, adjacent parts. In the second case, the 
one separated from both the other parts, is called the middle part, 
and the other two, opposite parts. Thus, if 90° — a, is the middle 
part, 90° —B, and 90° — C, are adjacent parts; and h and c, are 
opposite parts; and similarly, for each of the other parts, taken 
as a middle part. 

74. Let lis now consider, in succession, each of the five 
parts as a middle part, when the other two parts are oppo- 
site. Beginning with the hypothenuse, we haye, from formulas 
(1), (2), (5), (9), and (10), Art 72, 



dn (00®— a) = cos b cos c 

sin 

sin h 

dn {W—B) = cos b cos (90*>-(7) 

sm (90®— (7) = cos cos (90**— i?) 



= cos (90®— a) cos (90®— (7) 
= cos (90°— a) cos (90®— i?) 



• • • 



• • • 



(1.) 

(2.) 
(3.) 

(6.) 



Comparing tLese formulas with the figure, tre see that. 

The sine of the middle part ia equal to (A« r<AtaavQl« ^ 

Ote eoeinet qf the oppoaUt porta. 

22 
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Let ns now take the same middle parts, and the other parts 
adjacent. Formulas (8), (7), (4), (6), and (3), Art 72, give 



flin (90*»-a) = tan (90^— i?)tan (90^- C) 

flin c = tan i tan (90°-^) • 

an 6 = tan c tan (90®— C) 

on (90® -i?) = tan (90®— a) tan e 

sin (90®— (7) = tan (90®— a) tan b 



• • • 



• • • 



• • • 



(6.) 

(7.) 
(8.) 

(10.) 



Comparing these formulas with the figure, we see that, 

The sine of the middle part is equal to the rectangle of 
the tangents of the acfjacent parts. 

These two rules are called Napier's rules for Circular 
Parts, and they are sufficient to solve any right-angled 
spherical triangle. 

75. In applying Napier's rules for circular parts, the part 
sought will be determined by its sine. Now, the same sine 
corresponds to two different arcs, supplements of each other ; 
it is, therefore, necessary to discover such relations between 
the given and required parts, as will serve to point out 
which of the two arcs is to be taken. 

Two parts of a spherical triangle are said to be of the 
ame species^ when tlicy are both less than 90®, or both 
greatei than 90® ; and of different species^ when one in less 
and the other greater than 90®. 

From Formulas ( 9 ) and ( 10 ), Art. 72, we havo, 

. ^ cos 7? ji . » cos (7 

sm C7 = i- , and sm J = : 

COB coe c ' 
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Bince the angles B and C are loth less than ISd"*, their 
ones must always bo positive : hence, cos B must have 
the same sign as cos b^ and the cos C must have ttie 
same sign as cos c. This can only be the case when B 
is of the same species as &, and C of the same species 
as c ; that is, tfie sides about t/ie right angle are alioays 
of tfie same species as their opposite angles. 

From Formula ( 1 ), we see that when a is less than 
90°, or when cos a is positive, the cosines of b and e 
will have the same sign ; that is, b and c will be of the 
same species, ^Vlieu a is greater than 90®, or when cos a 
b negative, the cosines of b and c will be contrary ; that 
18, b and c will be of different species : hence, when the 
hypothenuse is less than 00°, tlve two sides about tJie right 
anglCj and consequently the two oblique angles^ will be of the 
sam^ species / when the hypotlienuse is greater tlwm 90°, 
the two sides about tfie right angle^ and consequently the two 
oblique angles^ will be of different species, 

Tliese two principles enable us to determine the nature 
of the part sought, in every case, except when an oblique 
angle and the opposite side are given, to find the remaining 
parts. In this case, there may be two^ solutions^ one sokh 
tiony or no solution at all. 

Let BAG bo a right-an- 
gled triangle, in which B 
and b are given. Prolong N. / \ y 

ihft sides BA and 2? (7 till ^jT—^'^^ 

they meet in B', Take 

B'A' = BA, B'C z^ BC, and join A' and C by the 
arc of a great circle : then, because the triangles BA C and 
B'A'C have two sides and the included angle of the one, 
equal to two sides and the included angle of the other, eadi 
to each, the remaining parts will "be ec^ivaX^ «^ Va «&i^\ 
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(hat is, A'C = AC^ and the angle A' equal to the 
«Dgle -4 : hence, the two triangles JBAC^ JB*A'(3\ are 

flglil-angletl ; they have also 
we oblique angle and the op- 
jposile siilo, in each, equaL 

Now, if h differs more from 
90® than 2>, there will evident- 
Hy be two solatloiiSy the sides 
iiichiding the given angle, in the one case, being snpplcmenta 
of those which include the given angle, in the other case. 

If h = 7>\ the triangle will be bi-rectangular, and there 
will be but a single solution. 

If h differs less from 90° than 2?, tlie triangle cannot be con- 
etructed, that is, there will be no solution. 

SOLUTION OF RIGHT-ANGLED 8PUKRICAL TRIANGLES. 

76. In a right-angled spherical triangle, the right angle 
is always known. If any two of the other parts are^ given, 
the remaining parts may be found by Napier's rules for 
circular parts. Six cases may arise. Tliere may be given, 

I. The hypothenuse and one side. 

II. The hypothenuse and one oblique angle. 

III. The two sides about the right angle. 

IV. One side and its adjacent angle. 
V. One side and its opposite augla 

VL The two oblique angles. 

In any one of these cases, we select that part vrhioh is 

either ailjacent to, or separated from, each of the other given 

parts, and calling it the middle part, we employ that one of 

Nai)ier's rules which is applicable. Having determined a third 

parif the otlier two may tineii );>^ &\md in a fflmilar manner. 

% 
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It is to be observed, that the formulas employed are to be 
rendered homogeneous, in terms of R, as explained in Art 3Dl 
This is done by simply multiplying the radius of the Tables 
R, into the middle part. 




EXAMPLES. 

1. Given a = 105^ 17' 29", and 
8 = 38^ 47' 11", to find C, c, 
and B, 

Since a > 90**, b and c must be 
of different species, that is, c > 90°; 
for the same reason, C > 90°. 

OPERATION. 

Pormula ( 10 ), Art. 74, gives, for 90° — (7, middle part> 

log cos C = log cot a + log tan ^ — 10 ; 
log cot a (105° 17' 29") 9.430811 
log tan b ( 38° 47' 11") 9.005055 

log cbs C : . . . . 9.3418GG .*. C= 102° 41' 33" 

Formula ( 2 ), Art. 74, gives for c, middle part, 
log sin c = log sin a + log sin C7 — 10 ; 



log sin a (105° 17' 29") 
log sin G (102° 41' 33") 
log. sin c 



9.984346 
9.989256 



9.973602 .-. c=109° 46' 3^, 



Formula ( 4 ), gives, for 90° — By middle part, 

log cos B = log sin C + log cos 5 — 10 ; 

log sin C (102° 41' 33") 9.989256 
' log cos h ( 38° 47' 11") 9.891808 

log cos -B .... 9.881064 .• i? = 40° 29' 50". 

Ana. = 109** 46' dr, B = 40° 29' 50", C = \^'=S' «^Y ^^** . 
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2. Given J = 51** 30', and B = 68^ 35', to find e, 
a^ and G. 

Because b < By there are two sol a lions. 

OPERATION. 

Formula (7), gives for c, middle part, 

log sin c = log tan 6 + log cot J5 — 10 ; 

log tan. b (51** 30') . 10.099395 
log cot B (58** 35') . 9.785000 

log sin (? .... 9.885295 .-. c = 50° 09' 51", 

and c = 129** 50' 09". 

Formula ( 1 ), gives for 90** — a, middle part, 

log cos a = log cos b + log cos c — 10 ; 

log cos b (51** 30') . 9.794150 
log cos c (50** 09' 51") 9.80C580 

log cos a .... 9.C00730 .-. a = 6G** 29' 54", 

and a = 113^ 30' 06". 
Formula (10), gives for 90** —0, middle part, 

log cos C = log tan b + log cot a — 10 ; 

log tan 6 (61« 80') • 10.099395 
log cot a (66" 29' 64") 9.6383^6 

lug cos C .... 9.737731 .-. (7= 66** 61' 38", 

and . (7 = 123« 08' 22". 
In a similar manner, all other cases may be solved. 

8. Given a = 86** 61', and B = 18** 03' 32", to find 
bi e, and C. ' 

Ane. b = 18** 01' 60", c = W** 4V lV\ (7 = 88** 68' 25". 



TRIGONOMETRY. 88 

4. Given b = 155« 21' 54", and c ss 29*» 46' 08", to 
find a, i7, and C. 

Ans. a = 142^ 09' 13", JB = 137*» 24' 21", C = 64« 01' 16". 

6. Given c = 73^ 41' 35", and B = W 17' 33", to 
find a, &, and C. 

Ana. a = 92« 42' 17", S = 99** 40' 80", O = 73^ 54' 47". 

\ 

6. Given 6 = 115° 20', and i? = 91* 01' 47", to find , 
a, e, and C. 

177** 35' 36". 



f 64** 41' 11", ri77<>49'27", f 

a=< e=< G=< 

[lis** 18' 49", [ 2° 10' 83", [ 



2*> 24' 24". 



7. Given JB = 47° 13' 43", and (7 = 126® 40' 24", to 
find a, &, and c. 

^w«. a = 133° 82' 26', b = 32o 08' 56", c = 144° 27' 03". 



In certain cases, it may be necessary to find bat a single 
part. This may be efiectcd, either by one of the formulas 
given in Art. 74, or by a slight transformation of one of 
them. 

Thus, let a and Ji be given, to find (7. Regarding 
00° — a, as a middle part, we have, 

cos a = cot 2? cot C j 

whence, 

^ ^ cos a 
cot (7 = — -^ ; 
coils 

and, by the application of logarithms, 

log cos a + (a. c.) log cot B = log cot 0; 

flrom which may be found. In \\kft -msMMi^-t, ^HJs^Kt ^^sk^ 
majr be treateiL 



M 
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QUADBANTAL BPHERIOAL TEIANGLE8. 

77. A QuADRANTAL Spherical Triaxgle is one in which 
one side is equal to 90°. To solve such a triangle, we pass 
to its polar triangle, hy subtracting each side and each 
angle from 180° (B. IX., P. VI.). The resulting polar tri- 
angle will bo right-angled, and may be solved by the rules 
already given. The polar, triangle of any /quadrantal triangle 
being solved, the parts of the given triangle may be foimd 
by subtracting each part of the polar triangle from 180°. 




EXAMPLE. 

Let A*B*Q' be a quadrantal 
triangle, in which B'C* = 90^, 
B' = 76° 42', and c* = 18° 37'. 

Passing to the polar triangle, 
we have, 



A = 90°, h = 104° 18', and C = 161° 23'. 



Solving this triangle by previous rules, we find, 
a = 76° 25' 11", c = 161° 55' 20", B = 94° 31' 21" ; 

bence, the required parts of the given quadrantal triangle are, 
A' ^ 103° 34' 49" C = 18° 04' 40", V = 85« 28' 39". 



In a similar manner, other quadrantal triangles may be 
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rOBMULAS USED IN BOLVINO OBLIQUE-ANGLED SrUEElCAL TRI- 
ANGLES. 

78. Let ABC represent an oblique-angled spherical tii 
angle. From either vertex, (7, 
draw the arc of a great circle 
CB\ perpendicular to tlie oppo- 
site side. The two triangles 
ACir and BCB' will be right- 
togled at B\ 

From the tnangle A CB\ we 
have Formula ( 2 ), Art. 74, 

sin CL* = sin -4 sin 6. 




From the triangle BCB\ we have, 

sin CB' = sin B sin a. 

Equating these values of sin CB\ we have, 

sin ^ sin 6 = sin B %m a \ 

from which results the proportion, 

sm a : sin & : : sin J. : %m B . . . (1.) 



In like manner, we may deduce, 

sin a : sin c : : sin J. : an 6^ . . . (2.) 
sin 6 : sin c : : sin i? : sin C . . . ( 3.) 

That is, in any spherical triangle, the sines of the sidet 
are proportional to the sines of their opposite angles. 

Ilad the perpendicular fallen on the prolongation of JLJB, 
the same relation would have been {o\m&^ 
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79. Let ABC represent any spherical triangle, and 
the centre of the sphere on 
which it is sitoatecL Draw the 
radu 0^, OB, and 0C\ from 
C draw CP perpendicular to 
»ho plane A OB ; from P, the 
loot of this perpendicular, draw 
PD and PE respectively per- 
pendicular to OA and OB ; join 
CD and CIS, these lines wiU be respectively perpen^cnlar 
to 0-4 and OB (B. VI., P. VL), and the angles CDP 
and CEP will be equal to the angles A and B respec- . 
lively. Draw DL and PQ, the one perpendicular, and the 
other pai-allel to OB. We then have, 

OE = cos «, DC = sin &, OJD = cos (. 




We have from the figure, 



OjE= 0L-\^QP 



(1.) 



In the right-angled triangle OLD, ^ 

m 

OL = OD cos DOL = cos h cop c. 

The right-angled triangle PQD has its sides respectively 
perpendicular to those of OLD ; it is, therefore, similar to 
it, and the angle QDP is equal to e, and we have. 



• • • 



qP = PD ^mQDP =z PDmne 
The right-angled triangle CPD gives. 



PD = CD cos CDP = siu 5 cos JL J 

substituting this value in (2), we have, 



(2.) 



QP = eon b ^ c cicm^ A \ 
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and now substituting these values of OE^ OL^ and QP, 
in (1), we have, 

cos a = cos b cos c + sin & sin c cos A * (3.) 

Id the same way, we may deduce, 

cos & = cos a cos c + sin a an c cos ^ • • (4.) 
cos e = cos a cos & + sin a sin & cos (7 • • ( 5.) 

Tliat is, the cosine of either aide of a spherical triangle ia 
equal to the rectangle of the cosines of the other two sides 
plus tike rectangle of the sines of these sides into the cosine 
qf their included angle. ^ 

80. If we represent the angles of the polar triangle of 
AJ)C\ hj A\ B\ and C\ and the sides by a\ V 
and c', we have (B. IX., P. VL), 

a = 180^ — ^', A = 180» - jB', c = ISO** -(?', 
A = 180^ — a', B = 180^ - ft', C = 180^ — c\ 

Substituting these values in Equation (3), of the preceding 
srtidei and recollecting that, 



/ 



cos (ISO^'-JL') = - cos A\ sin (180*»- J?') = sin 1?', Ao, 
we have, 

— cos A' = cos -Z?' cos (7' — sin i?' sin 0' cos a' ; 

or, changing the signs and omitting the primes (since the 
preceding result is true for any triangle), 

eo% A =: an B sin(7cofta — oo% B ^% Q V>^ 
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In the same way, we may deduce, 

cos i? = sin -4 sin (7 cos b — cos A cos (7 • (2.) 

cos C = sin -4 sin ^ cos e — cos A cos JD • (3.) 

That is, the cosine of either w^^jle of a spherical triangh 
is cqncd to the rectangle of the sines of the other two 
angles into the cosine of their included side^ minus thi 
rectangle of the cosines of t/iese angles^ 



81. From Equation (3), Art. T9, we deduce, 

. cos a — cos b cos c . , * 

cos -4 = z — I — 7 (1.) 

siu sin ^ 

If we add this equation, member by member, to the nunv 
ber 1, and recollect that 1 + cos Aj in the first member, 
is equal to 2 cos^^^ (Art. 66), and reduce, we have, 

^ , . sin ft sin c 4- cos a — cos b cos c 

2 cos^ iA = ; — I — ; ; 

Bin n em c 

or, Formula (9), Art. 65, 

2 CO.HA = £2i4^^(»±£) (2.) 

sm 6 sm ^ ' 

And since. Formula (SI), Art. 67, 

cos a — cos (6 + c) = 2 em i{a + b + c) an i{b + — 0)^ 



Equation ( 2 ) becomes, after dividing both members by 2 
coaHA = ^" ii^ + ^f c) sin ^(ft + c-g) 
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If, in tliis wo make, 

4(a + b + c) = is ; whence, i{b + c — a) == is — a, 

and extract the square root of both members, we have. 



cos 



^ / sjnjs si., {is - ]g ^ ^ ^ ^ 

V smosmc ^ ' 



That is, Mtf cosine of one-half of either angle of a spherical 
triangle^ is equal to the square root of the sine of one-half 
cf the sum of the three sidesy into tfie sine of one-half this 
sum minus the side opposite the a^igle^ divided by the rect- 
angle of the sines of the adjacent sides. 

If we subtract Equation ( 1 ), of the preceding article, 
member \>j member, from the number 1, and recollect that, 

1 — cos A ^z 2 sin* ^-4, 
we find, after redaction, 

^ / sin g. - 6) sin (1^^^ ^ ^ \ 

V sm sm c ^ 

Dividing the preceding value of nn ^^, by cos \A^ 
we obtain. 



^ V sm i« sm (i« — a) ' 

82. If the angles and sides of the polar triangle of 
ABC be represented as in Art. 80, we have, 

A = 180*» - a', i = 180*» - i?', c = 180^ - C\ 
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Snbstituting these values fai ( 3 ), Art. 81, and redadng 
by the aid of the formulas io Table IIL, Art. 63, we find, 

. _ /- cos HA'+B'+ C) cos i ^B'^ C'^A') 

Placing 
i{A'+B'+ C) = i5; whence, \{B'+ O'-^A') = iS--A\ 

Substituting and omitting the primes, we have, 



. - / — cos iS cos US — A) .,. 

V Bin X? sm C/ ^ ' 



In a similar way, we may deduce from (4), Art. 81. 



cos 



= / cos (is-n) CO. ijs^ . . ; 

V sinJ^smC/ ^ ^ 



and thence, 

tan ia = \/ — /.o i»\ /i/o — 7>x • • • (3.) 
^ V cos {iS—M) cos (i^— (7) ^ ^ 

83. Prom Equation (1), Art. 80, we have, 

sin .A^ 

eosA + cos J? cosC = sin J? sin (7 cosa = sinC -; sin&cosac 

sm a 

(1.) 

since, from Proportion ( 1 ), Art. 78, we have, 

. jy sm A - 

em JI =z -, sm o, 

sm a 

Also, from Equation (2), Art. 80, we have, 

Kin vv 

oosJf + COS A oobC = anAnnC co&6 tn^idnC -; — rinaoosi 
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Adding ( 1 ) and ( 2 ), and dividing hj sin (7, we obtain, 

• / At jy. I -\- COS C sin J. . , , _. , ^. 

(cos -a + cos ^) ; — ;p=— = -. sm (a + b). ( 8.) 

^ ' sin C/ sm a ^ / v / 

The proportion, sin ^ : sin ^ : : sin a : sin &, 

taken first hj composition, and then by division, gives, 

on ^ + sin ^ = -; (sin a + sin 2) • • • (4.) 

sm.a ^ ' ^ ^ 

fiin .A. 

an -4 — sin jB = -. (sin a — mnb) • • • (5.) 

sm a ^ ' ^ ' 

Dividing ( 4 ) and ( 5 ), in succession, by ( 3 ), we obtain, 

sin ^ 4- cdn J? sin C sin a + sin ft , ^ 

cos^ + cosi? 1 + cos (7 "" sin (a + ft) * ' ^ *' 

sin -4 — sin 7? sin 0^ _ sin a — sin ft 

cos ^ + cos i? 1 + cos (7 "" sin (a + ft) ' ' ^ *^ 

But, by Formulas ( 2 ) and ( 4 ), Art. 67, and Formula (a")> 
Art. 66, Equation ( 6 ) becomes, 

tanK-4 + i?) = cot jg— tJ^'T^j ; . . (8.) 

*^ ' ^ cos i(tt + ft) * ^ ^ 

and, by the similar Formulas (3) and (5), of Art. 67, 
Equation (7) becomes, 

tani(^-^) = ooti(7^||^"^J. • . (9.) 
'^ ' sm i(a + ft) ^ ' 

These last two formulas give the proportions known as the 
first set of Napier^a Analogies. 

C06i(a+ft) : co8i(a— ft) : : cot^C : tani(J.+-B). (10.) 

nni(a-HA) : an ^(a— ft) :: cot^C : taxi\VA~^V V>\^ 
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If in these we substitute the values of c^ by C^ A^ 
and I^j in terms of the corresponding parts of the polar 
triangle, as expressed in Art. 80, we obtain, 

C08j(^ + i?) : cos|(-4— i?) :: tan^ : tan|(a+i). (12.) 
8ini(-4 + i?) : sin|(^— J?) :: tan ^c : tan4(a— ^). (13.) 
the second set of Napier^s Analogies. 

In applying logarithms to any of the preceding formulas, 
they must be made homogeneous, in terms of 7?, as 
plauied in Art, 30. 

SOLUTION OF OBLIQUE-ANGLED BPnERICAL TRIANGLES. 

84. In the solution of oblique-angled triangles six differ- 
ent cases may arise : viz., there may be given, 

I. Two sides and an angle opposite one of them. 

n. Two angles and a side opposite one of them. 

in. Two sides and their included angle. 

IV. Two angles and their included side. 

V. The three sides. 

VL The three angles. 

CASE I. ^ 

Given two sides and an angle opposite one of them. 

85. The solution, in this case, is commenced by finding 
die angle opposite the second given side, for which purpose 
Formula (1), Art. 78, is employed, .-ci^'d, :*»**< f* <:■■*' ^. vc.. ^ 

As this angle is found by means of its sine, and because 

the same sine corresponds to two different arcs, there would 

seem to be two different solutions. To ascert^ when there 

are two solutions^ when one solution^ and when no solution 

$t all^ it becomes necessary to^ e^L^dsmxL^ >3cv<^ x^tiona which 
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may exist between the given parts. Two cases may arise, 
viz., the ^ven angle may be aoutey or it may be obtuse. 

We shall consider each case separately (6. IX., P. XIX., 
Gen. Scholium). 

First Case. Let A be 
the given angle, and let a 
and b be the given sides. 
Prolong the arcs AG and 
AJ3 till they meet at A\ 
forming the lone AA' ; and 
from (7, draw the arc C2?' perpendicular to AJBA\ From 
(7, as a pole, and with the arc a, describe the arc of a 
small circle JBH, If this circle cuts ABA\ in two points 
between A and A\ there will be two solutions / for if 
be joined with each point of intersection by the arc of 
a great circle, we shall have two triangles ABC^ both of 
which will conform to the conditions of the problem. 

If only one point of in- 
tersection lies between A 
and A\ or if the small 
circle is tangent to ABA\ 
there will be but one solu- 
tion. 

If there is no point of intersection, or if there are points 
of intersection which do not lie between A and A\ there 
wiU be no solution. 




From Formula (2), Art. 72, we have, 

sin CD' =: Aa b smAj 



from which the perpendicular, which will be less than 90^, 

' will be found. Denote its value by p. By inspection of 

the figure^ we And the following TQ\a\ioTU^\ 

23 
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1. When a is greater than p, and at the same time less 
than both b and 180^ — b, there will be two solutions, 

2. When a is greater than p, and i?Uemiediaie in value 
between h and 180® — b; or^ when a is equal to p, there 
will be but one solution. 

If a = &, and is also less than 180® — &, oiie of the iK>intfl 
ef intersection will be at A^ and there will be but one 
solution* 

3. Wh^n a is greater than p, and at the same time 
greater than both h and 180® — b ; or, when a is 
less than p, there will be no solution. ^ 

Second Case. Adopt the 
same construction as before. 
In this case, the perpendicu- 
lar will be greater than 00®, 
and greater abo than any 
other arc CA, CB, CA\ 
that can be drawn from C 

to ABA'. By a course of reasoning entirely analogous to 
that in the preceding case, we have the following principles: 

4. When a is less than p, and at the same time 
greater than both b and 180® — b, there wiU be two 
solutions. 

5. When a is less than p, and intermediate in 
value between b and 180®— b ; or, wh^n a is equal 
to p, th^e will be but one solution. 

6. When a is less than p, atid at the same time 
less than both b and 180® — b ; or, w/ien a is 
greater than p, there wiU be no solution. 

Haying found the angle or angles opposite the second 
sidey the solution may be completed by means of Napier^a 
Inaiogies. 
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EX A'M PLE8. 

1. Given a = 43^ 27' 36", b = 82° 58' 17", and 
A = 29® 32' 29", to find J5, C, and c. 

We flee at a glance, that « > />> since p cannot 
exceed A ; we see further, that a is less t'lian both b 
and 180® — b ; hence, from the first condition there will be 
two solutions. 

Applying logarithms to Formula ( 1 ), Art. 78, we have, 

\jBL c.) log sin a + log sin b + log sin ^ — 10 = log sin B ; 

(a. c.) log sin a . . (43° 27' 36") .... 0.162508 
log sin } . . (82^ 58' 17") . . . 9.996724 
log sin ^ . . (29° 32' 29") . . . 9.692893 

log sin J? 9 .852125 

.-. J5 = 45° 21' 01", and £ = 134° 38' 59". 

From the first of Napier's Analogies (10), Art. 83, we find, 

(a. c.) log cos J {a—b) + log cos | {a+b) + log tan i (A+B) —10 

= log cot i C, 

Taking the first value of By we have, 

i{A + B) = 37° 26' 45" ; 
also, 

!(« + ») = 63° 12' 50" ; and, i (a - J) = 19° 45' 20'^. 

(a. c.) log cos l{a-b) . (19^ 45' 20") . 0.026344 

log cos i (a + *) . (G3° 12' 56") . 9.653825 

log tan i (-4 + J5) . (37° 26' 45") . 9.884130 

log cot J (7 9.504299 

• •. i C= 69° 51' 45", and C =:\^^^ «^ ^^. 
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The side c may be found by means of Formala (12), 
Art 83, or by means of Formula (2), Art 78. 
Applying logarithms to the proportion, 

sin ^ : sin C7 : : sin a : sin c, we have, 

(a. c.) log sin -4 = log sin C + log sin a — 10 = log sin c ; 

(a. a) log sin A ( 29** 32' 29") 0.307107 

log sin (139** 43' 30") 9.810539 

log sin a ( 43** 27' 3G") 9.837492 

log sin (? 9^955138 .-.(? = 115^ 35' 48". 

We take the greater value of c, because the angle C, 
being greater than the angle jS, requires that the side c 
should be greater than the side b. By using the second 
value of 2?, we may find, in a similar manner, 

C 2=: 32° 20' 28", and c = 48° 16' 18", 

2. Given a = 97° 35', b = 27° 08' 22", and 
A = 40° 51' 18", to find ^, C, and c. 

Ana. B = 17° 31' 09", G = 144° 48' 10", c = 119° 08' 26". 

3. Given a = 115° 20' 10", b = 67° 30' 06", and 
il = 126° 37' 30", to find B^ (7, and c. 

Am. B = 48° 29' 48", C = 61° 40' 16", ^ c =82" 84' 04". 

CASE n. ^ 

Oiven two angles and a aide opposite one of them. 

86. The solution, in this case, is conunenced by finding 
the side opposite the second given angle, by means of For- 
iniila ( 1 ), Art. 78. T\ie «o\u\a.otl S& oom^Vs^d aa in Case I 
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I 

Since the second side is found by means of its sine, there 
may be two solutions. To investigate this case, , we pass to 
the polar triangle, by substituting for each part its supple* 
ment. In this triangle, there will be given two sides and 
an angle opposite one ; it may therefore be discussed as in 
the preceding case. When the polar triangle has two soli*- 
UonSy one solution^ or no solution^ the given triangle wiU, 
in like manner, have two solutions^ one solution^ or no aoh^ 
tion. 

The conditions may be written out from those of the pre- 
ceding case, by simply changing angles into sides^ and the 
reverse ; and greater into less^ and the reverse. 



Let the given parts, be A^ -B, 
and a, and let /> be an arc 
computed from the equation, 



sin ^ = sin a sin i?. 

There will be two cases : a may be greater than 90® 5 
or, a may be less than 90^. 

In the first case, 

1. WTien A is less than p, and at the same tims 
greater than both JB and 180® — i?, there will be two 
solutions. 

2. When A is less than p, and intermediate in 
value between B and 180® — jB / or, when A is equal 
*o p, th^re will be but one solution. 

8. When A is less than p, and at the same titne 
less than both B and 180® - jB / or, when A is 
greater than p, there wiU be no solution. 
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In the second case, 

4. When A is greater than p« and at the same 
lees than both B and 180° — B^ there voUl be two soltir 
tions. 

5. WJien A is greater than p/ and intermediate in 
value between B and 180° — J? / or^ when A is equal 
to p, t/iere will be but one solution, 

6. When A is greater than p« and at the same 
time grettter than both B and 180° — B ; ar^ when A 
is less than p, t/iere wiU be no solution, 

m 

EXAMPLES. 

1. Given A = 95° 16\ B = 80° 42' 10", and 
« = 57° 88\ to find c, &, and C, 

Computing />, from the formula, 

log sin/? = log sin i? + log on a » 10 ; 

we have, p = 56° 27' 52". 

The smaller value of j9 is taken, because a is less 
than 90°. 

Because ^ > />, and intermediate between 80° 42' 10" 
^and 99° 17' 50", there will, from the fiHh condition, be but 
a single solution. 

Applying logarithms to Proportion ( 1 ), Art. 78, we have, 

(a. 0.) log sin A + log sin B + log sin a — 10 = log sin b ; 

(a. e.) log sin A (95** IC) 0.001837 

log sin B (80° 42' 10") 9.994257 

log sin a {bT 38') 9.926G7 1 

lo^ sin i ... . "h^m^ .-. b = 56** 49' 57". 
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We take the smaller value of bj for the reason that A^ 
being greater than \B^ requires that a should be greater 
than b. 

Applying logarithms to Proportion (12), Art. 83, we have, 

(a. c.) log cos i{A—B) +log cos i (^ + ^) +log tan i (a+ J)— 10 

= log tan J c ; 
we have, 

i{A+B)=: 87** 59' 05", i (a + J) = 57° 13' 58", 
and, i (^ - ^) = 7** 16' 55". 

(a.c.) log cos J (A-B) . ( r 16' 55") . 0.003517 

log cos i (A+B) . (87° 59' 05") . 8.546124 

log tSLXi i {a + b) . (57° 13' 58") . 10.191352 

log tan i c 8.740993 

. • . i c = 3° 09' 09", and c = 6° 18' IS*'. 

Applying logarithms to the proportion, 

sin a : sin (? : : sin ^ : sin 0, 
we have, 

(a. c.) log sin a + log sin c 4- log sin -4 — 10 = log sin G; 

(a. c.) log sin a (57° 38') . . 0.073329 

log sin c (6° 18' 18") . 9.040685 

log sin A (95° 16') . . 9.998163 

log sin C .... ^ 9.1121 77 .'• (7=7° 26' 21". 

The smaller value of (7 is taken, for the same reason 
as before. 



2. Given A = 60^ 12', -B = 58^08', and a = 62°42' 
to find &, c, and (7. 

9° 03' 26", r 130° 64' 28", 

^{ 

152*" 14' \^'\ \\^^ Vb' ^^'' * 



f 79° 12' 10", flla vu *u , 

[l00''4r50'\ . [l5 



I 
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OASB IIL 

Oiven two sides and their included angle. 

87. The remaining angles are found by means of N^apier's 
Analogies, and the remaining side, hd in the precediig cases. 

9ZAKPLES. 

1. Given a = 62« 38', 6 = 10* 13' 19", and 
O = 160^ 24' 12", to find c, A^ and £. 

Applying logarithms to Proportions (10) and (11), 
. Art. S3, we have, 

(a. c.) log cos i {a + b) + log cos i {a — b) + log cot J (7 — 10 

= log tan J (^ + ^) ; 

(a. c.) log sin (a + 5) + log sin i {a ^ b) + log cot J (7 — 10 

= log tan J ( JL — J5) ; 
we have, 

i (a - J) = 26° 12' 20", ^ (7 = 75^ 12' 06", 
and, i{a + b) = 36° 25' 39". 

i,a. c.) log cos i{a + b) . (30° 25' 39") . 0.094415 

log cos i (a - J) . (20° 12' 20") . 9.952897 

log cot i (7 ... (75° 12' 06") . 9.421901 

log tan i (-4 + ^) 9.409213 

.-. i{A + B) = 16° 24' 6V 

(a. c.) log sin i (a + b) . (36° 25' 39") . 0.226356 

log sin i (a - J) . (26° 12' 20") • 9.645022 

log cot i C ... (75° 12' 06") . 9.421901 

log tan i (^ — ^) 9.293279 

• •. \^A- B^ = 1I° 06' 53". 
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The greater angle is equal to the half sum plus the half 
difference, and the less is equal to the half sum minus the 
half difference. Hence, we have, 

A = 27^ 31' 44", and B - h^ 17' 68". 

Applying logarithms to the Proportion (13), Art. 83, we 
Jbave, 

(a. 0.) log sin 1(^-5)+ log sin \ (^+^) +log tan \ {a-h) -10 
• = log tan i c ; 

(a. c.) log sin \ {A -^ B) . (11° 06' 53") . 0.714952 

log sin \{A+B) . (16** 24' 51") . 9.451139 

log tan J (a - J) . (26** 12' 20") . 9.692125 

log tan J c? 9.858216 

.•. ic = 36*^48' 33", and c = 71° 37' 06". 

2. Given a = 68° 46' 02", b = 37° 10', and 

C = 39° 23' 23", to find c, -4, and B. 

Am. A = 120° 69' 47", B = 33° 45' 03", e = 43° 37' 38" 



8. Given a = 84° 14' 29", b = 44° 13' 46", and 
C = 86° 46' 28", to find A and B. 

Am. A =z 130° 05' 22", B = 32° 26' 06". 



CASE rv. 

Given two angles and their included aide. 
88. The solution of this case is entirely analogoui^ to Case 

m. 

Applying logarithms to Proportions (12) and (13), Art 
88, and to Proportion (11), Art. ftS, ^^ \iw^ 
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X 

(a. c.) log COS ^{A + B)+ log cos i (^ -5) +log tan J <? - 10 

= log tan J (a + J) ; 

(a. c.) log Bmi{A + B) + log sin J (^ - J?) + log tan J c - 10 

• = log tan J (a — i) ; 

(a. c.) log sin (a — J) + log sin (a + b) + log tan i {A — i?)— 10 

= log cot ^ (7. 

The application of these formulas are sufficient for the 
Bolntion of all cases. 

EXAMPLES. 

1. Given A = 81° 38' 20'\ JS =r 70° 09' 08", and 
c = 69° 16' 22", to find C, a, and b. 

Ans. G = 64« 46' 24", a = 70° 04' 17''*, b = 63^ 21' 27". 

2. Given ^ = 34° 15' 03", B = 42° 15' 13", and 
c = 76° 35' 36", to find (7, a, and J. 

^4w. C = 121° 36' 12", a - 40° 0' 10", b = 60° 10' 30". 



CASE V. 
Given the three aides^ to find the remaining parts. 

89. The angles may be found by means of Formula ( 3 ), 
Art. 81 ; or, one angle being found by that formula, the other 
two may be found by means of Napier's Analogies. 

EXAMPLES. 

1. Given a = 74° 23', b = 36° 46' 14", and c =: 100° 80', 
to Snd Aj jB, and C. 
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Applying logarithms to Formula (3), Art. 81, we have, 

log cos ^ul = 10 + i\}og sin ^s + log sin (J« — a) 

+ (a. c.) log sin A + (a. c.) log sin c — 20] ; 
or, 

eg cos iA = i\}og sin is -f- log sin {^s — a) 

4- (a. c.) log sin ^ + (a. c.) log sin c], 
we have, 

is =z 106« 24' 07", and i« - a = 31« 01' 07 '. 

log sin i« ... (106? 24' 07") .9.984116 

log sin {is - a) • ( 31° 01' 07") • 9.712074 

(a.c.) log rih 6 • . . . ( 35^46' 14") • 0.233185 

(a. c.) log sin c (100^39') 0.007546 

2 )19.936921 
log cos iul • • 9.968460 

.•. iA =z 21° 34' 23", and A = 43° 08' 46". 

Urang the same formula as before, and substituting J^ for 
Aj 6 for a, and a for by and recollecting that 
is^b =z 69° 37' 53", we have, 

log sm is . • • (105° 24' 07") . 9.984116 

log an (J« — ft) . ( 69° 87' 63") • 9.971958 

(a. c.) log sin a • • • • . (74° 23') • • 0.016336 

(a. c.) log sin c (100** 39') • • 0.007546 

2) 19.979956 
log cos iJB 9.989978 

.-. iJB = 12° 16' 43", and ^ = 24° 31' 26'. 

Using the same formula, substituting C for A^ e for a, 
and a for c^ recollecting that is -^e = 4° 45' 07", we 
have. 
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log sin i* • . (105° 24' 07") ' 9.984116 

log sin (i« - c) . (4** 45' 07") • 8.918250 

(a. c.) log sin a • • • • (74** 23') • • • 0.016336 

(a. c.) log sin 6 . . . (35*^ 46' 14") • • 9.233185 

2) 19.151887 
log COS J C 9.675943 

.'. iC = 67^62' 25", and (7 = 135° 44' 50" 

2. Given a = 66** 40', 6 = 83° 13', and c = 114° 30'. 
Am. A = 48° 31' 18", B = 62° 65' 44", C = 125° 18' 66". 



CASE VI. 
TJie three angles being given^ to find the sictes. 

90. The solution iii this case is entirely analogous to the 
preceding one. 

Applying logarithms to Formula (2), Art. 82, we have, 

log cos ia = i\}og cos {iS — J?) + log cos {iS — C) 

+ (a. c.) log sin J? + (a. c.) log sin (7 J. 

In the same manner as before, we change the letters, to 
suit each case. 

EXAMPLES. 

1. Given A = 48° 30', S = 125° 20', and (7 = 62° 64'. 
Ans. a = 66° 39' 30", * = 114° 29' 68", e = 83° 12' 06" 

2. jGiven A = 109° 65' 42", i? = 116° 38' 33", and 
G = 120° 43' 37", to find «, b, and c. 

Ans. a = 98° 21' 40", b = l^^"" W ^l'\ c — 115° 13' 28". 



MEJ^SURATION. 



91. MEXSimAnoN is that branch of Mathematics which 
treats of the measurement of Geometrical Magnitudes. 

92. The measurement of a quantity is the operation of 
finding how many times it contains another quantity of the 
same kind, taken as a standard. This standard is called the 
unit of measure, 

93. The unit of measure for surfaces is a square^ one 
of whose sides is the linear unit. The unit of measure for 
volumes is a cubey one of whose edges is the linear unit. 

If the linear unit is one /ooty the superficial unit is ona 
square foot^ and the unit of volume is one cubic foot. If 
the lineal' unit is one yard^ the superficial unit is one square 
yardy and the unit of volume is one cubic yard. 

94. In Mensuration, the term product of two lines^ is 
used to denote the product obtained by multiplying the 
number of linear units in one line by the number of linear 
units in the other. The term product of three lines^ is used 
to denote the continued product of the number of linear 
units in each of the three lines. 

Thus, when we say that the area of a parallelogram is 
equal to the product of its base and altitude, we mean that 
the number of superficial units in the parallelogram is equal 
(o the number of linear units in the base, multiplied by the 
Dumber of linear units in the altitude. ^ ^<^ Tc^aiCL\^%x^ "^^ 
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number of units of volume, in a rectangular parallelopipcdon, 
is equal to the number of superficial units in its base /multi- 
plied by the nuiuber of linear units in its altitude. ^'lA 
so on. * 

MENSURATION OF PLANE FIGURES, 

To find the arew of a parallelogram. 

96. From the principle demonstrated in Book IV^ 
Prop, v., we have the following 

BULB. 

Multiply the base by the altitude ; the product will be 
the area required. 

EXAMPLES. 

1. Find the area of a parallelogram, whose base is 12.25, 
and whose altitude is 8.5. Arts, 104.125. 

2. What is the area of a square, whose side is 204.3 
feet ? Ana. 41738.49 sq. fk. 

3. ITow many scjnare yards are there in a rectangle, 
whose base is 6G.3 feet, and altitude 33.3 feet ? 

Ane. 245.31 sq. yd. 

4. What is the area of a rectangular board, whose 
length is 12 J feet, an<l breadth 9 niches ? 9| sq. ft 

5. What is the number of square yards in a parnllelo* 
gram, whose base is 37 feet, and altitude 6 feet 3 inches ? 

Ane. 21 r^^. 

To find the area of a plane triangle. 
96. J^rst Case. W\\eTi t\ve Vi^w^fe %si\ ^Vlxsl^a are given. 



OF SURFACES. 
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From the principle demonstrated in Book IV., Prop. VI., 
we may write the following 



BULE. 



Multiply the base by Imlf the altitude ; the product wiU 
be the area required, 

EXAMPLES. 

1. Find the area of a triangle, whose base is 625, and 
altitude 520 feet. Ana. 162500 sq. ft. 

2. Find the area of a triangle, in square yards, whose 
base is 40, and altitude 30 feet. A7is. 66f. 

3. Find the area of a triangle, in square yards, whose 
base is 49, and altitude 25J feet. Ans. 68.7361. 

Second Case. When two sides and their included angle 
are given. 

Let AJSG represent a plane tri- 
angle, in which the side AH = c, 
£0 = ay and the angle J!?, are 
given. From A draw AD perpen- 
dicular to J3C ; this will be the 
altitude of the triangle. From For- 
mula ( 1 ), Art. 37, Plane Trigonometry, we have, 

AD =z c sm JB, 

Denoting the area of the triangle by Q, and appl)dng the 
rale Uiat given, we have, 




^ oc sin Z? 

Q = — :; — ; 



or, 2Q = oc sin J?. 



Substituting for sin jB, — ^ (Trig., Art. 30), and applying 
' logarithms, we have, 

log (2Q) = log a + log c -V ^og wn B — Vi % 
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hence, we may write the following 

BULB. 

Add tor/ether the logarithms of the two aides and ihi 
logarithmic sine of their included angle; from this sum 
subtract 10 ; the remainder will be the logarithm, of double 
ihe area of the triangle, Findy from the table, tJie nvmbet 
answering to this logarithm, and divide it by 2 ; the quotient 
wiU be the required area. 

EXAHPLES. 

1. "What is the area of a triangle, in which two sides 
a and b, are respectively equal to 125.81, and 67.65, and 
whose included angle (7, is 57® 25' ? 

Ans. 2Q = 6111.4, and Q = 3055.7 Ans. 

2. What is the area of a triangle, whose sides are 80 
and 40, and their included angle 28° 57' ? Ans. 290.427. 

3. TVhat is the number of square yards in a triangle, of 
which the sides are 25 feet and 21.25 feet, and their included 
angle 45° ? Ans. 20.8694. 

LEMMA. 

To find half an angle, when the three sides of a plane tri- 

angle are given. 

97. Let ABO be a plane tri- 
angle, the angles and sides being de- 
noted as in the figure. 

We have (B. IV., P. XH., XHI.), 

a^ = b^ + c^ ^ 2c. AD. 




• . • . • 



(1.) 



When the angle A is acute, we have (Art. 37), 



AJ? = b qobA\ -wTcLca o\A.\]^»^ Aiy -=. "b ^«s^ QAiy. 
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Bat as CAjy is the supplement of the obtuse angle A^ 
cos CAiy = — cos ^, and AD' = — ft cos A. 

Either of these values, being substituted for AD^ in ( 1 ), 

gives, 

a* = ft* + c» — 2ftc cos J. ; 

whence, 

. ft« + c»-a« ,^. 

^*^ = Wc ^*-> 

If we add 1 to both members, and recollect that 
1 -f cos^ = 2 cos^^^ (Art. 66), Equation (4), we have, 

^x A 2ftc + ft« + c» - a« 

2 cos'i^ = -~- 

2ftc 

_ (ft + cy — a» _ (ft -h + g) (ft + c — g) . 

"" 2ftc ~" 2ftc ' 

or, 

cos»i-4 = ^ ^j^ ^. . . . (8.) 

If we put ft + c + g = «, we have, 

1 ^ = i«, and, 1.^=-^ = i* - a; 

Substituting in (3), and extractmg the square root, 



1 A /i« (i« — g) , . Y 

cosi^ = V^ ^' • • • . (4.) 



the plus sign, only, being used, smce \A < 90® ; hence, 

The cosine of half of either angle of a p^ne triangle^ 
ia equal to the square root of half the sum of the three 
HdeSj into half that sum minus the side opposite the angle^ 
divided by the rectangle of the ac^acent sides. 

By applying logarithms, we have, log cos iA =? 

kPogi^ + log (is — a) + (a. c.) log b + i^«b* ^^\o%cV • V^>| 

24 
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If we subtract both members of Equation ( 2 ), from 1, 
and recollect that 1 — cos A = 2 sin' ^A (Art. 66.), we havei 

• 1,1^ 2Jc - *« - c2 + a* 
,rin3M = ^ 

2bc 2bc ^ 

Placing, as before, a + ft + <$ = «> we have, 

a+b—c , , a— ft+c - . 
2 = i« - c, and, ^ = i# - ft. 

Substituting in (5), and reducing, we have, 



on i^ = y(^-^) a « - «) 

hence, ^ ^ 



Bini^ = X/ ^^ - %.^^' - -^ • . . . («.) 



^A^ Mne o/^ half an angle of a plane triangle^ is equal 
to the square root of half the sum of the three sideSy minus 
one of the adjacent sidesy into the half sum minus the 
other adjacent sidcy divided hy the rectangle of the adjacent 
sides. 

Applying logarithms, we have, 

log mniA = i [log {is - ft) + log {is - c) 

+ (a. c.) log ft + (a. c.) log c]. (Q.) 

Third Case. To find the area of a triangle, when the 
hree sides are given. 

Let ABC represent a triangle 
whose sides a, ft, and c axe given. 
From the principle demonstrated in 
the last case, we have, 

Q = \hc An A. 
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But, from Formula {^')j Trig., Art. 66, we have, 

sin ^ =; 2 sin iA cos ^A ; 

whence, 

Q = bcmn iA cos iA, 

Substituting for sin iA and cos iA^ their values, taken 
from Lemma, and reducing, wo have, 

hence, we may write the following 

BULB. 

I^ind half the sum of the three sideSy and from it subtract 
each side separate!}/. Find the continued product of the half 
sum and the three remainders^ and extract its square root ; the 
restdt fmU be the area required. 

It is generally more convenient to employ logarithms ; for 
this purpose, applying logarithms to the last equation, we have, 

log 6 = iPog is + log {is — a) 4- log {is — J) -h log {is-c)] 
hence, we have the following 

BULE. 

Find the half sum and the three remainders as before^ then 
Jlnd the half sum of their logarithms ; the number correspond- 
ing to the resulting logarithm will be the area required. 

EXAMPLES. 

1. Find the area of a triangle, whose sides are 20, 80, 
and 40. 

We have, is = 46, is— a = 26, is—b = 16, is^c =s 6. 
By the first rule, 

Q ss y/45 X 25 X 16 X 6 = ^WAI^*! Awa. 



112 MENSURATION 

By the ieoond rule, 



log J# . . 


. . (45) . • 


• • 1.658218 


log {is - a) 


. . (25) . . 


. . 1.397940 

4 


log iis - ft) 


• • (15) 


. • 1.176091 


log (i« - c) 

loflT • • 


. . ( 6) . . 
• • • • • 


. • 0.698970 

2)4.926214 

• • 2.463107 



.-. Q = 290-4737 Ans. 

2* How many squaro yards are there in a triangle, whose 
•des are 30, 40, and 50 feet ? Ans. 66}. 

To find the area of a trapezoid. 

98. From the principle demonstrated in Book IV., Prop. 
Vn., we may write the following 

BULB. 

Mnd half the sum of the parallel sides, and midtiply U 
hy the altitude J the product wiU he the area required. 

BXAMPLBS. 

1. In a trapezoid the parallel sides are 750 and 1225, 
and the perpendicular distance between them is 1540 ; what 
is the area? Ans. 1520750. 

2. How many square feet are contained in a plank, whose 
length is 12 feet 6 inches, the breadth at the greater rnd 15 
inches, and at the less end 11 inches ? Ans. 13^. 

3. How many square yards are there in a trapezoid, 
whose parallel sides are 240 f^et, 320 feet, and altitude 66 
feet? Ans. 2053| sq. yd. 

To find the area of any quadrilateraL 

99. From what pxeceiea, 'w^ ^^^\3Hi^ MJeva ^oUowing 
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BULB. 

Join the vertices of ttoo opposite angles by a diagonal; 
from each of the other vertices let foM perpendiculars vpon 
this diagonal / multiply the diagonal by half of the sum 
of the perpendiculars^ and the product will be the area re* 
quired. 

BZAMPLBS. 



1. What is the area of the quad- 
rilateral AJ3CI>y the diagonal 'AC 
being 42, and the perpendiculars Dg^ 
Bb^ equal to 18 and 16 feet ? 

Ans. Y14 sq. ft. 



2. How many square yards of paving are there in the 
quadrilateral, whose diagonal is 65 feet, and the two perpen- 
diculars let fiiU on it 28 and 33^ feet? Ans. 222^. 




To find the area of any polygon. 
100. From what precedes, we have the following 

BULB. 

Draw diagonals dividing the proposed polygon into tre^ 
pezoids and triangles : then find the areas of these figures 
separately^ and add them together for the area of the whole 
polygon. 

B2AMPLB. 

1. Let it be required to de- 
termine the area of the polygon 
ABCDE^ having five sides. 

Let us suppose that we have mea- 
sured the diagonals and perpendicu- 
lars, and found AG ^ 36.21, EC = 39.11, ^ J = 4 
Bd = 7.26, Aa = 4.18 : required tlie aio^a* Aaa. a<i^.VL^*L» 
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To find the area of a regular polygo^i. 

lOI. Let AB^ dfyioted by ^, re- 
present one side of a regular polygon, 
whose centre is C. Draw CA and 
C/?, and from C draw CD perpen- 
dicular to AB. Then will CD be the 
apothem, and we shall have AD = BD, ^ 

Denote the number of sides of the polygon by n ; then 
will the angle ACB^ at the centre, be equal to — j, 
(B. v., Page 138, D. 2), and the angle ACD^ which is half 

, 1 OQO 

of A CB. will be equal to • 

In the right-angled triangle ADC^ we shall have, For- 
mula (3), Art. 37, Trig., 

CD = ^s tan CAD. 

But CAD^ being the complement of ACD^ we have, 

tan CAD = cot ^ CD ; 

hence, CD = ^s cot , 

n 

a formula by means of which the apothem may be computed. 
But the area is equal to the perimeter multiplied by half 
the apothem (Book V., Prop. VIII.) : hence the following 

BULE 

Find t/ie apothem^ by the preceding formula ; multiply 
the perimeter by half tlie apothem ; the prodtcct will be the 
area required, 

EXAMPLES. 

1. "What is the area of a regular hexagon, each of whose 
sides is 20 ? We have, 
CD = 10 X cot 30° ; or, log CD = log 10 + log cot 30^—10 

log i« . . . (10 ) . 1.000000 

log cot-— ^ (30°) • 10.238561 



log CD \.^^^be>\ /• CB=W»1^. 
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The perimeter is equal to 120 : hence, denoting the area by Q^ 

120 X 17.3205 



Q = 



= 1039.23 Ans. 



^j What is the area of an octagon, one of whose sides 
is 20? Am. 1931.36886. 

The areas of some of the most important of the regular 
polygons have been computed by the preceding method, on 
tlio supposition that each side is equal to 1, and the results 
are given in the following 

TABLE. 



1 XJMSH. 


Bn>ta. 


ARKA8. 


VAHKS. 


BDBS. 


AREAS. 


Triangle, 


. . 8 . 


. 0.4330127 


Octagon, . 


. 8 . 


. 4.8284271 


Square, 


. . 4 . 


. 1.0000000 


Konagon, . 


. 9 . 


. 6.1818242 


Pentagon, . 


. . 6 . 


. 1.7204774 


Decagon, . 


. 10 . 


. 7.6942088 


Hexagon . 


. . 6 . 


. 2.5980762 


Undecagon, 


. 11 . 


. 9.3656899 


Heptagon . 


, . 1 . 


. 8.6339124 


Dodecagon, 


. 12 . 


. 11.1961524 



The areas of similar polygons are to each other as the 
squares of their homologous sides (Book IV., Prop. XXViL). 

Denoting the area of a regular polygon whose side is 
^9 ^7 Qy ^^^ ^^^^ ^^ ^ similar polygon whose side is 
1, by Tj the tabular area, we have. 



Q : T : : 8^ : V' 



Q = Ts^i 



hence, the following 



BULB. 



Multiply/ the corresponding tabular area by the square of 
the given side / the product fJoiU he the area required. 



BX AlCPLBS. 



1. What is the area of a regular hexagon, each of whose 
sides is 20 ? 

We have, T = 2.5983762, and s^ = 400 : hence, 



Q = 2.5980762 X 400 = 10^^,^^QAt% Ana* 
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2. Find the area of a pentagon, whose side is 26. 

Ans. 1075.2988TS. 

8. Find the area of a decagon, whose side is 20. 

Ans. 8077.68853. 

Ih find the circumference of a circle^ when the diameter U 

given, 

102. From the principle demonstrated in Book Y., Prop. 
XVL, we may write the following 

BULB. 

Multiply the given diameter by 8.1416 ; the product vnR 
he the circumference required. 

BXAMPLBS. 

1. What is the circumference of a circle, whose diameter 
is 25 ? Ans. 78.54. 

2. If the diameter of the earth is 7921 miles, what is 
the circumference? Ans. 24884.6136. 

7b find the diameter of a circle^ when the circumference u 

given. 

103. From the preceding case, we may write the following 

BULB. 

Divide the given circumference by 3.1416 ; the guotieni 
wiU be tlie diameter required 

BXAMPLBS. 

1. What is the diameter of a circle, whose circumference 
is 11652.1944? Ans. 3709. 

2. What is the diameter of a circle, whose circumference 
k 6650 f Am« "LV^C^Al 
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Xb find the length qf an arc cortaining any number of 

degrees. 

104. The length of an arc of 1^, in a circle whose 
diameter is A, is equal to the circumference, or 3.1416 
lividcd by 360 ; that is, it is equal to 0.0087266 : hence, 
the length of an arc of n degrees, will be, n x 0.0087266. 
To find the length of an arc containing n degrees, when 
the diameter is cf, we employ the principle demonstrated in 
Book v.. Prop. Xm., C. 2: hence, we may write the following 

BULB. 

Multiply the number of degrees in the arc by .0087266, 
and the product by the . diameter of the circle ; the resuU 
will be the length required. 

BXAHPLBS. 

1. What is the length of an arc of 30 degrees, the 
diameter being 18 feet? Ans. 4.712364 ft. 

2. What is the length of an arc of 12® 10', or 12J% the 
diameter being 20 feet ? Ans. 2.123472 ft. 

To find the area of a circle. 

106. From the • principle demonstrated in Book V., Prop. 
XV., we may write the following 

BULB. 

Multiply the sqicare of the radius by 3.1416 ; the prO" 
duct wiM be the area required. 

BXAHPLBS. 

1. Find the area of a circle, whose diameter is 10, and 
oircamference 31.416. Ans. 78.54. 

2. llow many square yards in a circle whose diameter 
is 3i feet ? Ans. 1.069016. 

8. What is the area of a circle whose circumference is 
12 feet ? ^ Aua. WAWWi, 
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To find the area of a cireular sector. 

106. From the principle demonstrated in Book V., Prop. 
XrV., C. 1 and 2, we may write the following 

BULB. 

L Multiply half the arc by the radius ; • or, 
n. Find the area of the whole circle^ by the last rtdej 
then write i/ie proportion^ as 360 is to the number of degrees 
in the sector^ so is the area of the circle to the area of the 
sector. 

EXAMPLES. 

1. Find the area of a circular sector, whose arc contains 
18% the diameter of the circle being 3 feet. 0.35343 sq. ft. 

2. Find the area of a sector, whose arc is 20 feet, the 
radius being 10. Ans. 100. 

3. Required the area of a sector, whose arc is 147° 29', 
and radius 25 feet. Ans. 804.3986 sq. ft. 

To find the area of a circular segment. 

107. Let AB represent the chord 
corresponding to the two segments 
ACB and AFB. Draw AE and 
BJE. The segment ACB is equal to 
the sector JSACB^ minus the triangle 
AEB, The segment AFB is equal 
to the sector EAFB^ plus the tri- 
angle AEB, Hence, we have the fol- 
lowing 

BULB. 

Find the area of the corresponding sector^ and also of 
the triangle formed by the chord of the segment and the 
two extreme radii of the sector/ subtract the latter from the 
former when the segment is less than a semicircle^ and take 
t/ieir sum when the segment is greater than a semicirde ; 

resuU wiU be tAe area required. 
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EXAMPLES. 

1. Find the area of a segment, whoso chord is 12 and 
the radius 10. 

Soh^g tho triangle AEB^ we find the |uigle AEB is 
equal to Y3° 44', the area of the sector EACB equal to 
34.35, and the area of the triangle AEB equal to 48 ; 
lence, the scgpient ACB is equal to 16.35 A7is. 

2. Find the ar^a of a segment, whose height is 18, the 
diameter of the circle being 50. Ans. 636.4834. 

3. Required the area of a segment, whose chord is 16, 
the diameter being 20. Ans, 44.764. 

To find the area of a circular ring contained between the 
circumferences of two concentric circles. 

108. Let B and r denote the radii of the two circles, 
B being greater than r. The area of the outer circle is 
B^ X 3.1416, and that of the inner circle is r* x 3.1416 ; 
hence, the area of the ring is equal to (jB* — H) x 3.1416. 
Hence, the following 

BULB. 

'\. 
Find the difference of the squares of the radii of the 
two cirdesy and multiply/ it by 3.1416 ; tlie product will be 
the area required. 

BXAMPLBS. '^ 

!• The diameters of two concentric circles being 10 and 
6, required the area of the ring contained between their 
drcnmferences. Ans. 50.2056. 

2. What is the area of the ring, when the diameters of 
th3 ciroles are 10 and 20 ? An». 'L'^^.^'k^ 
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MENSURATION OF BROKEN AND GURVED SURFAGBS. 

lb find the area of the entire surface of a right prism. 

109. From the principle demonstrated in Book ViL, Prop. 
L, we may write the following 

BULB. 

Multiply the perimeter of the base by the altitude^ the prO' 
duct wiU be the area of the convex surface ; to this add the 
areas qf the two bases ; the result will be the area required. 

EXAHPLBS. 

1. Find the surface of a cube, the length of each side 
being 20 feet. Ans. 2400 sq. ft. 

2. Find the whole sur&ce of a triangular prism, whose 
base is an equilateral triangle, having each of its sides equal 
to 18 inches, and altitude 20 feet. Ans. 91.949 sq. ft. 

To find the area of the entire surface of a right pyramid. 

110. From the principle demonstrated in Book Vll., Prop. 
rV., we may write the following 

BULB. 

Multiply the perimeter of the base by half the slant 
height; the product will be the area of the convex surface; 
to this add the area of the base; the result unU be the area 
required. 

E X AM PLBS. 

1. Find the convex surface of a right triangular pyramid, 
the slant height being 20 feet, and each side of the base 
8 feet. Ans. 90 sq. ft 

2. What is the entire surfece of a right pyramid, whose 
dant height is 15 feet, and the base a pentagon, of which 
each dde is 25 feet ? An%. 2012.798 sq. ft. 
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To find the area of the convex surface of a frustum of a 

right pyramid, 

* 

lilt From the principle demonstrated in Book XIL, Prop. 
IV., C, we may write the following 

RULE. 

Multiply the half sum of the perimeters of the two bases 
by the slant height ; the product will he the area required. 

E XAM PL E S. 

1. How many square feet are there in the convex surface 
of the frustum of a square pyramid, whose slant height is 10 
feet, each side of the lower base 3 feet 4 inches, and each side 
of the upper base 2 feet 2 inches! Ans. 110 sq. ft 

2. What is the convex surface of the frustum of a hep- 
tagonal pyramid, whose slant height is 55 feet, each side of 
the lower base 8 feet, and each side of the upper base 4 
feet? Ans. 2310 sq. ft 

112t Since a cylinder may be regarded as a prism whose 
base h|is an infinite number of sides, and a cone as a pyra- 
mid whose base has an infinite number of sides, the rules just 
given, may be applied to find the areas of the surfaces of right 
cylinders, cones, and frustums of cones, by simply changing the 
term perimeter^ to circumference. 

E XAM PL ES. 

1. What is the convex surface of a cylinder, the diameter 
of whoso base is 20, and whose altitude 50! Ans. 3141. Q. 

2. What is the entire surface of a cylinder, the altitude 
bemg 20, and diameter of the base 2 feet? 131.9472 sq. ft 

3. Required the convex surface of a cone, whose slant 

height is 50 feet, and the diameter of its base %\ feet 

Aa«. ^^1 -V^ ^«^ ^^. 
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4. Required the entire surface of a cone^ whose shmt 
height is 36, and the diameter of its base 18 feet. 

Ana. 1272.848 fi»q. ft. 

5. Find the convex surface of the frustum of a cone, the 
slant height of the frustum being 12^ feet, and the cu'cum- 
ferences of the bases 8.4 feet and 6 feet. Ana, 00 sq. ft. 

0. Find the entire surface of the frustum of a cone, the 
dant height being 16 feet, and the radii of the bases 3 feet, 
and 2 feet. Ana. 292.1688 sq. ft. 

To find the area of the aurface of a aphere. 

113. From the principle demonstrated in Book Vlll, 
Prop. X., C.'l, we may write the following 

BULE. 

Find the area of one of ita great circles^ and mvUiply 
it 5y 4 ; the product will be the area required. 

EXAHPLES. 

1. What is the area of the surface of a sphere, « whose 
radius is 16 ? Ana. 3216.9984. 

2. "VVliat is the area of the sur&ce of a sphere, whose 
radius is 27.25 Ana. 9331.3374. 

To find the area of a zone. 

114. From the principle demonstrated in Book VII I., 
Prop. X., C. 2, we may write the following 

BULB. 

Find the circumference of a great circle of the aphere^ 
and multiply it by the altitude of the zone; the product 
wiU be the area reguirecl. 
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SXAMPLES. 

1. The diameter of a sphere being 42 inches, what is 
the area of the surfiice of a zone whose altitude is 9 inches. 

Am. 1187.5248 sq. in. 

?. If the diameter of a sphere is 12^ feet, what will be 
the surface of a zone whose altitude is 2 feet ? 78.54 sq. ft. 

To find the area of a spherical polygon. 

115. From the principle demonstrated in Book IX., Prop. 
XIX., we may write the following 

RULE. 

From the sum of tJie angles of the polygon^ subtract 180® 
taJcen a^ many times as t/ie polygon has sides^ less two^ 
and divide the remainder by 90° y the quotient will be the 
spherical excess, Find the area of a great circle of the 
sph^re^ and divide it by 2 / the quotient will be the area 
of a tri-rectangular triangle. Multiply the area of the trl- 
rectangular triangle by the spherical excess^ and the product 
noiU be the area required. 

This rule applies to the spherical triangle, as well as to 
any other spherical polygon. 

BZAMPLES. 

1. Required the area of a triangle described on a sphere, 
whose diameter is 30 feet^ the angles being 140°, 92°, and 
08^ Ans. 471.24 sq. ft 

2. What is the area of a polygon of seven sides, de 
■cribed on a sphere whose diameter is 17 feet, the sum of 
the angles bemg 1080° ? A7is, 226.98 

8. What is the area of a regular polygon of eight sides, 
described on a sphere whose diameter is 30 yards, each an- 
(Ae of the polygon being 140° ? Ans. \V\5V^ ^q^.^^%. 
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hensubahon of volumes. 

To find the volume of a priam. 

116. From the principle demonstrated in Book YH^ 
Pirop, XrV^ we may write the following 

BULB. 

Multiply the area of the hose by the altitude ; the pro* 
duct toill be the volume required. 

BZAHPLB8. 

1. What is the volnme of a cube, whose side is 24 inches? 

Ane. 13824 co. in. 

3, How many cubic feet in a block of marble, of which 
the length is 8 feet 2 inches, breadth 2 feet 8 inches, and 
height or thickness 2 feet 6 inches ? Ana. 21^ ca. ft. 

3. Required the volume of a triangular prism, whose 
height is 10 feet, and the three sides of its triangular base 
8, 4, and 5 feet. Ans. 60. 

To find the volume of a pyramid. 

117. From the principle demonstrated in Book VlL, Prop. 
XVJLL., we may write the following 

BULB. 

Multiply the area of the base by one-third of the (Utir 
tude • the product mU be the volume required. 

BZAHPLBS. 

1. Required the volume of a square pyramid, each side 
of its base being 30, and the altitude 25. Ans. 7500. 

2. Find the volume of a triangular pyramid, whose alti- 
tude k 30f and each dde oi lA\e \>9a^ ^ i<d^* ^^A'ltl co. ft. 
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8, What is the volume of a pentagonal pyramid, its alti- 
tude being 12 feet, and each side of its base 2 feet. 

Am. 27.5270 cu. ft. 
4. What is the volume of an hexagonal pyramid, whose 
altitude is 6.4 feet, and each side of its base 6 inches ^ 

Ans. 1.38504 cu. ft 

To find the volume of a frustum of a pyramid. 

118. From the principle demonstrated in Book VII., Prop., 
XVin., C, we may write the following 

BULE. 

£ind the sum of the upper hase^ the lower basey and a 
mean proportional between them ; multiply the result by one- 
third of the aUitude ; the product wiU be the volume required. 

BZAMPLES. 

1. Find the number of cubic feet in a piece of timber, 
whose bases are squares, each side of the lower base being 
15 inches, and each side of the upper base 6 inches, the 
altitude being 24 feet. Ans. lft.5. 

2. Required the volume of a pentagonal frustum, whose 
altitude is 5 feet, each side of the lower base 18 inches, and 
each side of the upper base 6 inches. Ans. 9.31925 cu. ft. 

119. Since cylinders and cones are limiting cases of pi-ism^ 
and pyramids, the three preceding rules are equally applicable 
to them. 

EXAMPLES. 

1. Required the volume of a cylinder whose altitude is 
12 foet| and the diameter of its base 15 feet. 

Ans, 2120.58 cu. ft. 

2. Required the volume of a cylinder whose altitude is 
20 feet, and the circumference of whose base is 5 feet 
6 inohea Auz. ^\*^^ ^so.*^, 

25 
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8, Beiinircd the volume of a cone whose altitude u 
27 feet, and the diameter of the base 10 feet. 

Ans. 706.86 cu. ft 
4. Required the vohime of a cone whose altitude is 
;10i feet, and the circumference of its base 9 feet. 

A71S. 22.56 cu. ft 

6. Find the volume of the frustum of a cone, the altitude 

being 18, the diameter of the lower base 8, and that of the 

upper base 4. Afis. 627.7888. 

6. What is the volume of the frustum of a cone, the 
altitude being 25, the circumference of the lower base 20, 
and that of the upper base 10 ? Ans. 464.216. 

7. If a cask, which is composed of two equal conic frus- 
tums joined together at their larger bases, have its bung dia- 
meter 28 inches, the head diameter 20 inches, and the length 
40 inches, how many gallons of wine will it contain, there 
being 231 cubic inches in a gallon ? Ans. 79.0613. 

To find the volume of a sphere. 

120. From the principle demonstrated in Book VLLL, 
Prop. XIV., we may write the following 

BITLE. 

Cube the diameter of the sphere^ and multiply the result 
by J-r, that iSy by 0.5236 ; the product toiU be the volume 
required. 

EXAMPLES. 

1, What is the volume of a sphere, whose diameter is 
12 ? Ans. 904.7808 

2. What is the volume of the earth, if the mean diara 

eter be taken equal to 7918.7 miles. 

Ana. *l^^^^*I*l^a<\^a cu, mOea 
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To find the volume of a wedge. 

121, A Wedge is a volume bound- 
ed by a rectangle ABCD^ called the 
Joc*^, two trapezoids ABUG^ DCHG^ 
nailed faces^ and two triangles ADG^ 
ClSTI called ends* The kne GH^ in 
which the faces meet, is called the edge* 
The two faces are equally inclined to 
the back, and so also are the two ends. 

There are three cases : 1st, When the length of the edge is 
equal to the length of the back; 2d, When it is less; and 3d, 
When it is greater. 

In the first case, the wedge is a right prism, whose base is 
the triangle ADG^ and altitude GH or AB\ hence, its volume 
is equal to ADG multiplied by AB, \ 

In the second case, through H^ 
the middle point of the edge, pass 
a plane IICB perpendicular to the 
back and intersecting it* in the line 
BC parallel to AD. This plane 
will divide the wedge into two 
parts, one of which is represented 
by the figure. 

Through G^ draw the plane GNM parallel to HCB^ and it 
will divide the part of the wedge represented by the figure into 
the right -triangular prism (jriO/ — J9, and the quadrangular pyr 
amid ADNM — G. Draw GP perpendicular to NMi it will 
also be perpendicular to the back of the wedge (B. VI., P. 
.XVII.), and hence, will be equal to the altitude of the Avedge. 

Denote AB by Z, the breadth AD by ^, the edge Gil hy 
1^ the altitude by A, and the volume by V; then, 

A3f= L-l, MB = GJI= I, and area NGM = \hh : then 

Prism = \bhl', Pyramid = hf^L - l)^h = \hh{L - I), and 
F= \bJd -f- lbh{L - /) = \hhl -f- \hhL - ibhl = iM(/+2Z). 

We can find a similar expression for the remaining part of the 
wedge, and by adding, the factor within the parenthesis becomes 
the entire hDgth of the edge plus twice tXie \«i\^>^\ qI Vwi V^^s^ 
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In tho third case, / is greater than X, and denotes the 
altitude of the prism ; the volume of each pai*t !& equal to 
the difference of the prism and pyramid, and is of the same 
form as before. Hence, the following 

RcTLE. — Add tioice the length of the back to the length of 
ihe edge; midtiply the sum by the breadth of the back^ and 
that result by one-sixth of the altitude / the final product tcM 
be the volume required. 

EXAMPLES. 

1. If the back of a wedge is 40 hj 20 feet,' the edge 
35 feet, and the altitude 10 feet, what is the volume? 

Ans. 3833.33 en. ft 

2. What is the volume of a wedge, whose back is 18 feet 
b^ 9, edge 20 feet, and altitude 6 feet? 504 cu.(t 

To find the volume of a prismoid. 

122. A Prismoid is a frustum of a wedge. 

Let L and B denote the 

length and breadth of the lower v__ 

base, I and b the length and 
breadth of the upper base, M and 





f» the length and breadth of the / NJ M 

section equidistant from the bases, 
and h the altitude of the prismoid. 

Through the edges L and T, 
let a plane be passed, and it will 

divide the prismoid into two wedges, having for bases, the 
bases of the prismoid, and for edges the lines L and V. 

The volume of the prismoid, denoted by FJ will be 
equal to the sum of the volumes of the two wedges ; hence, 

V = }Bh{l -f- 2Z) + ibh{Z + 21) ; 
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wbich may be written under the form. 

Because the auxiliary section is midway between the bases, 

we have, 

2J!f=i + /, and 2m = J? + 6 ; 
hence, 

4Jfm = (i + (-^ + ^) = J5X + BI + hZ + II 

Substituting in ( ^ ), we have, 

V = ^KBL + W + ^Mm). 

But ^X is the area of the lower base, or lower section, 
U is the area of the upper base, or upper section, and Mm, 
\g the area of the middle section ; hence, the following 

BULB. 

To find the volume of a prismoid^ find the sum of the 
areas of the extreme sections and four times the middle see- 
Hon ; multiply the result by one^sixth of the distafice between 
the extreme sections / the result will be the volume required. 

This rule is used in computing volumes of earth-work in 
Inroad cutting and embankment, and is of very extensive 
application. It may be shown that the same rule holds for 
every one of the volumes heretofore discussed in this work. 
Thus, in a pyramid, we may regard the base as one extreme 
section, and the vertex (whose area is 0), as the oth«p 
extreme ; their sum is equal to the area of the base/ The 
area of a section midway between between them is equal to 
one-fourth of the base : hence, four times the middle section 
is equal to the * base. Multiplying the sum of these by one- 
sixth of the altitude, gives the same result as that already 
found. The application of the rule to the case of cylinders, 
frustums of coneSf spheres, &c., ia left a% «q. exctcwefe io^ ^^ 
utiadeDL 



I 
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BXAMPLB8. 

1. One of the bases of a rectangular prismoid is 25 feet 
l»y 20, the other 16 feet by 10, and the altitude 12 feet 
required the volume. Ana, 3 TOO cu. ft. 

2. What is the volume of a stick of hewn tiniber, 
whose ends are 30 inches by 27, and 24 inches by IS, itH 
length being 24 feet f Ans. 102 cu. ft. 



MENSURATION OF BEGULAB POLYEDRONS. 

123. A Regular Polyedron is a polyedron bounded by 
equal regular polygons. 

The polyedral angles of any regular polyedron are all 
equal. 

124. There are five regular polyedrons (Book VH., 
Page 208). 

To find the dledral angle between the faces of a regular 

polyedron, 

125. Let the vertex of any polyedral angle be taken as 
the centre of a sphere whose radius is 1 : then will this 
sphere, by its intersections with the faces of the polyedral 
angle, determine a regular spherical polygon whose sides will 
be equal to the plane angles that bound the polyedral angle, 
and whose angles are equal to the diedral angles between 
the faces. 

It only remains to deduce a formula for finding one 
angle of a regular spheiical polygon, when the sides are 
Ven. 
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Let ABODE represent a regular spherioal polygon, and 
let P be the pole of a small circle passing through its verti- 
oes. Suppose P to be connected 
with each of the vertices by arcs of 
great circles ; there wall thus be 
formed as many equal isosceles tri- 
angles as the polygon has sides, the 
vertical angle in each being equal 
to 360® divided by the number of 
rides. Through P draw PQ per* 
pendicular to AB : then will A Q 
be equal to BQ, If we denote the number of sides by n, 

the angle AP Q will be equal to -- — ;■ , or • 

In the right-angled spherical triangle APQ^ we know the 
base AQj and the vertical angle APQ; hence, by Napier*B 
rules for circular parts, we have, 

sm (90® - APQ) = cos (90® - PA Q) oosAQ; 




or, by reduction, denoting the side AB by 5, 
gle PAB, hjiA, 

180® 



and the aa- 



cos 



whence, 



n 



= sin ^A cos is ; 



cos 



sin ^A = 



180* 



n 



cos -^8 



EXAMPLES. 



In the Tetraedron, 
180** 



n 



= 60®, and is = 30® .'. A = 70® 31' 42". 



In the Hexaedron, 
180« 



u 



= 60®, and {s = 45* 



A = 00®. 



18S MENSURATION 

In the Octaedron, 

1 one 

i— = 45% and i« =• 80* .-. ^ = 109^ 28' 18" 
n 

In tlie Dodccaedron, 
180° 



n 

In tlie IcosaedroD, 
180^ 



= 60% and i« = 64» .-. A = 116^88-54''. 



n 



= 36% and i« = 80^ .\ A = 138° 11' 23". 



To find the volume of a regtdar polyedron. 

126. If planes be passed through the centre of the poly- 
edrou and each of the edges, they will divide the polyedron 
into afl many equal right pyramids as the polyedron has faces. 
The common vertex of these pyramids will be at the centre 
of the polyedron, their bases will be the faces of the poly- 
edron, and their lateral faces will bisect the diedral angles 
of the polyedron. The volume of each pyramid will be equal 
to its base into one-third of its altitude, and this multiplied 
by the number of faces, will be the volume of the polyedron. 

It only remains to deduce a formula for finding the dis- 
tance from the centre to one face of the polyedron. 

Conceive a perpendicular to be drawn fi-om the centre of 
the polyedron to one face ; the . foot of this perpendicular 
will be the centre of the face. From the foot of this per- 
pendicular, draw a perpendicular to either side of the face 
in which it lies, and connect the point thus determined with 
the centre of the polyedron. There will thus be formed a 
right-angled triangle, whose base is the apothem of the face, 
whose angle at the base is half the diedral angle of the 
l)olyedron, and whose altitude is the required altitude of the 
pyramid, or in othei words, the radius of the inscribed 
sphere. 
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Denoting the perpendicular by P, the base by 5, and 

the diedral angle by -4, we have Formula ( 3 ), Art. 37, 

Trig., 

P = 6 tan i J. ; 

out b is the apothem of one face ; if, therefore, we denote 
the nnmber of sides in that face by n, and the length of 
each fflde by a, we shall have (Art. 101, Mens.), 

= is cot —7— ; 



n 



whence, by sabstitution, 



jP =z ^8 cot -77- tan ^A ; 



n 



hence, the volume may be computed. The volumes of all 
the regular polyedrons have been computed on the supposi- 
tion that their edges are each equal to 1, and the results 
are given in the following 



NAMES. 

Tetraedron, , 
Hexaedron, , 
Octaedron, 
Dodccaedron, 
Icosacdron, , 



TABLE. 

KO. OF FACKS. T0LUME3. 

4 0.1178613 

6 1.0000000 

8 0.4714045 

12 7.6631189 

20 2.1816950 



From the principles demonstrated in Book VII., we may 
write the following 



BULB. 



To find the volume of any regular polyedron^ multiply 
the cube of its edge by the corresponding tabular volume / 
the product wiU be the volume required* 
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EXAMPLBS. 

1. What is the Yolume of a tetraedron, whose edge is 15 ? 

Ans. 397.75. 

2. What is the volume of a hexaedron, whose edge is 12 ? 

Ans. 1728. 

8. Wliat is the volume of a octaedron, whose edge is 20 ? 

Ans. 3771.236. 

4. What is the volume of a dodecaedron, whose edge 
b 25? Ans. 119736.2328. 

5. What is the volume of an icosaedron, whose edge 
ifl 20? Ans. I745d.5<l. 
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Remark. In the following table, in the nine right band 
oolumns of each page, where the first or leading figures 
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stead of the O's, to catch the eye, and to indicate that from 
fchence the two figures of the Logarithm to be taken from 
the second column^ stand in tlie next Ain^ \>^\qic. 
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